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ADVERTISEMENT. 



The following pages are designed to enable the Student 
to become acquainted with the Principles and Applications 
of Trigonometry^ without requiring of him any thing more 
than a knowledge of the Elements of Ge(ymetry^ and a 
facility in the common operations of Arithmetic and 
Algebra, 

The first four chapters of the Plane Trigonometry^ 
contain what is most essentially necessary for the study 
of the best modem works on Science; and pains have 
been taken to render the demonstrations 6f the funda- 
mental propositions as concise as possible, without at all 
affecting their logical accuracy. 

The remaining chapters take a more extensive and 
analytical view of the Nature and Applications of Tri- 
gonometry and Logarithms^ the particulars of '^hich, as 
well as of those in Spherical Trigonometry^ may be seen 
in the Table of Contents. 

In the Appendices will be found many interesting 
Theorems and Problems with their Solutions^ as well as 
Collections of Examples for Practice with their Anstcers 
annexed; and the Reader, who may be desirous of 
arriving at a proficiency in Mathematical Science, will 
scarcely neglect to avail himself of some of their sugges- 
tions. 

Cambridge, 

Map 21, 1855. 



TABLE OF CONTENTS. 



PLANE TRIGONOMETRY. 
CHAPTER I. 

FAGB 

Definitions 1 

The Divisions of a Right Angle 2 

The Foreign Division of the Right Angle 3 

The Genesis of Angular Magnitude 4 

The Connection between an Angle and its Arc 6 

The Trigonometrical Functions of an Arc 8 

The Trigonometrical Functions of an Angle U 

The Algebraical Affections of Lines 16 

The Connection between the Circular and Angular Functions 19 

Miscellaneous Examples 19 

CHAPTER IL 

The Sine and Cosine ofA^B, with Examples and Deductions ... 25 

The Sine and Cosine of 2^ in terms of those of .4 31 

The Sine and Cosine o£ A in terms of the sine of 2 A 32 

The Sine and Cosine of (n» + l)^, with Deductions 33 

The Values of the Smes and Cosines of IS®, 36o, &c 34 

The Sines and Cosines of ^4 and 5 in terms ofKA^B) 36 

The Tangents and Cotangents oi At^B^ with Deductions 38 

The Continued Product of m Factors of the /orwi, cosa + n/- 1 sin a. 41 

The Tangent of the Sum of m Angles, with Deductions 42 

The Trigonometrical Canon 44 

Formulae of Verification 48 

CHAPTER IIL 

The Sides of a Triangle proportional to the Sines of the oppo- 
site Angles 60 

The Cosine of an Angle of a Triangle 61 

The Sine of an Angle of a Triangle 5& 

The Sihe, Cosine, and Tangent of half an Angle o? «^ "ItVwv^^ ... "SA 



VI TABLE OF CONTENTS. 

PAGE 

The Area of a Triangle 54 

The Inscribed and Circumscribed Circles 56 

Regular Polygons 57 

The Circumference and Area of a Circle 69 

CHAPTER IV. 

The Nature of Logarithms 63 

The Properties of Logarithms 64 

Logarithmic Computation, and Subsidiary Angles 75 

The Solution of Triangles, with Examples 84 

The Mensuration of Heights and Distances 97 

CHAPTER V. 

The Algebraical Analysis of Angular Sections 102 

Demoivre*s Theorem, with Deductions 105 

The Sine and Cosine of a Multiple Angle 110 

The Tangent of a Multiple Angle Ill 

The Positive Integral Powers of the Cosine 112 

The Positive Integral Powers of the Sine 114 

The Sine and Cosine in terms of the Angle 115 

The Exponential Forms for the Sine, Cosine, &c 118 

Numerical Approximations to the Circumference of a Circle 119 

Miscellaneous Theorems and Problems 123 

CHAPTER VI. 

Solution of Equations 128 

Quadratic Equations 128 

Cubic Equations 130 

Binomial Equations 133 

Resolution of Trigonometrical Functions into Factors 138 

CHAPTER VIL 

The Calculation of Logarithms 141 

Converging Series for Logarithms 146 

The Theory of Proportional Parts 153 

The Construction of Mathematical Tables 155 

The Small Variations of Angular Functions 156 

The Small Variations of Logarithmic Functions t.... 159 



TABLE OF CONTENTS. 



SPHERICAL TRIGONOMETRY. 



CHAPTER I. 

PAGE 

Definitions 163 

The Sections of a Sphere 164 

The Sides and Angles of Spherical Triangles 167 

The Polar Triangle, and its Properties 168 



CHAPTER II. 

The Cosine of an Angle 171 

The Sine of an Angle 172 

The Sine, Cosine, and Tangent of half an Angle 173 

The Cosme of a Side I74 

The Sine of a Side 176 

The Sine, Cosine, and Tangent of half a Side 176 

Additional Theorems 176 

iVapwr'* Analogies I79 

CHAPTER III. 

The Solution of Spherical Triangles 181 

N'apier*8 Rules for Right-Angled Triangles 182 

Napier^s Rules for Quadrantal Triangles 187 

Oblique-Angled Triangles 188 

CHAPTER IV. 

The Area of a Spherical Triangle 197 

The Comparison of Solid Angles 202 

CHAPTER V. 

The Regular Polyhedrons, the Parallelopiped, and Triangular 
Pyramid 205 



Vlll TABLE OF CONTENTS. 



APPENDIX I. 
CHAPTER I. 

PAGE 

Miscellaneous Theorems and Problems in Plane Trigonometry, 

with their Solutions 213 

Trigonome^cal Formulae 213 

Trigonometrical Equations and Elimination 217 

Inverse Trigonometrical Functions 222 

Triangles and their Properties 227 

Mensuration of Heights and Distances 238 

Properties of Quadrilaterals 245 

General Properties of Polygons 250 

Problems on Regular Polygons 251 

Properties of the Circle 255 

Summation of Trigonometrical Series 259 

Various Theorems and Observations 265 

CHAPTER II. 

Miscellaneous Theorems and Problems for Practice 272 

Functions of Simple Angles 272 

Functions of Compound Angles 275 

Trigonometrical Equations and Elimination 282 

Problems on Triangles 286 

Problems on Quadrilaterals and Polygons 21J7 

Miscellaneous Theorems and Problems 301 



APPENDIX II. 

CHAPTER I. 

Miscellaneous Theorems and Problems in Spherical Trigonometry 
with their Solutions 311 

CHAPTER II. 

Miscellaneous Theorems for Practice 326 



TRIGONOMETRY, 



CHAPTER I. 

DEFINITIONS AND PRELIMINARY OBSERVATIONS. 



ARTICLE I. DEFINITION. 

Trioonometry in its original acceptation is the Men^ 
iuration of the sides and angles of plane rectilineal 
Triangles : but it here includes the General Doctrine of 
Angles ; their Relations to one another ; and their Depen- 
dence upon the Lines by which they are formed, or with 
which they are in any manner connected. 

2. Def. An Angle is the mutual Inclination of 
two straight lines to one another, which meet together, 
and are not in the same direction ; or, it is the Diver- 
gence of two straight lines from the same point : thus, 
m the annexed diagram, where A is called the Angular 




Point, each of the magnitudes BAP is a rectilineal angle, 
the term Inclination being used in an extended %^Ti^^ ^^ 
as to comprise them both. 



B, T 



2 ANGLES AND THEIR 

3. Dbf. When the line AC is in such a situation 
that the angles BAC and CAD are equal to each other, 
each of them is called a Right Angle. 

Also, the angle BAP is said to be acute or obtuse, 
according as it is less or greater than a right angle. 

4. Def. In the estimation of angular magnitude, 
the right angle BA C is regarded as the primitive angle, 
by means of which and its parts, all other angles are 
valued and compared. The right angle is supposed to 
be divided into 90 eqvial angles, called Degrees ; each 
degree is supposed to be divided into 60 equal angles 
called Minutes; each minute into 60 equal angles called 
Seconds-; and so on^ according to a sexagesimal subdivi- 
sion : but it is usual in practice to express all denomi- 
nations inferior to seconds as decimals of a second. 

These subdivisions are denoted by the characters 
°, ', ", '", &c., placed above the line a little to the right of 
the numbers to which they belong: thus, 42° 37' 28" 21'" 
represents 42 degrees, 37 minutes , 28 seconds^ 21 thirds ; 
but it may be written 42° 37' 28".35, since 21 thirds re- 
duced to the decimal of a second is .35. 

In this system, a Degree, which is expressed by 1**, 
is the A ngular Unity or the Unit of Angular Measure. 

5. Def. The excess of one right angle above any 
angle containing A degrees is called the Complement of 
the angle A^ and is written 90°- -4^ 

Thus, the complement of 34° 15' = 90°- 34° 15'=55° 45 ; 

and the complement of 23° 27'53 '.67 = 90'^- 23°27' 53" .67 

^m^" 39! 6" .33. 

Hence, also, in any right-angled triangle, each of the 
acute angles is the complement of the other, because all 
the angles are together equal to two right angles, or to 
180°. 

In the diagram, PAC is the complement of BAP. 

6. Def. The excess of two right angles above the 
angle A^ is called the Supplement of A'^, and is written 
J 80^- A\ 
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Thus, the supplement of 44* l6'=180'*-44'» l6'= ISSU^'.- 
and the supplement of 175°3'13".81 = 180**- ITS'^S' 13".81 

= 6" 56' 46". 19. 

Since all the angles of a plane triangle are together 
equal to two right angles, it follows that each of the 
angles of every triangle is the supplement of the sum of 
the two others. 

In the diagram, PAD is the supplement of BAP, 

7. Dep. Most of the modern Continental Mathe- 
maticians divide the right angle into 100 equal angles 
called Grades ; each grade into 1 00 equal angles termed 
Minutes; each minute into 100 equal angles called 
Seconds ; and so on, according to a centesimal subdivi- 
sion: thus, 35* 29' 53'' is read S5 grades^ 29 minutes^ SS 
seconds^ and is equal to .352953 of a right angle. 

This scale avoids all vulgar fractions in the operations 
upon numerical angular magnitudes : and it is scarcely 
necessary to remark, that the complement and supple- 
ment of A^ will be represented by 100'—^* and 
200*— -4* respectively. 

8. Cor. Hence the numbers of Degrees^ &c., and 
Grades, &c., expressing the magnitude of any angle are 
readily compared. 

Let E and F denote the numbers of English and 
Foreign degrees, expressed decimally when necessary, 
contained in any angle BAP: then, since 

the angle BAP _E F 
a right angle "" 90 " 100 ' ^® ^^® 

E^^F^^F^'-^^F^F^l-F' 
100 10 10 10 

90 9 9 9 

that is, the number of English degrees is equal to the 
number of Foreign diminished by a tenth part : and the 
number of Foreign is equal to the number of Eng|lv%\\ 
increased by a ninth part. 
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Let F = 25* 44' 89'' 
= 25 . 44890 : 
/. :ftyF= 2.54489 

.% E = 22. 90401 
60 

54 . 24060 
60 

14.43600 

or, J^»22»54'14".436. 

Jn the same manner 

1' - 0° 54' 

1' = 0' 32".4 

1''= 0^324 
&C. = &c. 



Examples. 



Let E = 31»45'57": 
then QO) 57 . 0000 

60J 45 . 9500 



E= 31.765833 
.-. iE= 3.529537 



.-. F= 35.295370 
or, F = 35* 22' 53'\7 



In the same manner 

i' = i*irir&c. 

r = r85'M8&c. 
1"= 3^0864 &c. 
&c. = &c. 



9. The definition of an angle above given, which 
is that of Geometry, implies that every angle must be 
less than two right angles, and it will therefore be suffi- 
cient for the consideration of the angles of triangles and 
other rectilineal figures in their ordinary acceptation : 
but the Application of Trigonometry to Philosophical 
Enquiries aependent upon other than purely geometrical 
Principles, has rendered it necessary to take an extended 
view of angular magnitude, and the following genesis of 
an angle will enable us to understand how angular mag- 
niiude may admit of indefinite increase or decrease, in 
the same manner as lineal^ or any other kind of extension. 

10. Let BAD be any straight line assumed at plea- 

C 



D— ^ 




Bure, A the angular point in it : then, by the continued 
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revolution of the line AP about the fixed point Ay 
from its primitive position AB^ in a plane passing 
through BAD^ an angle or angular space, of any mag- 
nitude whatever, may be generated or produced. 

For, if the line CAE passing through the point A 
cut the line BAD at right angles, and the angle gene- 
rated be called A : when AP falls within the right angle 
BAC^ called the first right angle, the angle A lies be- 
tween 0® and 90®: when AP falls within the second right 
angle CAD, the angle A lies between 90®and 180°: when 
AP falls within the third right angle DAE, the angle A 
lies between 180° and 270®: and when AP falls within 
the fourth right angle EAB, the angle A lies between 
270'« and 360°. 

Also, if the revolution of ^P be further continued, 
the magnitude of the angle A will be still further in- 
Creased ; and the increase produced by every successive 
coi?tj9/e/6; revolution will he four right angles, or 360°. 

11. CoR. Since, by the progressive revolution of 
the line AP from its primitive position AB, the magni- 
tude of the angle A has been increased : it follows that a 
regressive revolution in the contrary direction, must have 
the effect of diminishing that angle : that is, according to 
the Principles of Alsebra^ if the angle BAP in the right 
angle BAChe considered positive^ the angle BAP in the 
right angle BAE must be considered negative : and posi^ 
live and negative angles are always understood in this 
sense, unless the contrary be expressed. 

In Articles (5) and (6) the Complements and Supple- 
menis of angles will therefore be negative, when the 
angles themselves are greater than QO^ and 180® respec- 
tively. 

12. It is evident that 1°, the unit of angular measure 
adopted in Article (4), can admit of no comparison with 
any lineal unit whatever, whether it be an inch, a Jbot^ a 
^flrrf, &c.; inasmuch as they are altogether heterogenC" 
ous magnitudes, or magnitudes of different kinds : still 
however a lineal unit may be applied both to measure 
and to determine the magnitude of an angle, as will 
appear from the following articles. 
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13. To Jind the connection between an angle^ and 
the arc of a circle of given radius which subtends it at 
the centre. 

With the angular point A sls a. centre, and any radius 
AB, describe a circle : through A draw CAE at right 
angles to BAD: then will the circumference of the 
circle be divided into four equal parts BC, CD, DE, 
EB, called Quadrants : also^ since by Euclid, Book vi. 




Prop. S3, arcs have the same ratio to each other as 
the angles which they respectively subtend at the centre, 
the division of the right angle into 90 equal angles 
will correspond to the division of the quadrantal arc 
into 90 equal arcs. Hence arises the division of the 
quadrantal arc into QO, and consequently that of the 
whole circumference into 360 equal parts, called Degrees 
of the quadrant or circle, which are therefore the units 
of the lineal measure of the corresponding angles. 

Let now z BAP = A^y radius AB-r, and^rc BP = a : 
then, since the circumference of a circle whose radius 
is r, is 27rr, where ir is the numerical magnitude 
3. 141 5926 &c. as hereafter proved, we shall have 

A"" : 90* :: BP : BC 
:: a : ^2'n-r 



• * 



2a : irr ; 



whence A° = 



50°x2a 1800 ^ 



180^ 



Trr 



a 
-JT r 3.1415926 &c. ^ r 



a 



= 57^.2957795 &c. X - : 

r 



that is, if the magnitudes of r and a be given in lineal 
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measure^ the number of Degrees in the corresponding 
angle A will be obtained by multiplying 57°.2957795 

&c., or 57° 17' 44j".6 &c. by the fraction - , or -^^ . 

•^ r radius 

14. Cor. Since 57^.2957795 &c. is an invariable 
magnitude, it follows that the angle A varies as 

the arc BP 

the radius AB ' 

and the comparison of angles will be simplified by the 
adoption of the equality 

^0 = -, or angles 



r ' ^ radius * 

where it must be remembered that the Unit of angular 

measure is now 57^2957795 &c., instead of 1® before 

made use of. 

Hence, the magnitude of an angle is both measured 

arc 
and detei*mined by the fraction — -j-, — . 

•^ radius 

15. Dep. The fraction — jt— is called the C«>- 

radius 

cular Measure of the corresponding angle ; and if the 
radius be equal to the lineal unit or be represented by 
1 , the arc will be the circular measure of the angle^ on 
the scale in which S^r, or 6.2831852 &c. is the circular 
measure of four right angles. 

If the circular measure be |, we shall have 
the angle = | (57^2957795 &c.) 
= 38M971863 &c. 

The angular unit in circular measure = 57^.2957795 
&c. = 206264.8 seconds nearly : and consequently the 
magnitude of an angle expressed in seconds will be 

= -^^^x 206264.8, nearly, 
radius "^ 

If i4 — V\ we shall therefore have the circular mea- 
sure of l" = —^]>,-i-^ = . 000004848 13 &c. 
206264.8 

16. CoH. 1. The Circular measure is always used 
in Analysis, and it has been seen above hovr it t(\«:^ Vk^ 
converted into the Arithmetical measure, and mce •oersa. 
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Also, since -4® = 57^.2957795 &c. x -; if we suppose 

r 

a^r, we shall have A° = 57^2957795 &c. ; and the an- 

gular unit in circular measure is therefore the angle 

subtended by the arc of the circle which is equal to the 

radius : that is, if the radius of the circle be regarded as 

the lineal unit, we have only to multiply the angular 

unit in this measure 57^.2957795 &c. by the number of 

lineal units in the arc, to obtain the number of degrees, 

&c. in the corresponding angle, and vice versa, 

1 7. Cor. 2. If we denote 57^2957795 &c. by r", 

we shall have A^ = r° -, or rA° - ar^^ so that if A = l, 

r 

the radius r will be equal to 57.2957795 &c. times the 

arc : also, if 6 = - , we have A° « 6r°, 

r 

18. Cor. 3. Whenever a symbol d expresses the 
circular measure of an angle, from Article (15), its Com- 
plement will be denoted by ^^r-^, and its Supplement 
by IT — 6 : it may be remarked however that this notation 
is not always strictly attended to, as tt and 180** are 
frequently used for each other: but the neglect of it 
can produce no inconvenience, because all quantities, 
connected by the signs + and — , are necessarily supposed 
to be of the same kind. 

19. We have now seen how an angle may be mea- 
sured by means of the radius of a circle whose centre is 
the angular point, and the arc which subtends it : and 
we shall next shew how that arc, and therefore the cor- 
responding anslCf may be determined by the use of cer- 
tain straisht lines^ whose relations to each other are 
discovered by common Geometry, and which are termed. 
Trigonometrical Functions of a Circular Arc. 

20. Dbf. From the centre A with any radius AB^ 
let a circle be described, and BAD, CAE be diameters 
at right angles to each other: then, if BP be an arc 
beginning at B, and terminating at P situated in any 
of the four quadrants, the following definitions, of what 
are caUed the Circular Functions^ have been adopted. 
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(1) The Sine of an arc BP is the straight line PM 
drawn from the end of the arc, perpendicular to the 
diameter passing through the beginning of it. 

(2) The Tangent of an arc BP is the straight line 
BT touching the arc at the beginning, and terminated 
by the radius, through the end of it, produced. 

(3) The Secant of an arc BP is the straight line 
A T drawn through the centre and the end of the arc, 
and terminated by the tangent. 

(4.) The Versed Sine of an arc BP is the part BM 
of the diameter, intercepted between the beginning of 
the arc and the sine. 

Again, the arc PC being the Complement of the arc 
BP, the corresponding lines belonging to it, and dis- 
tinguished by the affix co to the preceding, are defined 
as follows. 

/- C /^ 



D 



\>^ 






(\ 


711 / 


v 


\ ^ 1 


^ \^ 




P 



B 



E 



(5) The Cosine of an arc BP is the straight line 
Pm drawn from the end of the arc, perpewdiexsAast \o 
the diameter through the end of the ^tst c\a«AT«xv\.. 
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(6) The Cotangent of an arc BP is the straight 
line Ct touching the circle at the end of the first quad- 
rant, and terminated by the radius, through the end of 
the arc, produced. 

(7) The Cosecant of an arc BP is the straight line 
At drawn through the centre and the end of the arc, 
and terminated by the cotangent. 

(8) The Coversed Sine of an arc BP is the part Cm 
of the diameter, intercepted between the end of the first 
quadrant and the cosine. 

If the arc be increased by any number of entire cir- 
cumferences, all these functions will evidently remain 
the same. 

21. CoR. Since Pm in the latter diagram is equal 
to ^M in the former, the cosine of an arc BP is equal to 
the straight line AM intercepted between the centre and 
the sine, and may be defined accordingly. 

Also, if the points B and P be joined, and a straight 
line be drawn perpendicular to BP from the centre, it is 
evident that the Chord BP of the arc BP is equal to 
twice the sine of Aa//* that arc. 

22. If a denote the arc J5P, these functions may 
be written in abbreviated forms : as, sin a, tan a, sec a, 
vers a ; cos a, cot a, cosec a, covers a ; and in computation 
they will of course be treated as any other magnitudes 
expressed by means of Algebraical or Arithmetical Sym- 
bols. 

Hence, the square or second power of sin a is (sin a)', 
the cuhe or third power of cos a is (cos of : but it will 
generally be found more convenient to write sin* a, cos® a, 
as the representations of these powers, although this nota- 
tion has ,a different meaning in some cases, where it is 
however always particularized. 

23. If the radius of the circle be given, each of these 
functions will in general determine the arcs, and therefore 
the corresponding angles : but inasmuch as they are not 
proportional to them, they cannot be adopted as their 
measures, 

24. Def. The magnitude of an angle is indepen- 
dent of the lengths of the lines by which it is formed ; 
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and, accordingly^ since the ratios of the sides of a triangle 
remain the same whilst its angles are not altered^ the 
magnitude of an angle may be determined by means of 
the following Ratios called Angular Functions, or Trigo~ 
nometrical Functions of an Angle^ borrowing their Cha- 
racter and Nomenclature from the lines in article {20), 
the circle being dispensed with altogether. 

Let the angle BAC be denoted by A, where B is any 
point in the line AB^ and BC is drawn perpendicular to 
AC ; then, we have the following Definitions, 

B 




Tory 

Jil) Sin^=j^, or BG=-AB sin A: 

AC 

(2) CosA^-j-n, or AC^AB cos A: 

(3) Tan ^ = f^, or BC = AC tan A: 

(4) Cot^=^^, or AC=BC cot A: 

AB 

(5) Sec A = -T^rr , or AB -AC sec A: 

AC 

AB 

(6) Cosec A = -qTy, or AB = BC cosec A» 

The versed sine, coversed sine, and chord have no 
existence in this System, because it is independent of 
the radius of a circle ; but from Analogy, 1 — cos A 
is generally expressed by vers A, I — sin A by covers A, 
and 2 sin ^ ^ by chord A. 

It is evident that these functions are all Arithmetical 
magnitudes : and that they will be of the same values 
if the angle be increased by any multiple of four right 
angles. 

Also, an angle may generally be determined by measL% 
of its sine, cosine, &c. ; because they are tliie xaXio^ o^ ^i^ 
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sides of a right-angled triangle, v^hich ratios always re- 
main the saine> whilst the angles are not altered. 

25. Cor. Since A + B = 90°, because C is a right 
angle^ we have B=^90°-'A: and therefore by the last 
article : 

AC 

(1) Sin B = -jj. = cos A, or sin (90'' - ^) = cos ^ : 

BC 

(2) Cos B = -.- « = sm A, or cos (90^ - ^ ) = sin ^ : 

AC 

(3) Tan ^ = -=^= cot -4, or tan (90'^ - J) = cot -4 : 

BC 

(4) Cot 5 = j^= tan A, or cot (90° - -4) = tan ^ : 

AB 

(5) Sec B = -pp = cosec A^ or sec (90° - J) = cosec ^4 : 

AB 

(6) Cosec JB = -jz^ = sec J, or cosec (90° — -^4) = sec -4. 

Hence^ to pass from any fuliction of an angle to that 
of its complement, we have only to change the places of 
sine^ cosine : tangent, cotangent : &c. : respectively. 

26. To investigate the fundamental relations subsist- 
ing among the trigonometrical functions of an angle. 

(1) Sm« A + cos» ^ = (zb) -^ Kab) = —A&~ 

__A^_^. 
^AB'"' 

whence, sin' -4 = 1- cos'* A, and cos^ A = l — sin* A. 

(2) ^^<^'^-[-Jc)=Aa- Aa -'"--AC' 
= 1 +(-77^) =1 + tan' A; whence, tan' A = sec' A — 1. 

(3) Cosec' ^ - (^g^j =__ = _^__=l+_g_ 
~ 1 + ( i57i) = 1 + ^^*'* -^ > whence^ cot* A = cosec* A-l, 
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,,. ^ . BC BC AC . . . sinA 

(4) Tan^=-j^ = -^^3j5 = 8,n^^cos^ = ^^. 

(5) Cot>i = ^ = -JL.^; 
^ '^ jBC tan A sin -4 

whence, tan A cot ^ = 1. 
/«^ ci J ^B AB AC ^ J 1 

, . ^ . AB AB BC ^ . . 1 

By reason of the results which have just been esta- 
blished^ the cotangent, secant^ and cosecant are some- 
times defined to be the reciprocals of the tangent, cosine^ 
and sine respectively; and by substitution, each of these 
functions may be expressed in a variety of different 
forms, the processes constituting what is called the Ariih* 
metic of Sines, 

Examples. 

(1) CosM =— i-. =. — --^--. : 

^ ^ sec* -4 1 +tan'^ 

tanM 



and sin' A = cos*>/4 tan' A = 



l+tan*i4' 



/r.^ n 2 A ^ ' 9 A -, 1 cosecM-1 

(2) CosM = l-sm'il = l j-i-= r^#— • 

^ ' QQ&Qor A cosec -4 

and sin' -4 = 1 — cos* -4 = 1 »— . = j-j— . 

sec A sec A 

(3) Sin' il = 1 - cos' il = 1 - (1 - vers Af 

= 1-1 + 2 vers A - vers* -4=2 vers A - vers' A : 

and cos' -4 = 1- sin' -4 = 1 - (1 — covers A)^ 

= 1 — 1+2 covers A — covers' -4 = 2 covers A - covers' A. 

. . T * ^ ^ ™^^ ^ - 1 " cos' A 

^ ^ cos' A " cos' A 

1-(1- vefs J)' _ 2 vers il — vets? A ^ 
Ci-vers-ri//'" (I - vera Af 
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and sec* -4 = 1+ tan' -4 = 1 + 



2 vers A — vers' A 



(1 — vers A)* 

_ (1 — vers Ay + 2 vers A — vers* A 1 

"" (1 — vers Af 



(1 — vers -4)* ' 



27. The definitions of the Trigonometrical Ratios, 
given in Article (24), are most easily understood when 
the angle CAB is acute; but they are all supposed to 
hold good, whatever be the magnitude of the angle to 
which they belong. 

Thus, the ratios for determining the angle CAD 
will be 




Sin CAB = 



Cos CAB = 



BE 
AB' 

AE 



AD' 



tan CAB = 



cot CAD = 



BE 
AE' 

AE 
DE' 



sec CAB = 



cosec CAD = 



AB 
AE' 

AD 



BE' 



Similarly, for all other positions in which the general-' 
ing line, or the hypothenuse of the right-angled triangle, 
may happen to be situated : and it is easily shewn mat 
the relations exhibited in Article (26) are true in all 
cases, which the student may verify for himself. 

28. It will appear upon examination of the trigono- 
metrical ratios in connection with the diagrams for the 

C 



D 



p 




9 




fn 
A 








M 




M 


I 


> 

1 


J 
I 


> 



B 



ANGULAR FUNCTIONS. 15 

various situations of the generating line^ that their values 
may be equals though the angles themselves are different: 
and to avoid ambiguity in such cases^ some of the lines 
concerned are supposed to be affected with the Algebraical 
Signs + and — , according to a principle which we shall 
now proceed to explain. 

Let DAB be a straight line^ along which> from any 
fixed point A in it, different distances are to be measured 
and estimated: then> if ilf be any point in AB^ we have 

AM = AB^MB, 

which, since ^J? is greater than MB^ is evidently a posi- 
tive quantity : but if M be situated in AD^ then MB is 
greater than AB^ and the corresponding value of AM 
becomes negative^ and we have 

AM=^MB-'AB:=-(AB-MB): 

whence, if lines measured from the fixed point A toward 
the right be called posiiivcy lines measured from the same 
point A towards the left must be termed negative. In 
the same manner, if lines measured from A upwards 
along ^C be positive, those measured from A downwards 
along AE will be negative. 

The converse is manifestly true : and of course the 
same affections belong to all parallel lines drawn in the 
same direction : but if the points ^, P be joined, the line 
ilP will remain unaffected^ as being drawn in none of 
the specified directions, and must consequently be treated 
as a mere arithmetical magnitude in all computations. 

Ex. If ^ be less than 90° and C^D=90° + ^ in the 
diagram of Article (27), it will easily be seen,^ that the 
algebraical signs of sin {90° + A) and cosec (90° + ^) 
are +, whilst diose of the other functions are — . Simi- 
larly, the signs of tan(180° + J) and cot {\80° + A) are +, 
whilst the signs of the rest are - : and it is evident that 
the signs of the sine and cosine will always be sufficient 
for deciding those of the other ratios, by means of (4), 
(5), (6), (7), of Article (26). 

29. The positive sign + being applied to all the 
ratios for an angle in the Jirst quadrant, we shall have 
directly the following Synopsis of algebraical s\^*& iot 
thejimr quadrants. 
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Sine 

Cofdne 

Tangent .... 
Cotangent ... 

Secant 

Cosecant .... 
Versed sine • . 
Coversed sine 



1 


2 


3 


4 


+ 


4- 


— 


— 


4- 


— 


— 


4- 


+ 


— 


4- 


— 


4- 


— 


4- 


— 


+ 


— 


— 


4- 


4- 


4- 


^^ 


— 


+ 


4- 


4- 


4- 


4- 


4- 


4- 


4- 



In the system of Circular Functions, the secant and 
cosecant are not drawn in the same directions as any of 
the rest> but their algebraical signs are easily derived 
from the equalities, 

sec a = and cosec a =-; — : 

cos a sm a 

and are therefore identical with those of the cosine and 
sine respectively. Also, chord a = 2 sin ^ a is positive, 
since i a is always terminated in the Jirst or second 
quadrant. 



30. The values of the Trigonometrical Ratios at the 
extremities of the four right angles, as well as the mag- 
nitudes of the corresponding Circular Functions at those 
of the four quadrants when the radius of the circle is re- 
presented by 1, will be found by means of the diagrams 
to be as follow. 
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Sine 

Cosine 

Tangent 

Cotangent ... 

Secant 

Cosecant 

Versed sine . . 
Coversed sine 



B 


C 


D 


E 





1 





1 


1 





1 








00 





00 


00 





00 





1 


00 


1 


00 


00 


1 


X 


1 





1 


2 


1 


1 





1 


2 



This article and the preceding one taken together 
give both the magnitudes and algebraical signs of the 
corresponding functions : and though it be desirable that 
they .should all be committed to memory^ those of most 
frequent occurrence are here repeated : 

SinO°-0: sin 90°= 1: sinl80'* = 0: 
CosO°=l: cos 90° = 0: cos 180° = - 1: 
TanO° = 0: tan90°=oo: tanl80° = 0. 

31. To prove that sin (— A)*— «» A, and cos (- A) 
= cos A. 

Let the angle C^i^be denoted by ^; then, agreeably 

B 




to what was said in Article (11), the angle CAD, which 
is equal in magnitude to CABy will be denoted by 
— A: and by the definitions, we have 

. , j^ CD CB , J 

Therefore, by means of Article (26), we have 

, ^ sin ( — ^) — sin -4 sin -4 ^ . 

tan(-i4) = ) — :^ = -r = j=-\«svA\ 

^ '' cos {"A) cos A cos A 

1—% 
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and the values of the other functions o£ —A are imme- 
diately determined by the Utile of Signs: thus, 

cot(— il)=— cot-4: 8ec(-^)=secj4 : cosec(--4)=— cosec^: 
vers(-i4) = l-cos-4: covers (-ii) = 1 +sin-4. 

Hence, the ratios for A and - A are equal in magni- 
tude^ but different in algebraical sign, except the cosine 
and secant which are equal altogether, and will lead to 
an ambiguity in the determination of the angle. 

32, To prove that sin (180° — A) = sin A, and 
cos (180® - A) = - cos A. 

In the following diagram, suppose CAB = A ; 

D 1$ 




E A C 

and CAD = 180° -u4 : then will EAD = 180® - CAD 

« 180*» - 180' + 4 = u4 = CilJ5 : 

and the angles at C and E being right angles, the tri« 
angles CAB, EAD are similar : 

DE BC 
.'. sin (180® - il) = -Tj^ = -jj^ = sin A, 

the lines ED and CB being parallel to each other, and 
measured in the same direction from the line CAE : 

also, cos (180® - ^) = -jy^ = - -jg = - cos A, 

the lines -^JE'and AC being measured in opposite direc- 
tions from the angular point A, 

The values of all the other functions of 180® — ^, in 
terms of A, may be deduced from these two, by means 
of Article (26) : thus, 

tan(l80®-^) = -tani4: cot (180®-^) = -cot J. : 

sec (180® --4)= -sec -4 : cosec (180®- y4) = cosec^ : 

vers (180®-^) = 1 - cos(180®--4) = 1 + cos^. 
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which is sometimes called the suversed sine of Ay and is 
written suvers A : and covers (180° -•^)= 1 — sin ^4. 

Hence, the ratios for A and 180°-^ are equal in 
magnitude but have different algebraical signs, except 
the sine and cosecant which are equal in all respects, and 
this circumstance may cause an ambiguity as before. 

33. To find the connection between the Angular and 
Circular Functions of the same denominations. 

If A denote the angle, and a the corresponding arCj 
we see by the diagram in page (9), that 

sin a MP . J 

=-tt> = sm -4 : 

r AF 

and .*• sin as^r sin A: or, sin a = sin A^ if r be assumed 
to be the lineal unit : and similarly of the others. 

Whence it follows, that the circular functions which 
are lines, may be derived from the angular functions 
which are numbers^ by multiplying the radius by the 
lattei*, and vice versd : and consequently an angular 
function is connected with the corresponding circular 
function, in the same way as the angular measure is with 
the circular measure. 

34. Cob. The angular functions may therefore be 

adapted to the radius r, by substituting , , &c. 

in the places of sin Aj cos A, &c. respectively : and this 
is effected in practice by retaining the same letter, and 
rendering all tne terms of the expressions, in which the 
functions are involved, homogeneous, by the introduction 
of r and its powers as factors : thus, since sin'^ + cos^A = 1, 
we have to the radius r, 

(sin AV /cos ^\' , . , . 94^0 
J "^ V J ~ * ^^' "^ ^ A^rx &c. 

35. We will conclude this chapter with a few in- 
stances of the application of the Principles which have 
been already explained, the results of some of which will 
very frequently occur to the Student. 

(1) To find the sine, cosine, tangent, and cotaxv^^xA. 
of 45*^. 
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Let BAC be a triangle right-angled at C, having 

B 




A C 

^BAO''4i5\ and /. z ABC ^ gOP - 4>5^ = 4^5'' ^ jl BAC : 

from which we have AC= BC: 

BC AC 
whence, sm 45® = -775 = -rn = cos 45° : 

AB AB 

but AB" = BC^ + AC' =^ 2BC'=-2AC% by Euclid 1. 47; 

BC AC 1 

or, sin 45° - -= = cos 45° : 
^^ 

^ ^o «"^ 45° , cos 45° ^ , ^^ 
and .•• tan 45° = 7^ « 1 = - — rrs= cot 45°. 



cos 45' 



sin 45" 



Hence, if A be less than 45^ i? is greater than 45°: 
and .'. iiC is greater than BC, and -j^ is greater than 

BC 

"jr^ : or, cos A is greater than sin A : and vice versa. 

(2) To find the sines, cosines^ tangents, and cotan- 
gents of SO® and 60®. 

Let BAD be an equilateral triangle^ for which, see the 
diagram of Article (31) : draw AC perpendicular to BD^ 
and this will bisect both the angle BAD and the side 
BD\ then z BAD^^ of two right angles = 60°, and 
.'. /. BAC^S(fi: whence we have 
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.-. COS 30° = ^1 - sin* 30^ = ^/l -i = 7| = ^= sin 60°: 

also, tan 30° = ^^^ = _- = cot 60°: 
' cos 30° ^3 

J . ^rvA sin 60° t- 
and tan 60° = ^^^g^s = ^/3 = cot 30°. 

Hence, 2 sin 30° =« 1, and .•. in the Circular System 
of Trigonometry, the chord of 60° is equal to the radius. 

(3) Given 2 sin ^ = tan A^ to find the values of A, 

Here, 2 sin ^ = -. , and .'. cos ^ = i = cos 60° : or 

. ' cos -4' ^ 

A = 6.0°, answers the condition : but since both members 

have been divided by sin A^ sin i4 = 0, and ,•. A = 0°, 

and A = 180°, are also solutions. 

(4) Given tan ^ + cot -4 = 4, to find tan A. 
Here, multiplying both sides by tan A, we have 

tan^ ^ + 1 = 4 tan A : 
.'. tan* j4 - 4 tan A^ — l\ 
completing the square by the ordinary method, we find 

tan* ii-4tanii + 4 = 3: 
/. tan ii - 2 = «fc JSf and tan ^ = 2 =*= ^3 : 
that is, tan 4 = 2 + Js, and tan ^i = 2 - Js. 

(5) Given the sine and cosine of A, to Jind the sine 
and cosine of 180°+ A, 

In the diagram of Article (20), if ^ = BAP be less 
than a rig{it angle, and PA be producedyrom P, we shall 
have by the definitions in Article (24), 

MP 

sin (180° + ^) = -T-p^ in the third right angle, 

= - -^p- in the Jlrst right angle, 
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AM 

COS (180^ + A) =-jp- in the third right angle, 

= - -j^ in the Jirst right angle, 

= — cos A. 

Similarly, if ii be greater than 90^ but less than 180^, 
the same results will be obtained. 

Again, by Article (24), we have seen that 

sin (360° + ^) = sin A, and cos (360° + ^) = cos ^ : 

and taking this in connection with the preceding, we 
conclude, that if an angle be increased by 180°, the sine 
and cosine retain their magnitudes but change their 
signs : but if it be increased by 360^ both the magni" 
tudes and signs are unaltered. 

Hence, the tnagnitudes of all the other ratios for 
180° + ud and 360° + i4 will be the same as those of A: 
and the algebraical signs of the former may be deter- 
mined by uie relations established in Article (26). 

(6) Since, sin (180° - ^i) = sin A, and cos (180° - A) 
= — cos A; if we change A into — A, and therefore — A 
into Af we shall have 

sin (180° + ii) = sin (- -4) = - sin J, 

cos (180° + -4) = - cos (- J) = - cos A, 

which are both correct by the last subdivision : and thus 
we conclude, that the results established in Article (32), 
are true, whether J. be a positive or negative angle. 

Since, sin (180° + -4) = - sin A, and cos (180° + A) 
= - cos A ; 'if we change A into 180° + ^, we shall have 

sin (360° + ^) = - sin (180° + ii) = sin A, 

cos (360** + -4) = - cos (180° + 4) = cos A, 

two correct results as appears from subdivision (5) : and 
the inference is, that the formulae, 

sin (180°+ -4) = - sin A, and cos (180° + ^4) == - cos A, 
are true whether A be greater or less than 180°. 

Hence, the observations made at the end of (5) may 
be depended upon, whatever be the sign or magnitude of 
the angle represented by the symbol A ; and because 
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180® + ^ and 360° + ^, may, by assigning proper mag- 
nitudes to A, furnish the values of ^1 angles whatever, 
it will be of some advantage that they be carefully re- 
membered. 

(7) The following results are immediately dedu- 
cible, if we use the circular measures w and 6 for 180° 
and A^ respectively, but they properly belong to AnO' 
lytical Trigonometry, 

If n represent any positive or negative whole num- 
ber whatever, we have 

sin d = sin (2»7r + d\ by Article (24): 

and sin ^ = - sin ( - ^) = - sin (Sn-n- - ^), by Article (31) : 

that is, sin ^ = a= sin (2nw =fc 6). 

Again, sin Q = sin (tt - ^), by Article (32), 

= sin (2»ir + w - ^) = sin {(2n + 1) w - ^}, by Article (24) : 

and sin ^ se - sin { - (w - 6)}, by Article (31), 

= - sin {(2« + 2) TT ~(ir - e)] = - sin {(2» +!)«• + B}, 

by Article (24): that is, 

sin ^ = =fc sin {(2n + 1) tt =f Q}. 

Because all the angles whose sines are equal to the 
sine of 6 are comprised in the two forms, ± (2nir ± ^), and 
=»= {(2» + 1) TT =F ^}, since sin (=*= ^) = db sin A, they give the 
solution of the Equation, " sin ^ = m ;" and of the Prob-^ 
lem, '^ To find general formulae for all angles whose sines 
are equal to the sine of 6." 

Also, cos = cos (2«7r db 0) = — cos {(2» + 1 ) TT ± 0}, 

and tan » st tan (2nw i 0) = st tan {(2n + 1) tt * 6}, &c, ; 
which may be applied to a similar purpose. 

(8) Given sin ^ = ^, to find the values of all the 
other trigonometrical ratios. 

Since, sin* A + cos' J. = 1, we have cos* J. = 1 - ** : 
whence, cos A = ^ Jl •- s* : 

M sin^ ^__f_ ^ A A ^7l-*' 
C084 ijl"^ tajiA s 

also, sec A = 3 = «*= , : cosec A = -^ r ^ - • 

cos A Jl"^ «wi A « 
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Of the six fundamental ratios^ each of the rest has 
here been expressed in terms of the one which is given, 
and it appears that the cosine, tangent, cotangent and 
secant admit of two equal values differing in their alge- 
braical signs : but this is easily accounted for, by consi- 
dering that ^ = sin J = sin(180®--4), by Article (32); 
and though the sines and cosecants of these two angles are 
equal in all respects, the other functions are not, as may 
be seen in the same article. 

This circumstance arises entirely from the comprehen* 
sive character of the Algebraical Operations : and indeed 
there exist an infinite number of angles whose sines are 

equal to s and cosecants to - , but the algebraical signs 

of the other functions will require to be decided by an 
examination into the consequences of the conventional 
adoption of the signs of Affection which are used. 

Similar results will be found from cos A =c^ tan A-t, 
&c. : and in all cases where the magnitude of A itself is 
given, the considerations just mentioned will be indis- 
pensable. 



CHAPTER II. 

FUNCTIONS OP THE SUMS AND DIFFERENCES OP ANGLES, AND OF 
SOME OF THEIB MULTIPLES AND SUBMULTIPLES. 
' THE TBIOONOMETBICAL CANON. 



36. To express the sine and cosine of the Sum of two 
angleSy in terms of the sines and cosines of the angles 
themselves. 

Let A and B denote the angles POQ^ QOR termi- 
nated in the same point 0, so that z POR = A + B: in 
OR take any point D, draw 

K 




V G P 

DE perpendicular to OQ; DF, EG perpendicular to 
OP; and EH parallel to OP, meeting FD in H: 

then, ^ = z EOG = z HEO = 90' - z DEH: 
.-, sin A = COS DEH = =y , and cos A = sin DEH = -jry^, 

by the definitions of Article (24) ; whence, 

, , GE EH , , OG HD 

sm^=^=-g5, and cosA=^=^^: 

. J, ED . 1) OE 
also, smB^jTjz, and cosB = ^^: 



. ,. _,, FD FH+HD 



GE HD 

+ 



OD ~0D OD 

GE OE HD ED 
"OE'OD^EDOD 

= sin ui cos £ + cos il sm B *. 



B,T. 
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,ATy^OF OG-FG OG EH 

OG OE EH ED 
~^OE'OD ED'OD 

« cos A cos B — sinA sin B, 

37. To express the sine and cosine of the Difference of 
two anslesy in terms of the sines and cosines of the angles 
themselves. 

Let A and B be the angles POQ, QOR, so that POR 
= A — B: take any point D in OR : draw DE perpendi- 
cular to OQ; DF, EG perpendicular to OP; and EH 
parallel to OP meeting FD produced in H : 

A 




O G P P 

then, A-=^EOG = zHEQ^90'''-^DEH: 

EH HD 

.'. sin A = cos DEH=-:=rpi, and cos A — sin DEH = -=^ , 

by the definitions of (24) ; whence, as before. 



GE EH 



OG HD 



sin^=^=-gg, and cos^=-^=-g^: 

, ^ J, ED , r, OE 
also, smjB = -7^^, and cosjB = 



OD 



. ,^ „, FD FH--HD 



OD' 
GE HD 



OD OD 

GE OE HD ED 



OD 



"OE'OD ED'OD 

= sin A cos B — cos A sinB: 

fA «N OF OG + FG OG EH 
and cos(^ " ^)= OS - qj) ^QD^OD 
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OG OF EH ED 
'^OE'On'^BD'OD 
= cos A cos B + smA sin B. 

38. Cor. The transformations of the fractional 
forms which have been used in the last two articles in 
order to obtain the sines and cosines of A and B as 
previously exhibited, express merely the consequences 
arising from the composition of ratios in Geometry : and 
by comparing the formulae investigated in them, it will 
appear that the latter are immediately deducible from 
tne former, and vice versd^ by substituting — B \n the 
place of B, since sin (- jB) = — sin B, and cos (- B) = cos B 
are the results of Article (31). 

Also, similar investigations may be made use of, what- 
ever be the magnitudes of the angles A and B^ due 
regard being paid to the algebraical signs; but the 
Principle of the Permanence rf Equivalent Forms leads 
directly to the same results; for, if there ejtist any 
general formulae for the sines and cosmes of the sum 
and difference of two angles, they must necessarily be 
those which we have just found, inasmuch as they would 
otherwise not comprehend the cases which have here 
been established by particular demonstrations, and there- 
fore could not be general. 

Examples. 

(1 ) Sin 1 50 = sin (45*^ - 30<») 

= sin 45<> cos 30° - cos 45° sin 30°, by (37), 

— , — . ~r f— • ^ — / - ~~ COS t O • 

cos 15'' = cos (60° -45°) 
= cos 60° cos 45° + sin 60° sin 45° 

1 1 ^^3 1 73 + 1 . rr^o 

= -.-7= + ^.-7= =^ — p^ = 8m75°. 
2 72 2 ^2 2^2 

Hence, tanl5° = ^^^ =i5i^|:il = 

cos 15° J3 + I 

andtan75° = ?HL75! = ^ = 2 + V3 = cotl5^ ^ 

cos 75° ^ - 1 '^ 
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(2) Sin 1 Sd*" = sin (90* + 45") = sin 90° cos 45* 

+ COS 90® sin 45® = 1 . -7= + . -pr = -= = sin 45*» : 

cos 135® = cos (90° + 45®) = cos 90° cos 45® - sin 90® sin 45* 

= 0.-7=- 1 .-7= = =«- cos45®. 

^2 ^2 72 

(3) Sin (90® + i4) = sin 90® cos A + cos 90® sin A 

= 1 . cos -4 + . sin il = cos -4 : 

cos (90® +A)^ cos 90® cos A - sin 90® sin A 

= . cos ^ - 1 . sin i4 = — sin -4. 

(4) Sin (180® + A)^ sin 180® cos A + cos 180° sin A 

= . cos ii - 1 . sin -4 = - sin i4 : 

cos (180® + ^) = cos 180® cos A - sin 180® sin A 

= — 1 • cos il — . sin ^ = — cos A. 



Sir Sir . 

Sin -— COS o + COS -— sm a : 
2 2 



(5) Sin^^ + aj = si 

but Sin — - = sin I TT + - I = Sin w cos - + cos tt sin -- 
2 \ 2/ 2 2 



TT 
2 

= 0.0- 1.1 =-1 : 



cos — = cos I ^ + — ) = cos TT cos — - sm w sm — 
2 \ 2/ 2 2 



= -1.0-0.1=0: 



/. sm f — + a J = — 1 . cos a + . sm a = — cos a : 

similarly, cos f — - o j = . cos a — 1 . sin a = - sin a : 

and the same kind of proceeding may be adopted in all 
quantities of this description. 

39. If any one of the four fundamental formulae 
established in (36) and (37) be given, the others may be 
deduced from it, by means of their known relations : 
thus, if we assume sin (il + J5) = sin A cos B + cos ^ sin £, 
we shall have 
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sin {A^B)^ sin {(1 80* - il ) + 5} = sin (1 SO" -AjcosB 

•^ cos (180® — A) sin j? = sin ^ cos B — cos ^ sin j? : 

cos (A+B) = sin {(90* - -4) - jB} = sin (90" -A)co8B 

- cos (90° — A) sin B = cos A cos jB — sin ^ sin jB : 

cos (^ - jB) = - cos {(ISO* - ^) + 5} = - cos(l 80** - ^) cos J5 

+ sin (180* - A) sin B = cos A cos jB + sin ^ sin B. 

40. Since, sin (-4 + B) = sin -/I cos B + cos il sin j? : 

sin (-4 — jB) = sin i4 cos B — cos ^ sin B : 
cos (^ + 5) = cos A cos B - sin i4 sin B : 
cos (A — B)^ cos i4 cos jB + sin J. sin jB : 
we have, by addition and subtraction, 

sin (A +B) + sin (A-B)=^2 sin ^ cos B : 
sin (A + B)" sin (-4 - B) = 2 cos ^ sin JB : 
cos (A—B) + cos {A + B) = 2 cos AcosB : 
cos (u4 - -B) - cos (i4 + B) = 2 sin J sin B : 

and these formulae will evidently enable us to express, 
in the forms of Sums or Differences, each of the Products 
in their latter members, and they deserve attention. 

Ex. lfA = 30^ we shall have 
sin (30** + B) + sin (30° - B) = 2 sin 30° cos B = cos B : 
sin (30° + B) - sin (30« - B) = 2 cos 30° sin B = ^ sin B : &c. 

41. Cor. From the last article, we have 
sin (i4 + B) = 2 sin ^ cos B - sin (A - B), 

cos (-4 + B) = cos (i4 — B) — 2 sin A sin B, &c : 

which will serve to derive the functions of an angle 
from those of inferior angles connected with it : thus, 
if J[ = 30°, andB = l'; 

sin 30° 1' = cos 1'- sin 29" 59' : 

cos 30° 1' = cos 29" 59'- sin l': &c. 

that is, if the values of the sines and cosines of all angles 
up to 30^ be known, those of all angles u^ to ^^ > V^ 
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then be determined by subtraction only. By putting 
45°, 60^ &c. for A or B, other useful results are obtained. 

42. The operation of multiplication gives 

sin (A + B) sin (A - B) 
2= (sin A cos B + cos A sin B) (sin A cos 5 - cos A sin B) 
= sinM cos'B — cosM sin'5 
= sinM (1 - sin'B) - (1 - sinM) sin«^ 
«= sinM — sin'^ sin'B - sin*5 + sin*^ sin*B 
= sin'^ — sin^B = (sin A + sin B) (sin ^ — sin B) : 

or, « (1 - cos*^) - (1 - cos^B) 

= cos'-B — cos'^ = (cos B + cos A) (cos 5 - cos A) : 

similarly, cos {A + B) cos (^ - 5) = 1 - sin^il - sin'5 
or, =cosM — sin*5, or, = cos'jB — sinM. 

These formulae may be used to deduce the sines and 
cosines of angles from those of inferior angles, by means 
of the operations of common Arithmetic : thus, if il = 2®, 
and B = 1®, we have 

. «« («n 2<> + sin 1°) (sin 2' - sin 1°) ^ 

sm3" = ^^ /-^ ^: &c. 

sm J'* 

43, By division of the numerator and denominator, 
by cos A cos B, we have 

sin {A +B) ^ sin A cos B -»- cos A sin jB 
sin (^ - J5) " sin -4 cos jff - cos A sin j? 

sin i^ sin j9 

cos A cos ^ 

sin A sin i^ 

cos Jl cos J? 

tan ^ + tan B 



tan -4 - tan B ' 

. ., , cos (A H- jB) _ cot uA - tan ^ _ cot AcotB — l 
simi a y, ^^^ (^ - i^) " cot ^ + tan jB "" cot -4 cot B + 1 ' 

The object of these formulae is to express the ratios of 
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the Sums and Differences of functions of the latter de- 
scription, by means of single functions. 

44. To express the sine and cosine of QA in terms 
of those of A. 

By means of the general formulae of Article (36) : 

sin 2A = sin {A + A) 

= sin A cos A + cos A sin A 

= 2 sin J. cos A : 

cos ^A = cos (A + A) 

= cos A cos A — sin A sin A 

= cos* J. — sin'^ : 

or, = cos'^ — 1 + cos*^ = 2 cos' J. - 1 : 

or, = 1 — sinM - sin'^ =1—2 sin* J.. 

45. CoR. 1. From the last two results we have 
immediately, 

2 sin'^ = 1 - cos 2A, and 2 cos'^i = 1 + cos 2i^ : 

and by the substitution of A and ^ ^ in the places of 2 J. 
and A respectively, we obtain 

sin ^ = 2 sin ^A cos ^A^ 2 sin'^A = 1 — cos A^ 

2 cos'^A = 1 + cos Ay 

which are formulae of great utility in the subsequent 
parts of the work. 

,- , 1 - cos 2A sin' A _ . 

Hence, we have rrr-j ^ — rr^tanM. 

1 + cos 2-4 cosM 

46. Cor. 2. We may easily express sin 2 A and 
cos 2 ^ in terms of tan A : for, 

sin 2^ = 2 sin A cos A) - , , . . . ^ 

.J J . • « i r > and 1 = cos' A + sm'^i : 

cos 2-4 = cos" J. — sm'-4 j 

whence by division, we have 

sin A 

2 

. ^ J 2 sin /4 cos ^ cos A 2 tan .4 

sm 2 A = 



cosM + sinM /sm AY 1 + tan' A ' 



/ sm ^ Y 

\C08 a) 
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1 - C^^)' 

cosM - sin* A Vcos A/ 1 - tan'^l 

/sin A\* 
\C08 -4/ 



- uu» ^ — Bill ^ vuua yi/ 

cos^il + sinM , /sin ^\' 1 + tan'ii 

1 + 



and these formulae being rational, are frequently very 
convenient in practice. 

47. Cob. 3. Hence, sin 3 A = sin (2A + A) 

= sin ^A cos A + cos 2 A sin A 

= 2 sin ul cosM + (1 - 2 sinM) sin A 

= 2 sin i< (1 - sinM) + (1 - 2 sin*-4) sin A 

= 3 sin -4 — 4 sin'i< : 

and cos 3 A = cos (2A + A) 

= cos 2A cos A - sin 2A sin A 

= (2 cos*^ - 1) cos A -2 sinM cos A^ 

= (2 cos'-4 - 1) cos ul — 2 (1 — cos' A) cos A 

= 4 cos'-4 — 3 cos y^, 

two results which ought to be committed to memory. 

48. To express the sine and cosine of A in terms 
of the sine of 2 A. 

Since, 1 = cos* A + sin* -4, and sin 2-4 = 2 sin A cos A ; 
we have, by addition and subtraction, 

1 + sin 2-4 = co8*-4 + 2 sin .4 cos A + sinM 

= (cos A + sin A)* : 
1 — sin 2-4 = cos'-4 — 2 sin -4 cos A + sin* J. 

— (cos J. —sin -4)*: 

whence, if cos A and sin A be positive quantities, and the 
square roots be extracted, we find 

cos J. + sin ^ = ^1 + sin 2A : 

cos J. - sin -4 a= ± ^1 — sin 2-4 : 

in the latter of which the upper or lower sign must 
evidently be used according as cos A is greater or less 
than sin A, 6r, according as A is less or greater than 
45®, by example (1) of Article {35) : 
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.*. cosA = ^ {Jl + sin QA ± ^1 - sin 2 A} : 

sin ^ = ^ {JT+8m2A =fJi- sin 2 A}. 

For the explanation of the four values which may be 
founds the student is referred to the first Appendix. 

These are frequently applied as Formutce of Verifica- 
tiouy by which the values of sin A and cos A may be put 
to the test of correctness with that of sin 2 A, and the 
contrary, as will be more fully explained hereafter : 

thus, if 2 A = 60^ we have sin 2^ = ^ JS; and therefore 
we ought to find cos A = ^Js, and sin ^ = ^, as in (35). 

49. To express the sine and cosine of (m + l)A in 
terms of the sines and cosines of the two ir^erior multiples 
m A, (m — l) A, and the cosine of A. 

Here, sin (m + 1) ^ = sin {mA + A) 

= sin mA cos A + cos mA sin A : 

and sin (m — \)A^ sin (mA — A) 

= sin mA cos A — cos mA sin A : 

.'. sin (m + 1) ^ + sin (m — 1 ) J. = 2 sin mA cos A : 

and sin (wi + 1) -4 = 2 sin mA cos A - sin {m — \) A: 

similarly, cos (im + 1) -4 = 2 cos mA cos A — cos {m — 1) A. 

The principal use of these formulae is in the con- 
struction of Tables of sines and cosines. 

If 7w = 1, we have immediately, 

sin 2-4 = 2 sin A cos A^ and cos 2-4 = 2 cos* -4 - 1 , 

as already proved in Article (44). 

If wi = 2, by substitution, we shall have 

sdn 3-4 = 2 sin 2-4 cos -4 - sin -4 = 3 sin -4-4 sin' A : 

cos 3-4 = 2 cos 2-4 cos A — cos -4 = 4 cos® -4 — 3 cos A : 

and a similar process may easily be extended to the 
sines and cosines of 4-4, bA^ &c. 

50. Additional formulae of frequent occurrence. 

. . 1 - cos 2^ 2 sin* A sin -4 ^ . 

(1) — ^—7n--7r-' — A :i = ^. = tan-4: 

^ ^ sm 2-4 2 sm A cos A cos A 

1 + cos 2-4 2 cos* A cos -4 



sin 2-4 2 sin -4 cos A sin A 



= cot A. 
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,. Sec 2i4 - 1 1 - COS 2i4 ^ . 
(2) ..^o^ = .;»o^ =tan^: 



tan 2 A sin 2^ 

sec 2 -4 4- 1 _ 1 + cos 2u4 
tan 2 J. sin 2A 



— cot A. 



f^\ ^ ^ A ^ 1 cos A sin A cos' A + sm* Ji 

(3) Cot ^ + tan ^ « -. — ^ + r = — - — i r- 

^ ^ sm A cos -<1 sin A cos ul 

2 2 

= 2 cosec 2ul: 



2 sin A cos J. sin 2 J. 

. cos ul sin ^ 2 (cos*^ — sin' -4) 

cot A -tan A = -. — -. j = \ . — ^ r-^ 

sin A cos J 2 sm ^ cos A 

2 cos 2ul ^ ^ ^ . 
= . ^ . = 2 cot 2^. 
sm2^ 

, . ^ i ^ ^ 1 COS^ 1 + COSji 

(4) Cosec -4 + cot J. « - — 7 + -: — - = — : — . — 
^ ^ sm A sin A sm A 

=:Cot^A: 

. . \ cos A 1 — cos -4 , . 

cosec -4 ~ cot A = -: — 7 — ^ — 7 = — : — -j— = tan hA, 

sm /I sin ^ sm ^ ^ 

/i-x o r^ A ^ rs A 1 + sin 2^4 (cos A + sin Af 

(5) Sec 2A + tan 2^ = —j- = ^^ — ^-. ^-^ 

^ ' cos 2 A cos* A - sin" ^4 

cos A-^svci A /I + sin 2-4\i 



cos ^ — sin ^ 



_ /I + sin 2^Y 
" \l - sin 2A) 



• Sec 2^ - tan 2^ = i:iilli^ =lS2i4:i!!!Li]: 

cos 2-4 cos* A — sm''* ^ 

_ cos -4 — sin -4 _ 1 — tan A 

cos -4 -t sin ^ "" I + tan A ' 

51. To Jind the Arithmetical Values of the sine and 
cosine of 18®: and also of those of the sines and cosines 
of 36^ and 54P which are immediately connected with it. 

Since, sin 36^ = cos (90<> - 36^) =cos 54^ by Article(25) : 
if we take A to represent 18% we shall have the equality 
sin 2 4 s cos 3 ^ : 

and .'. 2 sin A cosA^ cos (2-4 + -4) 

=5 cos 2-4 cos A — sin 2-4 sin A : 
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or, 2 sin A = cos 2-4-2 sin* A = 1—2 sin* A — 2 sin' A 

= 1—4 sin* A : 

.*. sin*i4 + ^sinul =1, which quadratic being solved by 
the ordinary method, gives 



sin J. = — 



V.5-1. 



4 

and of these, the negative value is excluded by the 
nature of the case, because sin 1 8^ is a positive quantity : 



/5-1 
.-. sin 18" = ^ ^ = cos 72^ 

4 

Hence, cos* .1 = 1- sin* A = l- ( "^7 ^Y 

6-27^16-6 + 27 5 10 + 275 
16 16 " 16 • 

and .-. cos 18« = "J^^^^J^ ^ sin n\ 

4 

Also, cos S& = cos 9, A = cos' A - sin* J. 

10-4-275 6-275 4+475 7^+1 _ . 

~ 16 16 - 16 J— -sin 54: 

and sin* S6® = 1 - cos* 36* 

. .^ 710-275 -.0 

or, sin 36" = , ^ == cos 54^ 

4 

The negative value- ^ (7^+ 1) of sin J., which satis* 
fies the Equation, but not the Condition of the Problem, 
will be considered in the first Appendix. 

52. Cob. 1. In consequence of the simplicity and 
similarity of the forms of sin l8® = cos72® = i(7^-- 1)> 
and of cos 36^ = sin 54P = \ {J 5 + 1), these angles may 
be advantageously employed in establishing certain for- 
mulas of verification : thus, 

sin (36* + -4) - sin (Sff* - ii) - 2 cos Sff* sin ii : 
sin (72" + ii) - sin (72* - ii) - 2 cos 7a' sm A \ 
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^^%mA [cm 36* — C08 72*} 

(EuUf^s Formula). 

Again, sin (54* -f- y^) 4- sin (54* - il) = 2 sin 54* cos J : 
sin(18*-i- il) + sin (l8*-il) =2 sin 18* cosii; 
A »in(54^ + ^) + 8in(54*-^-8in(18* + vf)-8in(l8*-J) 

^^cosA {sin 54*- sin 18*} 

« 2 cos y^ { i (^5 + 1 ) - i (^ 5 - 1 ) } = cos il 
(Legendr^t Formula). 

53. Cob. 2. By substituting in the formula? of Article 
(48), we shall find 

sin 9* - i {Js + ^5 - JJ^^}, 

cog 9" = i {JJVjl + sfs^^} : 

sin 27' = i- {J^^Js - Vs - ^5}, 

cos 27" = i {J5 + J5 + J3-J5} : 

and their values may easily be calculated^ as well as 
additional formulae of verification derived from them. 

54. To express the sines and cosines of two angles^ 
in terms of the sines and cosines of their semi^sum and 
semi'difference. 

Since, by a well-known arithmetical theorem, the 
greater of two numbers is equal to their semi-sum in- 
creased by their semi-difference, and the less is equal to 
their semi-sum diminished by their semi-difference, we 
have 

B-i(v< + B)-i(^-B) = S-Dj ^"PP*^- 
.*. sin A m sin {S+D) = sin S cos D+coaS einD 
- tin i (.4 + B) cos J (i< - B) + cos i (^ + B) sin i (i< - B) : 

sin B — sin (S— D)^' sin ^ cos D — cos S sin D 
-sini(i<+B)co8i(^-B)-cosi(i< + B)8ini(.<-B): 
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similarly, cos A = 

3s i(^ + J5) COS ^ (^- J5) - sin ^(^ + 5) sin ^ (^ - J5) r 

COSjB = 

os^{A + B) cos i (^ - 5) + sin ^ (^ + jB) sin ^ (i< - jB). 

55. The chief use of the last proposition is to ex- 
ress the Sums and Differences of two functions of the 
ime kind, in the forms o{ Products; thus, we have 

sin ul + sin jB = 2 sin ^ (^ + B) cos |(i< - B) 

sin i< - sin 5 * 2 cos ^ (i4 + B) sin \{A^B) 

cos 5 + cos ul -= 2 cos i (i4 + jB) cos |(u1 - jB) 

cos jB- cosul = 2 sin f (^ + jB) sin ^ (^ - JB) 

nd the order in the former two is different from that 
n the latter, only because cos B is greater than cos A, 
vhen sin A is greater than sin jB, in consequence of the 
elation expressed by the equality 

sin'ul + cos'-4 = 1 = sin'jB + cos*jB : 
or, sin*i4 — sin'5 = cos'jB — cosM. 

The extensive utility of these results will justify 
;heir enunciation at full length, for the assistance of the 
nemory. 

(1) The sum of the sines of any two angles, is 
?qual to twice the product of the sine of their semi- 
sum and the cosine of their semi-difference. 

(2) The difference of the sines of any two angles, 
s equal to twice the product of the cosine of their semi- 
sum and the sine of their semi-difference. 

(3) The sum of the cosines of any two angles, is 
;qual to twice the product of the cosine of their semi- 
sum and the cosine of their semi-difference. 

(4) The difference of the cosines of any two angles, 
s equal to twice the product of the sine of their semi- 
;um and the sine of their semi-difference. 

5%. Cor. 1. From the last Article, by division, 

sinii+sinjB 2 sin ^ (^ -♦- B) cos ^{A-B) 
sin ii - sin jB ^ 2 cos ^(^1 + B) sin ^ (^A- B") 

B. T. ^ 
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sin i(A + B) cos ^ (^ - 5) 



X 



= tan i{A + B)\ cot^^A - B) 

= tan i (^ + 5) X r-—z =rr- 

^ ^ '' tan ^ (^ - 5) 

"t&ni^A-B)' 

that is, the sum of the sines of two angles : the dif- 
ference of the sines :: the tangent of their semi-sum : 
the tangent of their semi-difference. 

^••"''^'•'y' col g- col J = '^*** ^(^ + ^) «=«» i(^-B). 

57. Cor. 2. From Article {55), we have 

sin -4 + sin 5 _ 2 sin ^ (A -{- B) cos ^{A^B) 
cos A + cos B" 2 cos ^ (-4 + B) cos ^ (-4 — j?) 

= i-TH — rT = tan AM + jB) : 

cos ^{^A + b) * ^ -^ 

sin ^ ~ sin ^ _ 2 cos ^ (^ + J?) sin ^ (-4 - B) 
cos-4 + cosJ? "" 2 cos i (^ + B) cos ^ (-4 - iB; 

sin A M - 5) , , . „. 

cos ^ (yi - jB) * '^ 

both of which will hereafter be used in the establishment 
of important general formulae. 

58. To express the tangents of the Sum and Dif- 
fereJice of two angles^ in terms of the tangents of the 
angles themselves. 

Here, from equal division of the numerator and deno- 
minator by cos A cos B, we shall have 

(A E\ - ^^^ (-^ "^ ^) _ ^^^ A cosB + cos A sin B 
' cos (-4 + jB) " cos A cos B — sin ^ sin fi 

sin A sin B 

cos A cos B tan A + tan B 



sin A sin B l — tan A tan B ' 
cos A cosJB 
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Exactly in the same way ; or by putting - B for B, 
ind therefore — tan B for tan B, we find 

* /A D^ tan ^ - tan B 

tan {A-B)^ — — j- ^ . 

^ 1 + tan A tan B 

Since cotangent x tangent = 1 , the cotangents o£ A^B 
nay be immediately deduced, and expressed in terms of 
rot A and cot B, 

59. To express tan 2 A, and tan 3 A in terms of tan A. 

Here, by means of the formula in the last Article ; 

^ - ^ , J J. tan A + tan A 2 tan A 

tan 2il = tan (A-^ A)= -z 7 = =-7 : 

^ ^ 1 - tan -4 tan y^ 1 - tanM 

4. o A s, /r. 4 A\ tan QA + tanA 

tan 3-i « tan (2-4 + A) = 5 i 

^ ^ 1 - tan 2 J tan -4 

2 tan u4 , . 



1 - tanM 2 tan ^ + tan J. - tan" J. 



2 tan -4 ^ . 1 - tanM - 2 tanM 

1-; — : — 5-jtani4 
1 — tanM 

= " ^ , — . Similarly, for tan 4^, &c. 

l-3tan»^ ^' ' 

60. Cob. Since ten 45^ = 1, we shall have 

/. o ^x ten 45° + ten i< l+tan^^ 
ten(45 +^)-i.tan45°ten^ = l-ten^'' 

f±tiO jf\^ ten 45° - ten ^ 1 - ten ^ 
tent45 -^;-i+tan45°ten^"l + ten^' 

.-. tan (45* + ^) + ten (45° - A) 

l+teny^ l-teni4 2(l+tenM) .^ 

^ ■J + -J- ^ r— 3 — — " sec .^^ I 

1 - ten A 1 + ten A 1 — tan'^i 

. « ..N ^ « ^v 1 + ten i4 1 — ten A 

and tan(45° + y4)-ten(45°-^) = - — r j-^ — z j 

^ ^ ^ '^ 1 - tan -4 1 + ten A 

4 ten i< ^ ^ ^ > 
= - — -—5-7 = 2 ten 2^4. 
1 - tan'ji 

This last result will enable us to find the tengents of 
ingles greater than 45°, by means of those of angles 
nrhich are less than 45®: thus, if A= 1®, we have 

ten 46® = 2 tan 2° + ten 44° : 
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and the preceding formula when put in the forms, 

2 sec 2A = tan (45^ + .4) + tan (45* -A) 

- tan (45' + A) + cot (45* + A) : 

and 2 cosec 2 A = tan A + cot A : 

may be used to obtain the secants and cosecants of angles 
from their tangents and cotangents by addition only: 
thus, if ^ = V, we have 

2 sec 2* = tan 46® + cot 46® : 

2 cosec 2® = tan I® + cot 1". 

61 . The functions of the sum of three or more angles 
may be expanded as in Article (54). 

Thus, sin (J[ + 5 + C) = sin {{A + B) + C} 

— sin (A + B) cos C + cos {A + B) sin C = sin -4 cos JB cos C 
+ sin jB cos a cos C + sin C cos -4 cos J5 - sin ^ sin B sinC: 

cos (^ + J9 + C) = cos {(A + 5) + C} 
= cos (A 4- -B) cos C7— sin (A +B) sin C = cos J. cosB cos C 

- cos A sin jB sin C — cos B sin J[ sin C7 — cos C sin X sin 5. 

Whence, by division and substitution, we have 

tan (i4 + 5 + C) 
^ tan A + tan J9 + tan C — tan A tan 5 tan C 
~ 1 - tan A tan JB- tan A tan C ~ tan B tan C ' 
which may also be found as in Article (59)* 

If A, jB, C be the angles of a triangle, we have 
tan {A + B + C) = tan 180^^ = 0; 
.«. tan A + tan B + tan C = tan A tan B tan C!' : 

which is a remarkable property, and informs us that by 
fixing upon an^ two quantities, we may always find a 
third, so that their sum shall be equal to their continued 
product. 

If 5 = C = ^, we shall have, after reduction, 
sin 3 J. = 3 sin ^ — 4 sin'^, cos 3-4 = 4 cos^^l — 3 cos A, 

as before : from which the values of sin A and cos A may 
be expressed in terms of sin 3 A and cos 3 A respectively, 
by the solutions of Cubic Equations, 
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Similarly, the solution of the cubic equation^ 
tan^A -3 tan 3 A taxi' A - 3 tan J[ + tan 3 J. = 0, 

will give the values of tan A : and it thus appears that 
the Triseclion of an Angle which cannot be effected by 
J^lementary Geometry, is made by Trigonometry to de- 
pend upon the solution of a Cubic Equation^ the roots 
of which, when all real, as is the case here by (7) of 
Article (35), are not to be ascertained by any direct 
method hitherto discovered. See Chapter vi. 

62. The preceding Articles contain most of the for- 
mulas of any practical use^ and we will conclude this 
part of the subject with the demonstrations of two im» 
portant general Trigonometrical Theorems, dependent 
upon the Principles of Algebraical Induction ; observing 
that a variety of Examples, for the exercise of the Stu- 
dent, may be found at the end of the work. 

63. To Jin d the continued product of m factors of the 
form, cos a + ij—l sin a. 

By actual multiplication, we have 

{cos a + J — 1 sin a} {cos /3 + J - 1 sin /3} 

= (cos a cos/3 — sin a sin /S) + ,f-i (sin a cos/? + cos a sin /S) 

= cos (a + /3) + J— 1 sin (a + /?) = P,, suppose : 

whence, introducing another factor cos y + ^ — 1 sin y, 
and using the same kind of notation, we have 

P, == {cos (a + /?) + J- 1 sin (a + fi)} (cos y + ^-1 sin y) 

= cos (o + /? + 7) + J — 1 sin (a + /? + 7), 

by the preceding : similarly, by the introduction of the 
factor cos h + ^— 1 sin 8, we have 

P4 « cos (a + /? + 7 + 8) + ^-1 sin (a + /? + 7 + 8) : 

and so on : therefore, if there be m — 1 factors, and 

P^, = cos(a + /S + &c. + k) +J- 1 sin (o + /? + &c. + k) : 

by the introduction of the factor cos \ + ^ — 1 sin \, we 
shall have 

P^P!CO$(a + /S + &c. + A) + y^ sin(<x-vP-v%Le--v>>i\ 






4& 

ilMit %%, if the formala be true for « - 1 ftcton, it is 
true far tn fnctOTM : bat it has been pflt>Yed true for 2, 3, 4 
fMCUnrn, /. it is true for 5, 6, 7> &c. factors, and .-. gene- 
rally tnte* 

If the algebraical signs of a, P, 7, &c. be dianged, 
tliose of the iines are changed, but those of the cosines 
ar« not; and consequently the Theorem will be true, 
wbetfier the symbol J^ be affected with the positive 
(tr negative sign in both members of the equality. 

\t um (imya ScQ, m, \ xjQ m tcfms, wc havc 
{cos a rf« ^ - 1 sin a}* = cos ma ± ^— 1 sin Jiio, 

which is a particular case of a formula due to M. Be- 
moivrHf considered by Mathematicians of an importance 
ahiiost equal to that of the Binomial Theorem in Algebra. 

04. (!oR. If we effect the multiplications at length, 
ill the latter member of the equality 

cos (« ■♦■ /^ + 7) + a/--"! sin (a +/3 + 7) 

- (co«« -f ,y - 1 sin a) (co8/3+^- 1 sin/?) (cos 7 + J-~ 1 sin 7), 

Mild t^quate the real and imaginary parts of the resulting 
t^quattou respectively, we shall have, as in Article (61), 

Otis (rt -f /i -f 7) ■ cos a cos (3 cos 7 — cos a sin sin 7' 
- cos (i sin o sin 7 - cos 7 sin a sin/3 : 

sin (<i ^» /J ^» 7) » sin a cos (3 cos 7 + sin /? cos a cos 7 

H* sin 7 cos (1 cos /i — sin a sin /3 sin 7. 

'rh(» op<^ration of Division will lead to similar remark- 
aUW results^ 

ttt. 7V» J(ml UN fjmrtssUm for ike tamgemi o/* tJke smu 
^' ui 4ti^r« o^ ^» >> &c., \ la itrms ^ iAe iamgemis of 

iM Sx denol^ the $am of the tangoits: 

«t « «^ tK«ir pruducts taken 2 & S: 

«:» of their products taken 3 & S: &c: 
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_ / /IN tan a + tan S 5, 

For, tan(a + /3) = — ^l^ = _i : 

^ 1 - tan a tan p 1 - j, 

^ / /> \ tan (a + /3) + tan 7 

tan (a + /? + 7) = ^^ — t^-^-Ttt ^ 

^ ^ '^ 1 - tan (a + )3) tan 7 

_ tan o + tan /? + tan 7 — tan a tan 13 tan 7 *i — *3 . 
~ 1 — (tan a tan /3 + tan a tan 7 + tan tan 7) ~ 1 - *a 
and so on : wherefore if m — 1 angles be taken, and 

tan (a + /? + &c. + k) = -7 ? — 5 — : 

^ ' 1 - Jj + ^4 - &c 

then, tan (a + /? + &c. + A) = tan {(a + /S + &c. + k) + a} 

^1 — J3 + ^6 — &c. 



I - *, + ^4 - &c. 



+ tan A 



/Si — *s + *6 — &c.\ 

\1 — .9, + *4 — &C./ 

(j, — *a + ^5 - &C.) + (1 — Ja + J4 — &c.) tan A 
" (1 - J, + ^4 - &C.) - (Ji - *3 + *6 - &c.) tan A 

_^ (*i + tan \) - (^3 4- Sg tan a) + (^5 4- ^4 tan A) - &c. 
~ 1 - (*a + .Vi tan A) + (J4 + *3 tan A) — &c. 

which expression for m angles is of the same form as that 
for wi — 1 angles, and therefore, as before, tne Theorem 
is generally true. 

G6. Cob. If tw be odd, and of the form 4p + l, 
the last terms of the numerator and denominator are s^ 
and s^^x respectively ; but if it be of the form 4p + 3, 
they are — *^ and -J«_i respectively. If m be even, 
ana of the form 4p, the last terms of the numerator and 
denominator are — 5„^_i and s^\ but if of the form 4p + 2, 
they are s,^i and — s^. 

Whence, by the Formulae for Combinations, we may 
easily deduce the values, when o, ^, 7, &c. are supposed 
to be equal to each other. 

Ex. Let m = 5 : then Si — 5 tan a : 

5 . 4 
*- = — -^ tan'a = 10 tan'a : 

1.2 • 

5.4.3 , ,^, . 5.4.3.2^ . ^^ 4 

*, = ;rtan*a = 10 tan"a : ^4= ^ — tan*a = 5 tanV •. 

• 1.2.3 * 1.2.3.4 
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5 tan a - 10 tan'a + tan*a 

.-. tan 5a = — ; — 5 — - — 2 — 

1-10 tan'a + 5 tan*a 

If a, /3, y be the angles of a triangle, we have 
tan (a + /3 + 7) = ; and /. .s, — ^3 = 0, or *, = *,: that is, 
tan a + tan fi + tan y « tan a tan /3 tan 7, as before. 

THE TRIGONOMETRICAL CANON. 

67. Dbf. The Trigonometrical Canon in its sim- 
plest Form, is a Table or Synopsis of the numerical values 
of the sines, cosines, &c, of all angles from V upwards to 
90^ : and it is termed a Canon of Sines and Cosines, 
when it comprises these magnitudes only. 

Its Construction. The Principles and Formulae al- 
ready established will enable us to effect this in the 
following order. 

(1) To Jlnd the sine and cosine of 1\ 

In the formula, sin^ = J {Jl + sin 2^1 — ^1 — sin2i}, 
if for 2A we put 30% and /. sin 2 A = ^, we shall have 

sin -— = .2588190 &c. = .v, : 
2 

again, putting ^1 for sin 2A, we find 

SO® 
sin -5- - .1305262 &c. = *, : 

and it is manifest that by continuing this process we 
shall obtain successively the sines of 15®, 7® SO', 3® 45', 
1*52' 30", &c. : also, by continued actual bisection of the 
angle 30% we find at length 

30® 
sin -j5 = .0005113269 &c. = *,o : 

30® 
sin — -= .0002556634 &c. = ^u : 

from which it appears that when the operation above 
mentioned has been repeated so many times, the sine of 
the angle is halved at the same time that the angle itself 
is bisected ; that is, for seven or eight places of decimals, 
the sines have the same ratios as the angles : 
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. ,, . SO® ,, 30x60' 
.-. sin 1 : sm ^ :: V : — gir— ; . 

2" 30° 256 

whence, sin 1' = -^ — a- sin — n- = — - x .0002556634 &c. 

30 X 60 2" 225 

= .0002908882 &c. nearly : 
also, from the formula cos A =■ Jl— sin*J[, we obtain 

COS 1' = .999999957 &c. 

Cor. 1. From what has been proved in the pre- 
ceding article, we have, if n be less than 60, 

sin w" : sin 60" :: n : 6O; 

and .'. sin n"=^--sin 1', may be determined, and con- 
sequently cos «" as above. 

Hence, sin 10" == J sin 1' = ^ (.0002908882 &c.) 

= .0000484813 &c. 
and .-. cos 1 0"=. 9999999988 &c: 

and it will not fail to be perceived that sin \0" =^ten times 
the circular measure of 1", as given in Article (15). 

Cor. 2. This process, though laborious, will enable 
us to find an approximate value of the symbol tt before 
used: thus, tt contains 180°= 180 x 60 minutes 

= 3 X 60 X 60 minutes : 

.-. we have w = .0002908882 &c. x 3 x 60 x 60 

= .0008726646 &c. x 60 x 60 

= .052359876 &c. X 60 

= 3.14159256 &c.: 

which is the numerical value of the semi-circumference 
of a circle whose radius is 1, and therefore of the rvh(^ 
circumference of a circle whose diameter is 1 ; and it is 
quite accurate to six places of decimals. 

(2) To Jlnd the sines and cosines of angles from 
V to 1*. 

Since, sin (^ + jB) = 2 sin J. cos JB - sin (A — B) 

= 2 sin ^ { 1 - 2 sin'i B} - sin (A - B) 

= 2 sin A- sin (^ — JB) - 4 sin A ^\\^\^\ 
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if we suppose 5=1', and A to take the values 1', 2', S\ 
&c. in succession, we have 

sin 2' = sin 1' + (sin 1' - sin C) - 4 sin 1' sin» SO" : 

sin 3'= sin 2'+ (sin 2' - sin 1 ') - 4 sin 2' sin" SO" : &c. : 

where, sin S0"= tt- sin l'= 1 sin 1' 

60 ^ 

is readily found : and the form in which the quantities 
are here put will facilitate the calculation. 

The same mip^ht have been done by means of the 
formula, sin (iw + 1) J. = 2 cos^ sin wi ^ — sin (w — 1 )^ ; and 
the corresponding formula, cos (m-\'l)A^k cos A cos mA 
- cos(97i — l)i4, will give the values of the cosines. 

Thus, sin (wi + 1) 10"= 2 cos 10" sin wilO"- sin (wi - 1) 10", 

cos(m + 1) 10"= 2 cos 1 0"cos wilO"- cos (m - 1) 10" : 

and since 2 cos 10"= 1-9999999976 &c. 

= 2 - .0000000024 &c. 
we shall have 

sin (7W + 1)10" 

= (2 - .0000000024 &c.) sin ml O" - sin (m - 1) 10" 

= 2 sin mlO"- sin {m - 1) 10" - .0000000024 &c. sin mlO": 

cos (WI + 1)10" 
•■= 2 cos wilO"- cos (m - 1) 10"- .0000000024 &c. cos »f 10": 

and thus the sines and cosines of angles differing by lO'' 
may be derived from those immediately preceding by 
subtraction, after the multiplication required only in the 
last terms. 

Hence, also, sin (m + 1) 10"— sin ml 0" 

= sin mlO" - sin (m - 1) 10" - .0000000024 &c. sin mlO", 

which furnishes a rule for determining the diminished 
difference of the sines of consecutive angles increasing by 
10". Similarly, for the cosines. 

This process may evidently be continued for angles of 
all magnitudes, if it be found necessary. 

(3) To Jind the sines and cosines of angles from 
1® to 30". 
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The formulae which may be used are, 

' , A ^N (sin A + sin E) (sin A — sin B) 
^ '^ sm {A — jd) 

/ ^ ^x (cos A + sin 5) (cos A — sin 5) 

cos {A + B)= ^ // p> ^ : 

^ ' cos (A^B) 

, . „, (sin S*' + sin r) (sin 2<> - sin n „ 

thus, smS'> = ^^ A-^-5 ^: &c. 

sm r 

„„ (cos 2*^ + sin 1 ^) (cos 2*^ - sin 1") ^ 

cos 3° - -^ ^-—i : &c. 

cos 1° 

lie values of sin 2* and cos 2®, being first computed by 
leans of the formulae 

sin 2^ = 2 sin A cos A, and cos 2A = 2 cosM — 1 . 

(4) To Jlnd the sines and cosines of angles from 
0** to 45°. 

Since, sin (SO® + ^) = cos -4 - sin (SO® - A) : 
cos (SO® + J) = cos (30® - ^) - sin i4 : 
f we suppose A — l', 2', 3', &c. we shall have 
sin 50® 1 '« cos 1'- sin 29® 59': &c. 
cos 30® 1' = cos 29** 59^ - sin 1' : &c. 

^hich may be continued as far as we please : and if 
i = 10", 20", &c. the same formulae may be applied up 
o 45®. 

(5) To Jind the sines and cosines of angles from 
t5® to 90^ ««c? upwards. 

This is done immediately by means of the formulae 

sin (45® + ^) = cos (45® - A) : 

cos (45® + ^) = sin (45® - A). 

Slso, sin (90® + ^) = + cos ^ : cos (90® + A) = "61x1 A 

sin (180® + A)=-smA: cos (180® + ><) = - cos ^ 

sin (270® + A) = -cosA: cos (270® + -4) = + sin ^ 

>ut these latter functions are never put down in the 
ables : and indeed a table extending only to 45®^ is quite 
uffident for every angle, as is already manifest. 
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(6) A table of tangents and cotangents, may be 
readily constructed by the use of the fundamental 
formulae : 

. sin A ^ J cos A 

tan A = J ; cot A = -; — j : 

cos A sm A 

and the operations will be abridged by means of 

tan (45^ + A) = tan (45** - ^) + 2 tan 2^ : 

cot (45^ + A) = cot (45° - ^) - 2 tan 2A. 

(7) The secants and cosecants are not always found 
in die tables, but they may be computed immediatelj 
from the formulae: 

sec A = 7 : cosec A = -^ — 3 : 

cos A sin A 

and they may be found by Addition only from the for- 
mulae established in Article (60) : also, the Versed sines 
are had from vers A = l — cos A. 

What has here been given, is merely an outline of 
the plan which may be adopted^ without reference to 
higher principles : and indeed the more scientific analy- 
tical methods could not properly be introduced in tliis 
place, though some of them will be seen hereafter. 

Its Verification. As a check upon the computations 
already noticed, Formulce of Verification are made use 
ofy in order to detect any error which may have been 
entailed upon them^ by reason of the Method of Con- 
tinuation which we have pursued. Thus, 

sin 3° = sin (18° - 15°), and cos 3° = cos (18° - 15°), 

are readily computed to as much nicety as is necessary : 
whence, sin 6° and cos 6° are obtained by Article (44) : 
also, the sines and cosines of the series of angles 9^ l^^ 
&c., whose common difiPerence is 3S may be found by the 
same independent methods^ and when arrived at by the 
process of continuation explained in the preceding arti- 
cles, will certify us of the accuracy of the arithmetical 
operations which have been performed, unless a compen- 
sation of errors has taken place. 

Formulae of this description may be made as numer- 
ous as we please, but those in greatest use have already 
been mentioned, and are 
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1) Sin ^A = i {Jl -hsinA-Jl- sin A}, 

cos iA = ^ {Ji +8in J + ^1 —sin -4}, 
se application may be seen in Article (48). 

2) Sin A = ^n {36" -hA)- sin (3& - A) 

~ sin (72« + ^) + sin (72» - A) : 

cos ^ = sin (54'> + J) + sin (54® - A) 

- sin (18^ + ^) - sin (18*^ -A): 

in a table of sines and cosines correctly computed 
n A^ 5^ and 7®> we must have respectively, 

sin 5« = sin 41** + sin 6r - sin SV - sin 77", 

cos 7*^ = sin 6V + sin 47* - sin 25*^ - sin 1 1** : 

therefore, if these equalities be not maintained^ we 
r that an error has been committed in the computa- 
of one or more of the functions employed. 

[3) Tan (45<» + .4) = tan (45** - J) + 2 tan 2^ : 

tan (45** + ^) = 2 sec 2^ - tan (45** -A). 

The Arithmetical values of the trigonometrical ratios 
i considered^ are called the natural sines, cosines, &c. : 
by Article (34) they may be adapted to the Tabular 
lius 10^^ which is requisite for some purposes. 



H. T. 



CHAPTER III. 

THK PHOPERnES OP PLANE TBIAN0LB8. AND BBOULAB POLYG01& 
THE CIRCUMFEEENCE AND ABXA OF A CTBCLE. 



68. Dbf. In every plane triangle ABC, there are 
xix distinct parts: the three angles A^ B, C and the 
three sides EC, AC^ AB respectively opposite to them, 
which are usually denoted by the corresponding small 
letters a, 6, c\ and our first object will be to express 
in terms of the latter, the functions of the former as 
defined in Article (24), and the contrary : and thus, by 
means of their mutual dependence on each other, to 
investigate commodious formulae for the Sohditm of 
Triangles, which will be explained and applied in the 
next chapter. 

69. The sines of the angles of a triangle haioe tke 
same ratios to each other, as the sides hy which they are 
respectively subtended. 

Let ABC be a triangle whose angles and sides are 
Aj B, C; a, bf c respectively : from any angle C draw 
CD perpendicular to AB, produced, if necessary : 

C 




then^ we have sin A = -^ ; sin 5 = -=p : 



.*. WiA : sin^ 



CB CD_ 1 J_ 
AC • BCAC' BC 






^BC : AC = a : b; 

similarly, by drawing from A a perpendicular upon BC, 
produced, if necessary^ we shall have 

sin ^ : sin C = 6 : c; 
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md therefore by the composition of ratios^ we obtain 

sin ^ : sin C = a : c: 



that is^ 



sin A _a sin B _^b sin A 
sin B~ b' sin C~~ c ' sin C 



Mrhieh are sometimes expressed in the form, 
sin A : sin £ : sin C = a : 6 : c. 

70. CoR. Since a : 6 = 8in^ : sin£; 

ve have a-hb : a — 6 = sin J. + sin jff : sin ^ — sin ^ 

= 2 sin ^(^ +5)cos^(^-jB) : 2 cosi(^+J5)sini(il-5) 

sin ^(A + B) , sin iJA-B) 

cos ilA + B) ' cos|(^-jB) 

= tan^(.l+5) : tan^(^-5); 

hat is, the sum of any two sides : their difference :: the 
angent of half the sum of their opposite angles : the 
angent of half the difference. 

71. To express the cosine of an angle of a triangle, 
n terms of the sides. 

Retaining the notation and construction above used, 
ve shall have the two following cases: 

(1) When the angle is ncute, 

C 




A D B 

Let AD = x, and therefore DB = c — xi then will 

^ cos A —-jff — T» ^^> b cos A=^xz 
but j:« = JD»-^C«-CD» = il(7«-5C» + D5' 

= 6* - a* + c* - 2car -k- 3^ ; 
.•. ^cx ^b^-hf^-ta*: and 26c cos ^ = 6* + c* — a* ; 

6« + c«-a« 



whence^ cos^^ 



26c 
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(2) When the angle is obtuse. 




DA B 

Let AD^x, and therefore DB s c + jr : then will 

AB "X 



co%A « 



, or, h cos ii = — jf : 



AC b 
but ^ = .4Z)' = ^C«-CZ)« = ^C'-j&a«+D-B' 

= 6* - a* + c* + 2c« + j:* ; 
/. - 2cx = i* + c' — fl* : and 26c cos ^4 = 6* + c* ~ a* ; 

6« + C^-fl* 



whence, cos .4 = 



26c 



It appears therefore, that the cosine of an angle of 
a triangle, whether acute or obtuse, is expressed in the 
same form, though it is positive in the former case, and 
negative in the latter. 

The values of the cosines of B and C will evidently be 

a« + c*-6« , ' a« + 6«-c» 
cosB = ::^ , and cosC/ = - 



2ac 



2a6 



These are merely the results of propositions (12) and 
(13) of Euclid II, expressed 'by Trigonometry; and the 
form of the equality «* = 6* + c'* — 26c cos A^ which deter- 
mines any side of a triangle by means of the two others 
and their included angle, it will be worth while to recollect. 

72. Cor. Since 26c cos ^ = 6* + c* - a*, we have 

fl* - 6', or (« + 6) (a — 6) = c (c — 26 cos A) ; 

and .'. c : a + 6 = a - 6 : c — 9,b cos A : 

but when A is acute, c — 26 qosA = AB — ^AD 

= (AB^AD)''AD = BD^AD: 
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and when A is obtuse^ c - 26 cos A'^AB + 9, AD 
^(AB + AD)-{- AD = BD + AD : 

.*. expressing them in geometrical symbols^ we have 
AB : BC+AC :: BC -• AC : BD^AD; 

or^ the base : the sum of the other sides :: their dif- 
ference : the difference or sum of the lines intercepted 
between the extremities of the base and the perpendi- 
cular^ according as it falls tvithin or without the triangle. 
This proportion is generally used by Practical Ma- 
thematicians not much accustomed to the treatment of 
Algebraical Formulae. 

73. To express the sine of an angle of a triangle^ in 
terms of the sides. 

Here, sinM = 1 - jcosM = (l - cos A) {\ -¥ cos A) : 

but, 1 — cosil = l —f — = -^ 

26c 26c 

^ a«^(6«~26c+c0 ^ a'--(6~cy ^ (g + 6-c)(g--6+c) 
~" 26c 26c " 26c ' 

6« + c'-a» 26c + 6« + c«-fl» 



and 1 + cos^ » 1 + 



26c 26c 



(y + 26c + c') - g' _ (6 + c)' - a* (6 + c + fl) (6 + c - g) 
26c ~ 26c ~" 26c " 

.'. for the sake of conciseness putting 25 — a + 6 + c ; 

we have, 2(5 — fl) = a + 6 + c — 2a = 6 + c-a: 

2(5-6) =a + 6 + c-26=a + c-6: 

2(5-c)=a + 6 + c-2c = a + 6-c: 

. ^(5~6)2(5-c) , . 252(5- a) 
.-. l-cos-4=»-^ ^j-^ ^: l+cos-4= ^, ^ : 

. • . 4 

that is, sin'ii = ^^-j 5(5 — a) (5 — 6) {s — c): 

or, 8iny| = T-V*(*""^) (*"~^) (*"^)' 

74. Cor. If Js (5 — fl) (5 — 6) (5 - c\ which is sym^ 
metrical with respect to the three siaes a^ h^ c^ \^^ 
denoted by 8; we shall have 
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8in il ■■ 7— , sin iff B — , sin C = — r • 
DC ac ab 

1 * M • n • r» 25 2iS 2/S 
and /. sin if : %\nB i sin C = ,- : — : -^ 

Ac ac ab 

;ind this is the result of Article (69), established by a 
less simple, though independent process : inasmuch as no 
use has been made of it in Articles (71) and (73). 

75. To express the sine, cosine, and tangent of half an 
angle of a triangle^ in terms of the sides. 

Following the steps of the process of the last article 
but one, and using the formulae of Article (45), we have 

. a. . . J 9,(s-h)2(S'-c) 

2 sin'i^ - 1 - cos i< - -^^ ^-^^ ^• 

J • \ A /(* - ^) (* - ^) 
and .-. sin ^A = ^ j^ : 

2 cos'iA = 1 + cos -<^ = ^7 ' 

and .*. cos i^A = ^ -^-7 — - : 



whence, tan kA = — 1-. - ^ / - — , , — - : 
^ cos^if V a(.v — a) 

and the algebraical signs of all these quantities must be 
positive, since ^ ^^ is necessarily less than 90^ 

The same functions of the other angles will be 
obtained immediately, by the proper changes of symbols. 

If sin ^A and cos^ J, be already founds sin^ may 
be had from the equality 

sin ui = 2 sin ^ A cos | A. • 

76. To express the Area of a triangle, in terms of 
the sides. 

Since the area of any triangle is Aa^that of a rectan- 
gular parallelogram of the same base and altitude, by 
jEticlid, Prop. 41. Book I: we have, from Article (192V 
^ oftheAriihmetic: 
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the area of the triangle ABC = ^AB x CD 

CD 
^iAB.AC.^ 

- \AB .AC .sin A^ —.J- Js{s — a) (s- b) (s - c) 

= Js{s -a){s- b) {s - c). 

Hence, the Rule enunciated at length will be : 

From half the sum of the sides, subtract each side 
separately; multiply the half-sum and the three remain- 
ders together^ and the square root of the product will be 
the area. 

Ex. Let it be required to find the area of the 
triangle, whose three sides are 18, 24, and 30 yards. 

Here, 2j= 18 + 24 + 30 = 72 : .-. s^SQi 

j-a=36-18 = 18, j-A = 36-24=12, ^-c = 36-30=6: 

whence, the area = ^36.18.12.6 = ^36.9.2.2.6.6 

= V6'.3».2*.6» = 6.3.2.6 = 2l6: 

that is, if the three sides be 1 8, 24 and 30 lineal yards, 
the area will be 2l6 superficial or square yards. 

Also, the area = \J^ {aV + aV + b^c^) - (a* ^■ 6* + c'), 

which will be practically convenient when a, b, c are 
irrational quantities, 

77. CoR. 1. The symbol •S' adopted in Article (74), 
will therefore represent the area of the triangle ABC: 
and we have from Article (76) ; 

S^^AB.ACsinA: 

or, the area of a triangle may be arithmetically obtained 
by multiplying half the product of any two sides by 
the sine of the angle included between them. 

It is also evident that the Area of the triangle may 
always be used as an Element of calculation, whenever 
its introduction will simplify the process. 

78. Cor. 2. The Segments of the base, and the P^^ 
pendicular upon it are easily found : tVvus, 
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9c ic 

CD = ? y7(, -«)(,- A) (*-c). 

The area, and each of these lines^ are readily dedu- 
cible from Geometrical Principlet^ and may be expressed 
ill a variety of different forms by substitution. 

7(K 0/' a triangle, to express the radii of the inscribed 
ami circumscribed Circles, tn terms of the sides. 

(I) The Inscribed Circle. 

If o bo the centre of the circle inscribed in the 
triiinf()c AHCt we have oa=zob siOc=i the radius r : 

c 






4 

A 




and Sw^^AoB^:^AoC^i^BoC 

1 k . 1 « +6 + C 

\ v'*(*^- «) I* - ft) (* ~ c) 

.\ r •» ~ « ^ ^ . 

»w^<t\ , •lfilJ-liH>*~4.4-4B-SK^ + iC; and we 






K t^ W tW <N<Mi^ «t^ iKe circle csmBKcribing the 

tlir«iitfW «l Ar <S fic^MMi tftw ai tf < iKj^Mi die saair bKc; we 

«iax^ nviM AttKw i^« ^ V 
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S = ^ab sin ^AOB : and sin ^AOB^^^ = ^ : 

o abc _. a6c a&c 

4/2 4,^ 4V«(«-fl)(«-6)(«-c) 

From this^ it appears that the sine of any angle of a 
riangle is equal to the ratio of the opposite side to the 
iameter of the circumscribed circle. 

80. Cor. Hence it immediately follows that 



Rr = 



abc S abc 



45". s 



4« 



and .•. ^Rr — 



abc 



abc 



2« a + 6 + c 



Also^ by means of Article (78), we have the equality, 
R.CB = ab^AC.BC, if CB be perpendicular to ABi 
nd this is Proposition C of the sixth Book of Simson's 
•Edition of Euclid s Elements of Geometry. 

81. To express the Area of a regular polygon in 
^rms of the side : and also, the radii of the inscribed 
nd circumscribed Circles, 

Let AB, BC be two adjacent sides of the polygon 
ach = a : ,blsect the angles at A and B by the straight 
ines 
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AO, BO meeting in O : then, if u be ike number of tiSa 
of the polygon, we have 

AOB = ~ - , and .*. AOa =s : also, if iS be the aw, 

n n 

S=^n^ AOB = nAa ,0a = nAa.Aa cot «iiMi* cot — . 



Also, r-Oa»: Aa cot AOa « \a cot 



180* 



and R » OA = Aa cosec AOa = ^a cosec 



180" 



n 



180* 



180* 



= C08 



180* 



Whence, -fs ** Aa cot ^ |a cosec 

By assi^ing to n, the values 3, 4, &c. we shall have 
for an Equilateral Triangle, Square, &c. respectively, 



''=co860« = i : -^ = cos45''=4=: &c. 

^ ^/2 



/2 



82. To find the Perimeters and Areas qf the regular 
polygons of a given number of sides, inscribed in, and 
circumscribed about, a given circle. 



(1) 



The Inscribed Polygon. 




Let r be the radius of the circle, it the number of sides 

of the polygon : then, the angle AOB subtended at the 

S60* 
centre of the circle by each side of the polygon = : 



and AB « 2Aa « ZOA sin AOa ^ 2r sin 



.*. the perimeter of the polygon = 2nr sin 



180* 

_ • 

n 
lS(f 
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Also, A JOB = iOA . OB sin AOB = ir' sin ^ 



ft 



.-. the area of the polygon = ^nr* sin 

(2) The Circumscribed Polygon, 




' 180* 
Here, AB = 9,Aa = 20a tan AOa = 2r tan 



.*. the perimeter of the polygon = 2fir tan 



ft 

180* 
It 

180* 



ft 



\lso, A AOB =0a,Aa = 0a.0a tan AOa = r* tan 

180* 

/. the area of the polygon = nr' tan ^ 

n 

By giving the proper values to ft, the perimeters and 
reas of all regular polygons are easily computed to 
ny degree of nicety for practical purposes. 

83. Cor. If p, P denote the perimeters ; and a, A 
he areas of the inscribed and circumscribed polygons 
espectively, we have 

p 180* , a ,180* 

•^ = cos , and -r = cos' : 

P ft -4 ft 

ind thus, the perimeters and areas of the inscribed and 

circumscribed polygons may be compared in all cases, 

>y assigning the proper integral values to ft. 

84. To express the Circumference and Area of a circle^ 
n terms of the radius. 

«T u • -4. *!. * P ISO'' « . 180* 
We have just seen that -^ = cos , -3 = cos* ■ : 

•* F n A n 

whence, if the value of it be supposed to be indefiiu.t&\^ 
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180* 
increased, that of will be indefinitely diminished: 

180* 

and in this case, cos continuiMy approaches to 1 : 

n 

.'. ^ - 1> or p^P; and ^ " 1> or a^A: 

that is, the perimeters and areas of the inscribed and cir- 
cumscribed polygons are ultitnately equal to each otho*, 

and the circle coincides with each of them : but since -tfa 

ft 

part of the perimeter of either polygon has become iden- 
tical with -th part of the peripAer^ of the circle, we miut 

1. « • 180* , ^ ^ 180* - , 2irr 

now have 2r sm and 2r tan , each equal to — , 

n ft ^ ft 

if Stt denote the ratio of the circumference of a circle to 

its radius : and thence arise the following equalities ; 

p = 2nr sm ■= girr, a = inr sm = wr^ : 

n « . 180* ^ . , , 180* . . 

P « 2nr tan = 2«t, A « «r' tan = irr* : 

n n 

that is, when w denotes the numerical magnitwk 
3.1415926 &c. found in Article (67), and r represents 
the number of units contained in the radius, the numericd 
value of the circumference will be 2irr, and that of the 
area or surface will be wr*. 

85. CoR. 1. Hence^ the area of a circular sector is 
easily found. 

For^ if a be the arc of the sector, and r its radiafl» 
we have, by Euclid^ Prop. 33. Book vi. : 
the area of the sector : the area of the circle :: a : 2irr; 

.*. the area of the sector = - — x the area of the circle 

2irr 

or^ the area of a circular sector is equal to half the 
rectangle contained by the radius of the circle, and ft 
straight line equal to the arc 
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86. Cor. 2. In the following diagram, we see that if 

t 




a = the arc BP, we shall have sin a = MP, and tan a 
= BT, when the circular measure is used, by Article (20^ : 
now, the sector ^^P is always intermediate in magnituae 
jto the triangles ABP and ABT, l£ BP be drawn : 

that is, ^AB.BP^ ^AB . MP < ^AB . BT, 

for alt conditions of the quantities concerned : 

whence, BP is always > MP and <: BT: 

and therefore, the numerical magnitude of a, when the 
angle BAP is acute, is necessarily limited by those of 



sin a and tan a ; but because 



sm a 
tana 



=:COSa = cosO®=a 1, 



ultimately, by Article (30), we are led to infer that the 
arc, sine, and tangent are equal to one another, when they 
are too small to be appreciated by the powers of the 
mind : and though they cannot themselves be subjected to 
computation, their relations are thus perfectly defined. 

The results which we have here established, that 

-. — =s = 1, in the ultimate state of a, are frequently 

sin a tana ' ^ j 

assumed in works of science, but are not easily entered 
into by the mere arithmetician. 

87. From Article (84), it appears that the circum- 
ferences of circles are proportional to their radii, since 
P'^Zwr, and ir is an invariable magnitude r the same 
conclusion may, however, be drawn from other con- 
siderations. 

Let regular polygons of the same number of sides 
be inscribed in two circles whose radii are rj and r^: 
then, if c, and c, be the circumferences of tVve&e cVtc^e^, 
/>, andp9 the perimeters of their inscribed polygons, axA 



62 THE rrecTiK. 

we assume «, « c, -p„ x, « c,- p, : from Article (82) wc 
shall have 

and ,*. c,r| — TjX, = Cgr, - r, jp, : 

wherein TiX, and r,X| a/one^ undergo any change from 
altering the number of sides of the polygons ; in other 
words^ wherein c^ri and CiT, are invariable, but riX, and 
r^Xi are variable: now^ if an equation subsist between 
two sets of quantities^ one part of each being variable 
and the other part invariable, it follows that the variable 
and invariable parts in each must be independent of e«cii 
other^ or, that the invariable parts in each member of 
the equality must be equal to each other : 

hence^ we have c^ri = Cjr, : and /. — = ~; 



''t 



or^ the circumferences of circles are proportional to their 
radii. 

In the same way^ the areas of circles are proved 
to be proportional to the squares of their radii^ because 
the areas of similar polygons inscribed in them are In 
that ratio. 



CHAPTER IV. 

THE NATURE AND PROPERTIES OF LOGARITHMS. THE ADAPTATION 
OP TRIGONOMETRICAL FORMULiB TO LOGARITHMIC COMPU- 
TATION, AND THE USE OP SUBSIDIARY ANGLES. 
THE SOLUTION OF TRIANGLES. 



I. The Nature of Logarithms. 

88. Def. The Logarithm of a number ^, is such 
a value of the index x, of a fixed magnitude a, as will 
satisfy the equation y = a': that is, x is dejined to be the 
logarithm of ^ in a System of Logarithms whose Base is 
a; and the logarithm of y will therefore depend entirely 
upon the quantity a, which may be assumed of any mag- 
nitude whatever^ unity only excepted^ because every 
arithmetical power or root of 1 is 1. See Chapter vii. 

89. Cor. Since 1 s= a^ we have for the logarithm 
of 1 in every system of logarithms. 

Also, because 0=^0^, it follows that the logarithm of 
the base of the system is always = 1. 

Again^ since = -co- = at*, it appears that the lo- 

garithm of is an infinite negative quantity. 

And, because the equation — y = a* , or y =^ a', cannot 
be satisfied by any value of x, whether positive or ne- 
gative^ the logarithms of negative quantities in a system 
whose base is a positive arithmetical magnitude^ can 
have no existence, or are imaginary. 

90. If the number 10^ which is the base of the 
common system of notation, be adopted for the base of 
the logaridims as above defined, and the word logarithm 
be written in the abbreviated form log : we have 

1 = 10«, or log 1 = : 

10* 10^ or log 10 =i : 

100=10*, or log 100 =2: 

1000 = 10", or log 1000 = 3 : 

10000 = 10*, or log 10000 = 4 : 

100000 = 10*, or log 100000 « 5 '• 8iC* 
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whence it is easily seen that the logarithm of any mag- 
nitude between 1 and 10, will be a fraction, which is 
usually expressed decimally : that of any magnitude be- 
tween 10 and 100 will be 1^ with a decimal fracdon 
annexed: that of one between 100 and 1000 will be 2, 
with a corresponding decimal fraction ; and so on. 

Thus, in the following instances wherein the ope- 
rations are easily performed^ we have « 

10^ = 10 ' = 3.16227 &c : .-. log S.I6227 &c, = 0.5: 
10^=10^*= 5.62341 &c. :.-. log 5.62341 &c. = 0.75: 
10* = 10* * = 31.62277 &c. : /. log 31.62277 &c = 1.5: &c. 

91. Def. The integers 0, 1, 2, 3, &c. to the ^ 
of the decimal points in the logarithms of magnitudes 
are called the Characteristics of those logarithms ; and 
the fractional parts expressed decimally are termed their 
MantissaSy or over- weights. 

92. Cor. If the values of x in the equation y^Kf 
calculated for successive numerical magnitudes of y fram 
1 upwards, by methods hereafter to be explained, be 
registered, or put in the form of a Table, these values 
are called the Tabular logarithms of the corresponding 
numbers in the Common System of logarithms : whidi 
is generally called Briggs's System, inasmuch as ilfr. 
Henry BriggSj Professor of Geometry at Oxford^ first 
suggested the adoption of 10 as the most conveni^t 
number for the base of a system. 

In Babbages tables, which are the most correct, and 
by far the best adapted to practical purposes, the man- 
tissas alone of all numbers from 1 to 108000, calculated 
to seven places of decimals, are inserted : and the cha- 
racteristics are immediately supplied from the considera- 
tions introduced in Article (90). 

II. The Properties of Logarithms, 

93. Def. The principal object of the Invention of 
Logarithms is to facilitate the performance of the Arith- 
metical Operations of Multiplication, Division^ Invduiioth 
and JSvdutum: more particuWVy m ca&^% -^Ixere the 

quantities employed consist o£ ^evexal &^>xt^^, vxkj^xdso^ 
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approximations to the true results are considered sufficient 
for the practical purposes to which they are applied: 
how this is done will now be explained and exemplified. 

(1) Log PQ = log P + log Q. 

For, let p = log P, and q = log Q, in a system of lo- 
garithms whose base is a : then, by the definition given 
in Article (88)^ we have 

P = (^, and Q=a»: 
whence, PQ = (]^ x a^^ a^ : 
and .*. log PQ = p + 9 = log P + log Q. 
Similarly, log PQRS = log PQ + log RST 
= log P + log Q + log A + log S : and so on : 

that is, the logarithm of a product, or of a composite 
number, is equal to the sum of the logarithms of all its 
factors, and vice versd. 

Thus, with the help of tables, the operation of Multi- 
plicaiion is reduced to that of Addition : and the loga- 
rithms of composite numbers are derived from those of 
their factors. 

(2) Log^ = logP-logQ. 

For, retaining the same notation, we have 

P (^ ^ 

— — = flP-« . 

Q a^ ' 

P 
and .% log Q = p — g = log P — log Q. 

Similarly, log -jjjz = log PQ — log RS 

— log P + log Q ^ log JB*— log S ; and so on : 

that is, the logarithm of a fraction is equal to the loga- 
rithm of its numerator diminished by the logarithm of 
its denominator: and the operation of Dtt7}Won is hereby 
reduced to that of Subtraction. 

Hence, the logarithm, of a proper fractioii \^ ncgalwe, 
whilst that of an improper fraction is positive. 

• ^ — ^ 



66 



liOOARITHHS. 



(3) 



m 



Log P* = - log P. 



As before, P^^a^i and .'. P* =(«')• ^ a* i 
whence^ log P- = — p — — log P, where m and n may be 

any numbers whatever : and thus the operations of In- 
volution and Evolution are made to depend upon those 
of Multiplication and Division respectively. 

94. These fundamental properties of logarithms 
having been established without reference to any par- 
ticular value of a, will necessarily be true when the 
base is 10, as above explained: and we will now exem- 
plify some of their uses, first exhibiting the Jomu in 
which the numbers and their logarithms are arranged 
in the Table of Logarithms before referred to, 

(1) Form for Numbers from 1 to 1200. 



No. 
1 


Logarithms. 


No. 


Logarithms. 


0000000 


1196 


0777312 


2 


3010300 


1197 


0780942 


3 


4771213 


1198 


0784568 


4 


6020600 


1199 


0788192 


5 


6989700 


1200 


0791812 



(2) Form for Numbers from 1000 to 108000. 



Num. 



5400 

1 

2 

3 

4f 







/ 



7323938 
4742 
5546 
6350 
7153 



4018 
4822 
5626 
6430 
7234 



2 



4098 
4903 

5707 
6510 



4179 
4983 

5787 



4259 
5063 

5867 



6591 6671 



> 73i4»\ la^^VnAas 
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In the first of these forms^ all the mantissss are given 
at full length, and it is then only necessary to supply 
the characteristic: thus, for the logarithm of 1197> 

the mantissa is .0780942 : 

and the characteristic is 3, by Article (90) : 

.-. log 1197 = 3.0780942, 

In the second form^ the first three figures of the 
mantissae being the same for all the numbers comprised 
in it, they are inserted only at the beginning, and the 
rest are supplied according to the values of the digits 
placed in vertical and horizontal rows : thus, for 54034, 
we have corresponding to 3 in the vertical ^d 4 in the 
horizontal row, the digits 6671 : and this, with 732 which 
is commonj gives 

.7326671 'for the mantissa of 54034 : 

also, its characteristic being 4» because the number 
itself is between 10000 and 100000, we have 

log 54034 = 4.7326671. 

It may be observed that the figures in the horizontal 
row are sdways continued to 9 in the tables, but 6, 7> 8, 
9 are here omitted for want of room. 

Examples, 

(1) Required the product of 1200 and 4.5. 
Here, by means of the former table, we have 

log 1200 = 3.0791812: 

45 9 

and log 4.5 = log j^= log 2«log9-log 2 

= log 3' - log 2 == 2 log 3 - log 2 

= .9542426 - .3010300 = .6532126; 

.'. the logarithm of the required product 

= 3.O79I8I2 + .6532126 = 3.7323938 : 

and from the latter table, it appears that the mantissa 
7323938 belongs to the number 54000: but the cha- 
racteristic being 3, shews that the product is 5400. 

(2) To find the quotient of 54000 by ^50» nv^Vsn^ 
log 5^000 * 4.7S23938, log 450 = 2.653^19.6, a* Aoeioxt 

and therefore the logarithxn of the quotient 
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- 4.7323938 - 2.6532126 
= 2.0791812 = log 120, by the first table: 
or, the quotient is 120. 

(3) Given log 3.1416 = .4971509, and log 9.86965 
= .9943018, to find the square of 314.16. 

Here, the logarithm of the square of 314.16 » 2 x lo- 
garithm of 314.16, by one of the properties of logaridims: 

but, log 314.16 = log {3.1416 X 100} 

= log 3.1416 + log 100 = .4971509 + 2 - 2.4971509 : 

therefore the-logarithm of the required square 

= 2 X 2.4971509 = 4.9943OI8 = the logarithm of 98696.5, 

because 4 is the characteristic of the logarithms of all 
numbers between 10000 and 100000: whence, the square 
itself is 98696.5 nearltf : and the deviation of this, from 
the true value, arises entirely from the circumstance of 
the mantissas in the tables not being calculated to a 
sufficient number of decimal places. 

(4) Extract the square root of 31415.92: having 
log 3.141592 = .4971499, and log 1.77245 =.2485749- 

Here, log 31415.92 = log {3.141592 x 10000} 

= log 3.141592 + log 10000 = 4.4971499 : 

whence, the logarithm of the required square root 

= i {4.4971499} = 2.2485749 = log 177.245 : 

and the root itself is therefore 177.245 &c. 

95. Given the common logarithm of any numerical 
magnitude, tojlnd the logarithms of the magnitudes afii' 
ingfrom its Multiplication and Division hy powers of 10' 

Let X = log y, in the common system : then we have, 
by the properties in Article (93), 

log CylO"*) = log^ + log lO* = logy + m log 10 
= log^ +m: 

log C^ = log y - log 10* = logy - TO log 10 

= log y — m : 



t 
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rom which we perceive that the logarithms. of magni- 
udes arising from multiplying or dividing any magnitude 
y 10"*, are the same as that of the magnitude itself^ in- 
reased or diminished by m : in other words, by remov- 
tig the decimal point of a number m places to the right 
r lefl^ we ina'ease or diminish the logarithm by m. 

Thus, by the table in Article (94), log 2 = .3010300: 
whence, log 20 =» .3010300 + 1: 
log 200 = .301 0300 + 2: 
log 2000 =.3010300 + 3: &c 
log .2«.3010300- 1: 
log .02 =.3010300- 2: 
log .002 = .3010300 - 3 : &c. 

96. This proposition shews that, if the logarithm of 
ny number be once ascertained, the logarithms of all 
•ther numbers whether integral or fractional, consisting 
»f the same significant digits in the same order, may be 
mmediately derived from it by Addition or Subtraction ; 
nd it is this circumstance which enables us to diminish 
he Magnitude of the logarithmic tables without affecting 
heir Extent^ by supposing the mantissa of every number 
D be positive^ and the alteration in the logarithm, cor- 
esponding to a change in its local value, to be made by 
be alteration of the characteristic only. 

In practice, the characteristics are prejixed as whole 
umbers to the mantissee, in the same manner as in the 
rdinary decimal notation, the negative sign being placed 
ver them when they are negative, instead of before 
[lem, because it is not intended to have any influence 
pon the corresponding mantissas : thus, 

log 20 = 1.3010300 ; log ,2 = 1.3010300 : 

log 200 = 2.3010300: log .02-2.3010300: 

log 2000 = 3.3010300 : log .002 = 3.3010300 : &c. 

97* The peculiar notation above adopted must be 
areftdly attended to, in all the arithmetical operations 
pon logarithms expressed in the same manner. 

(1) By the table of Article (94), "weliave 

log 30=^1.4771213, and log .005 « 3. 69^910^ \ 
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.-. log 30 + log .005 = .4771213 -f .6989700 +1-3 

~ 1.1760913, which may be obtained immediately firom 
the logarithms as they stand, by adding together the 
mantissfie and characteristics, as if they were distinct 
algebraical quantities. 

(2) Also, log 30 - log .005 - 1.4771213 - 3.6989700 
« 1.4771213 + 3 - .6989700 = 4 - .2218487 

= 3 + (I - .2218487) « 3 + .7781513 = 3.7781513, 

afi will be found by subtracting on the same supposition. 

In the latter instance, the negative mantissa — .8218487 
has been converted into the positive one +.7781513, by 
subtracting and adding 1, so as to be conformable to the 
tables above explained, and vice versa: and it follows 
that the same method of merely subtracting the first 
digit to the right hand from 10, and each of the rest 
from 9 ii^ order, will be applicable in all other cases, as 
every mantissa is necessarily less than 1. 

(3) Again, since log .02 = 2.3010300, to multiply this 
logarithm by any number as 4, we have the product 

= -2 X 4 + .3010300 X 4 

= - 8 + 1.2041200 = - 8 + 1 + .2041200 

= - 7 + .2041200 = 7.2041200, 

which will also be found by algebraical multiplication. 

(4) Lastly, to divide log .004 = 3.6020600, by 5, we 

shall have the quotient = - of « 

5 

(- 5 + 2.6020600) = - 1 + .5204120 = 1,5204120, 

the negative characteristic being first made an ex<tct mul- 
tiple of 5, by the subtraction of the number 2 from the 
characteristic, and its addition to the mantissa. 

It is scarcely necessary to remark that these pradical 
processes (used in Involution and Evolution) may in every 
case be superseded by rendering the logarithms alto- 
gether negative^ and then making the mantissas positive in 
the results of the operations when effected, as intimated 
above. 
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98. Tojlnd the relation between the local value of any 
sigmficant Jigure, and the characteristic of its logarithm^ 
in the common system. 

The nine digits 1, 2, 3, 4, 5, 6, 7, 8, 9* in the com- 
mon scale of notation being termed significant figures 
in contradistinction to 0, which has a local, but not an 
absolute value, what has been said in Article (90) will 
enable us readily to perceive the relation mentioned; 
thus, in 5746.254, which i^ 

5.10» + 7.10" + 4.10' + 6.W + 2.10-* + 5.10-' + 4.10-», 

we have the characteristic 

of 5 . 10* or 5000 = + 3: 



of 7. 


. 10» 


or 


700 = + 2: 


of 4. 


, 10' 


or 


40 = + 1 : 


of 6. 


10° 


or 


6= 0: 


of 2. 


10-' 


or 


.2 = -l: 


of 5, 


.io-» 


or 


.05 =-2: 


of 4, 


.10-* 


or 


.004 = - 3: 



from which it appears that, whilst the digits in the places 
of tens, hundreds, thousands, &c. have the positive cha- 
racteristics, 1^ 2, 3, &c,, those in the places of tenths^ 
hundredths^ thousandths. Sec, have the negative character- 
istics, — 1, —2, —3, &c., the characteristics of all digits 
in the units' place being 0. 

By a generalization of what is observed here, it fol- 
lows that in whole numbers, the characteristic is positive, 
an^ less by 1 than the number of figures they contain ; 
whilst in decimal fractions it is negative, and greater 
by 1 than the number of ciphers which precede the first 
significant figure. 

If the first significant figure be in the n*** place to 
the left of the decimal point, its characteristic is 7t — 1: 
but if it be in the n^ place to the right of that point, its 
characteristic is — n. 

99. The Superiority of Briggs's System of Loga- 
rithms to any other that could be adopted, with our 
present scale of Notation, will hence be ixiaxiv^e^V 
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For, if the base were 6, we should have 
log (ylCT) = logy + m log 10 : 

log {^^ = logy -m log 10 : 

and thus be obliged to calculate log 10 in the system 
whose base is 6, before we could obtain the logarithms 
of such products and quotients ; and the logarithms of 
numbers consisting of the same digits, but of different 
local values, would no longer be derivable from each 
other, by altering the characteristic only. 

Besides, although the logarithm of 21 6 would in thii 
system be 3, because 2l6~6'; it is not immediate 
perceivable that 21 6 may be expressed by 6% whereas 
there never can be the least difficulty in seeing that 
1000 = 10", or that the common logarithm of 1000 is 3. 

The same kind of reasoning is applicable to every 
other instance and scale ; and it may be observed, that 
were any other System of Notation in use, the most 
commodious system of logarithms would be that whidi 
had the radix of the scale of notation for its base. 

100. Tojind the mantissoe of the logarithms qfnum* 
hers consisting of more Jigures than are comprised in the 
ordinary tables. 

It has been stated that the mantissa of every number, 
expressed by the same significant digits in the same 
order, is the same, without reference to their iocal values; 
and as the best tables now in use comprize only those of 
numbers not exceeding ^ve figures, continued to seven 
places of decimals, we shall place a point after the five 
tabular figures, and also after decimals of the seventh 
order in their mantissse; and then use the following 
theorem, which will be established in the seventh Chapter. 

*' If the difference of two Numbers be small compared 
to either of them, that difference will be nearly propor- 
tional to the difference of their Logarithms." 

In the following instances, intended to exemplify the 

Principle just laid down, we shall take only the mantissa 

of the logarithms of the numbers as we find them in the 

tahies, neglecting altogether the cfiaractertsttca^ which 

may at any time be supplied by Aitic\e ^91^. 
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Ex. 1. Given log 10435 = .0184925, and log 10436 
= .0185341, to find log 10435.6. 

Since, log 10436 = 0185341 
log 10435 = 0184925 

.'. the difference for 1 = 4l6; 
and the difference for . 1 = — (416) = 41.6 ; 

¥hence, the difference for .6 = 41.6 x 6 = 249.6 = 250. 
learly, by taking the nearest integer: and log 10435.6 
= log 10435 + 250., where the point in the latter indi- 
cates that seven places of decimals have preceded it: 
;hat is^ 

log 10435.6 = .0184925 

+ 250 

= .0185175 

(O that the required mantissa is .0185175, and therefore 
;he logarithm of the number proposed will be 4.0185175. 

Hence, log 104356 = 5.0185175, from merely increas- 
ng the characteristic by 1 : and so on. 

Ex. 2. Given that the difference for log 34092 
= 5326525, is 127, find log 3409264. 

Here, Diff. for .1 = 12.7, and Diff. for .01 = 1.27: 
vhence, proceeding as before, we shall have 

Numbers, Logarithms, 

34092 5326525 

6 76.2 

4 5.08 



a . 



log 3409264 = 5326606.28 



>r, the mantissa of the number 3409264 to seven places 
>f decimals is 5326606 : and of course the entire logarithm 
vill be determined by prefixing the proper characteristic : 

thus, log 3409.264 = 3.5326606: 

log 3.409264 = 0.5326606: 

log .03409264, = 2.53a6606, 

B.T. T 
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In the tables there is generally placed a small column 
of numbers marked Z>, denoting the differences of two 
consecutive logarithms at certain intervals, and the figures 
to be added to the tabular mantissas are had at once from 
what is called a table of proportional parts affixed to the 
right of it, in which the multiplications above used have 
been effected : and the only thing then requiring atten- 
tion will be their positions, which must depend upon 
those of the digits to which they respectively belong as 
is seen in the preceding examples. 

The last result might have been obtained from a pro- 
portion : for, 

1 : M :: 127 : 81.28; 

and 81.28 = 76.2 + 5.08, as above found : but the prac- 
tical convenience of the former method is readily per- 
ceived, and it is manifestly applicable, whatever be the 
number of figures concerned. 

101. Tojind the number corresponding to a logarithm 
not found exactly in the tables. 

This is the reverse of the preceding proposition, and 
will be effected by means of the same principles, as we 
shall shew in the following instances. 

Ex. 1. Given log 1.0686 = .0288152, and log 1.0687 
= .0288558, to find the number whose logarithm is 
.0288355. 

Here, Diff. for 1 = 406 : and the Difference between 
the less and the proposed logarithm = 203 : 

whence, 406 : 203 :: 1 : .5, by the last Article : 

that is, 5 is the additional digit, corresponding to the 
logarithm given, so that 

log 1 .06865 = .0288355. 

Whatever positions the points in the proposed num- 
bers may occupy, the number required will consist of tbe 
same figures, and its absolute value will have to be 
decided by the characteristic of its logarithm. 

Ex. 2. If log 17122 = 2335545, and the difference 
= 254 : find the number whose logarithm is 1.2335678. 

First, to make a table of proportional parts, we cou' 
sider that by removing the poVnl m ^5^^ oae^ two, && 
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places to the left, we obtain the differences for .1, .01, 
&c : and then we shall have 

25.4x2= 50.8= 51: 25.4x3= 76.2= 76 

25.4 X 4 « 101.6 = 102 : 25.4 x 5 - 127.0 = 127 

25.4 x 6 = 152.4 = 152 : 25.4 x 7 = 177.8 = 178 

25.4 X 8 = 203.2 = 203 : 25.4 x 9 = 228.6 = 229 

where the nearest integers are always adopted. 

Now the difference between the two logarithms, to be 
attended to here, is 133: and 

for .5, the difference is 127 



60 
for .02, the difference is 51 



90 
for .003, the difference is 76 

14, &c. 

and /. the number whose logarithm is 1.2335678 will be 
17.122523 &c., in which the characteristic 1, directs the 
position of the decimal point. 

These two articles must necessarily claim the atten- 
tion of the prac/zcaZ mathematician ; and the reasons of 
them will be fully investigated and considered in Chap- 
ter VII. 

III. The Application of Logarithms to Trigonome- 
trical Formulce : and the Adaptation of Formulas to Lo- 
garithmic Computation by the Use of Subsidiary Angles. 

102. The Construction and Verification of the Tri- 
gonometrical Canon have been already explained, and it 
Juw been seen in Article (93), that Logarithms afford great 
facilities in the Multiplication, Division^ Involution^ and 
Solution of numbers consisting of many places of figures, 
though not in their Addition and Subtraction: hence, 
tbe Logarithms of the Angular Functions for every 
Minute are also tabulated, forming a Table of Logarith- 
^ Sines, Cosines, &c. 

Now, since many of these functions are less X5attt\ \, 
and for certaio values of the angle, would be expressed )q^ 



76 LOGARITHMIC COMPUTATION. 

decimals commencing with several places of ciphers, the 
natural sines, &c. in the Tables are sometimes made 10000 
times as great as they ought to be : and therefore when- 
ever they are used, the decimal points must at once be 
removed ybt/r places to the left hand to obtain their true 
values. In all such instances, the corresponding logarithms 
would be negative quantities: and accordingly each of the 
sines, cosines, &c. is increased ten thousand miUion times; 
or, which is the same thing, is calculated to the radiut 
10^^ in order to avoid negative quantities, which would 
destroy the simplicity of the Tables: and hence it 
follows that each of the Tabular Logarithmic Sines, 
Cosines, &c. is greater by 10 than its true value, because 
log 10''*= 10. 

It will consequently be necessary, in the applicatioD 
of these tables to numerical examples, to subtract 10 from 
each of the logarithmic sines, cosines, &c. concerned in 
them: and this may evidently be done by subtracting 
from either member of an equality, a number of teiu 
equal to the excess of its dimensions above that of the 
other, as will appear from rendering the members ho- 
mogeneous by means of powers of the radius^ or of 10" 

Ex. 1. We have seen that tan A = -ji whence. 

cos^ 

taking the tabular logarithms of both members, and 

denoting them by L sin A^ L cos A^ &c., we have 

Ir tan ^ ~ 10 = {L sin ^ - 10} - {L cos A - 10} 

= LsinA — lO — L cos ^ + 10 

= L sin -4 — L cos A : 

.*. L tan ^ = 10 + L sin A -X cos A : 

which is the result that may be obtained from the equality, 

tan ^ sin ^ ^ . , ., sin A 

by considering the tabular logarithms as the true lo- 
garithms of all the quantities employed. 

Ex. 2. If ^ = a sin' A : we shall have 

log x = \oga + 2{L smA- 10} = log a + 2 L sin il - 20, 

which 18 the true numerical va\ue o? \o^ x\ ixviact) to the 
tabular radius 10*% the equaXVonia 
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and it gives the same value for log x, if the tabular loga- 
rithm of the sine be now considered its true logarithm. 

Ex. S. From the equation yi= sin A (cos jB)^(tan C)~^, 

we find - log y 

Til 

= {L sin ^- 10) + ? (L cos 5 -10) - ^ (L tan C- 10), 

which is easily simplified : and this direct process will 
generally be attended with less labour, than if 10^° or 
the tabular radius were introduced, as in the preceding 
instances : but the same result will be immediately de- 
rived from the rationalized equation^ 



.« 



/ . ^M* / T>xQ / -Ox 18 (sin AY' (cos BY 
(sm Ay* (cos By (tan C)-»« = ^ ^.^- , 



103. When an expression is made up of factors either 
direct or inverse : that is^ when it is in the form of a 
product or a quotient of monomial quantities^ the properties 
of logarithms are immediately applicable to it, and it is 
said to be adapted to Logarithmic Computation^ as in the 
examples above used. 

If however the expression be formed of different 
parts connected by the sign + or — , it will be necessary 
to make it assume one of the forms above mentioned, 
before the properties of logarithms can be of any avail : 
and this is done either by means of the Transformations 
before investigated, or by the use of Subsidiary Angles^ 
whiqjii are angles introduced merely to effect this pur- 
pose^ and have no reference to any other consideration 
in the quantities proposed; and both of these will be 
seen in the following examples. 

Ex. 1 . If j; = sin ^ + sin B, we have, by Article (55), 
« = 2 sin i{A + B) cos ^A-B) : 
.•. log « = log 2 + {L sin ^(A + ^) - 10} 
-h {L cos i(A-B)- 10} 
= log 2 + Lsini(^ + J?) + L cos \{A - B^-^Ci-. 
^ma which log or, and thence x itself may \)e ioxxxv^. 
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Ex. 2. If j:* = . ° " — 777- , we shall have 

8in (a + /3) 

2co8^(a.f/?)8in^(a>/3) sinJCa-/?) , 
2 sin i(a + /3) co8i(a + /3) "* sin i(a + )3)" 

.-. 2 log jr = {L sin i (a - /3) - 1 0} - {L sin ^ (a + /?) - lOJ 

= L sin i (a - 0) - L sin i (a + /3) : 
from which or may be found by the tables. 

Ex. 3. Let x = a^b,he adapted to logarithms. 
(1) XTza + b^a\l +-\. 

Here> assuming the subsidiary angle 0, such tiut 

tan' 6 ss -, in order to render (1 + - ) a monomiaL 
a \ a/ ^ 

we shall have jr = a {1 + tan* 6} — a sec* : 

and .'. log X ae log a + 2L sec ^ — 20 : 

where 6 will be found from the equation tan* ^ = -: 

or, 2L tan 6 = 20 + log b - log a, 

(2) ^ = a-6 = a{l-^}. 

Here, if ^ be such an angle that cos* ^ = - , we have 

x = a{l — cos* 6} =a sin* 6, a monomial quantity ; 
and the two equations for determining x will be 

L cos = i {log b — log a + 20} : • 

log X = log a + iL sin 6 — 20. 

Ex. 4. Adapt x = ^a» i 6*, to logarithms. 



(1) 



J? = Ja^ + b* = a a/ 1 + (- ) • 



Whatever be the relative values of a and L we 
may assume tan B = -, because the Tangent admits of all 
decrees of magnitude from to co -. 



SUBSIDIART ANGLES. ^9 

.'. x^a J\ -¥ tan" 6 = a sec B : 
md X will be found by means of the two equations : 

L tan 6 = log h — log a + 10 : 
log X = log a + L sec ^ - 10. 



(2) ^^j^:rb'=a^i-Q\ 



In this case, when j? is a real magnitude, - must ne- 
cessarily be less than 1^ and may therefore be represented 
)y cos 6, because the Cosine may be of any magnitude 
)etween and 1 : 

.-. x = a Ji - cos' 6 = a sin ^ : 
nd the two equations for finding x will be 

L cos 6 = log b — log a + 10 : 
log X = log a + L sin ^ - 10. 



Ex. 5. If jr = a =fc 



N/^^^^=«(l*yi^):by 



ssuming sin ^ = - ^ we shall have 

jf = a (1 «t cos 6) = 2a cos' ^6, and 2a sin' ^6 ; 
nd the logarithmic computations are readily effected. 

Ex 



.6. I£ x^ad.J^Tb* = a(l^ ^l+^\:hy 



h 



tutting tan ^ = -, we find j? = a{l sfcsec^}, which are 

asily made to assume the forms 

x = a tan 6 cot ^B, and — j? = a tan tan ^d : 
nd they are both adapted to logarithms. 

Ex. 7. From x = Ja + b =fc Ja — 6, we shall have 

'-v«{v/>"^*n/^! 

= j^fl {/^ 1 + sin ^ ifc ^1 - sin 6}, if a\t\ = - ^ 
S^caa i0, and 2 Ja ^in ja, by Article ^4A^. 



80 SUBSIDIARY ANGLBS. 

Ex. 8. Let.:=^^-j=^;^^^=-^==^.,aiid 

Ti — , ,; then, making - = sin ^, we shall hdve 

2 2 



4? = 



V^? 



p COS 6 



= 2 sec 0, in the first case : 



also, putting r = sec ^, we obtain 

X = —7-^ — = 7 = 2 cot <bf in the second case. 

^secV - 1 tan </) 

In all such instances as those above given, the 
adequacy of the function of the subsidiary angle assumed, 
to represent the quantity under consideration, must be 
carefully attended to. 

Ex. 9. To adapt asmx^h cos ^ = c, to logarithmic 
computation, for the determination of x, 

b c 

Here, sin x ± - cos jr = - , by dividing by a : 

h . c 

,; if tan ^ = - , we have sin x ^ tan cos jr « - : 
a a 

or, sin x cos d ^ cos jr sin ^ = - cos : 

a 

c 
or, sin (j? =fc ^) = - cos ^ : 

and the equations for finding x will therefore be 

L tan = log 6 - log a + 10 : 

L sin (j? =fc 0) = log c - log a + L cos ^ : 

for, 6 being given by the former equation, x^d and there- 
fore X will be determined from the latter. 

Dividing by b, 7 sin j; it cos jr = ^ : 
.'. if cot <= 7^ we shaU have 
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c c 

sin X cos d «fc cos jr sin ^ = t sin 6 : or, sin (jr =fc 0) = ^ sin B: 

and L cot B = log a - log 6 + 10 : 
L sin (j? =fc 6) = log c - log 6 + L sin ^ : 

are the equations for finding x : which manifestly amount 
to the same thing as those before given, since 

tan ^ cot 6 = 1, and /. L cot ^ = 20 - L tan ^ ; &c. 

These adaptations are of very extensive utility, as 
numerous instances occur in practice, where it is required 
to determine an angle by means of an expression which 
involves its sine and cosine connected by addition or 
subtraction. 

Other instances will be seen in the Solution of 
Triangles; and it may be observed that a judicious 
selection of a subsidiary angle, which generally depends 
upon a dexterity in the use of trigonometrical formulae, 
will contribute greatly to facilitate the computation. 

104. Since the logarithmic functions of an angle are 
registered for every minute only in the common tables, 
those of an angle containing seconds, &c. are determined 
from the Principle enunciated in Article (100), as will be 
explained in the following examples : and vice versa. 

Ex. 1. If L sin 53** 7' = 9.9030136, and L sin bS"" 8' 
= 9.9031084, find L sin 53"" T 48".36. 

Here, Diff. for 1' or 60"= 948, .-. DifF. for 10"= 158: 
whence, attending to the suggestions of Article (1 00), we 
have 

L sin 53<' 7' =99030136 

Diff. for 40" = 6S^ 

Diff. for 8"= 126.4 

Diff. for .3" = 4.74 

Diff. for .06"= .948 



.-. L sin tiS'^ T 48".36 = 9-9030900.088 ; 
that is, L sin bS"" f 48".36 = 9.9O3O9OO, 
to the usual extent of seven places of decimaU. 
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In the same way, from L ten 53* 7'= 10.1247266, and 
L ten 53"" 8'= 10.1249898, we shall find L ten 53* 7'48".36 
-10.1249837. 

Ex. 2. Given L cos 36° 52' = 9-9031084, and 
L cos SG" 53' - 9.9030136, to find L cos 36° 52' 1 1^64 

Here, Diff. for 60" = - 948, .-. Diff. for 10" = - 158 : 
from which are immediately obteined 

L cos 36'' 52' = 9-9031084 

Diff. for 10"= -158 

Diff. for 1" = - 15.8 

Diff. for .6" = - 9.48 

Diff. for .04"= - .632 



whence, L cos 36** 52' 1 1".64 = 9.90309OO.O88. 

In this example it will be seen at once that the angles 
concerned are the Complements of those in the last, and 
the same result might therefore have been anticipated: 
but the practical conclusion is, that whenever the com- 
plement of an angle occurs in the place of the angle »/w^, 
the subtraction of the proportional parte must be implied, 
instead of their addition. 

This may be verified by slightly altering the Jorm in 
which the numbers are placed : for teking 

36«52'll".64 = 36°53'-48".36, we have 
L cos 36° 53' = 99030136 
Diff. for - 40" = 63^ 

Diff. for- 8"= 126.4 

Diff. for - .3" = 4.74 

Diff. for -.06"= .948 



.-. L cos 36"" 52' 1 1 ".64 = 9.903090O.O88 

and the process is perhaps rather simpler than the pre- 
ceding one, as the logarithm requires only the operation 
of Addition : also, it dispenses with the necessity of using 
the Arithmetic Complements for negative proportional 
parts which are obtained by diminishing the characteristic 
hjr 1, and then subtracting the \ast deevceial ft^ure from 
'" mid all the rest from 9 iu succeasvoxi. 
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Ex. 3. Given Z tan 6<'30'= 9-0566595, and Ltan6*'Sl' 
= 9.0577813, to find the angle whose L tan = 9.0571285. 

Here, Diff. for 60"= 11218, .-. Diff. for 10" =1869-6 : 

also, the given difference = 469O : 

whence, I869.6 : 469O ;: 10" : 25", nearly : 

and therefore we have 9.0571285 = L ten 6*' 30' 25". 

With a teble of proportional parts at hand, w& might 
proceed in the following form : 

1 869.6 = Diff. for 10" : 

also, 4690 = Diff. given 

3739.2 = Diff. for 20" 

950.8 

934.8 = Diff. for 5" 



16 

and in both these operations, the approximation may be 
made to any degree of nicety we please. 

Ex. 4. If L cot 83** 29' = 9-05778 1 3, and L cot 83'' 30' 
= 9.0566595, required the value of A, 

when L cot ^ = 9.0571269. 
Here, Diff. for 60" = - 1 1218 ; 

.-. Diff. for -10" =1869.6, 
and the given Diff. = 4674, in this case ; 
.-. L cot SS'' 30' = 9-0566595 
Diff. for - 20" = 3739.2 

Diff. for - 5" = 934.8 

.-. L cot 83° 29' 35" =9-0571 269 

that is, 9-0571269 = 1. cot 83° 29'35": and applying the 
observations in the second example, we are apprized of 
a slight discrepancy in this result from what we might 
have been led to expect by Ex. 3 : but in it the decimals 
of a second have been disregarded, which may generally 
be done when great nicety is not required. 

105. However, the Principle of Proporlwrnol ParU 
cannot always be depended upon, eyeii for seconds, ^>afc\x 
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the functions attain nearly their extreme values, as will 
be proved hereaf\:er : but the tables in use will present 
this circumstance to the student's notice at once : thus, 

L sin 88*' 48'= 9-9999047 : 
L sin 88'» 49' = 9-9999074: 
L sin 88« 50' = 9-9999100 : 
L sin 88'^ 51' = 9.9999125: 

shew that the uniform difference of 1' in the angles gives 
27, 26, and 25, for the differences in their logarithmic 
functions ; and we shall merely observe here^ that when 
an angle A is required to be found from its logarithinic 
functions, it may be had with tolerable accuracy, by 
means of this principle, in all cases where they do D(^ 
approach near to their greatest or least values. 



THE SOLUTION OF TRIANGLES. 

106. Using the notation adopted in the last chapter, 
we have in every triangle ; 





^ + B+C=180°: 




sinil 


a sin A a sin B 


b 


sin B 


6 ' sin C " c ' sin C 


" c 



where any one of these latter equalities is immediately 
derivable from the two others: and therefore we have 
three independent equations, by means of which to deter- 
mine three of the quantities concerned, when the remain- 
ing three are given. 

Since, however, the Jlr,9t equation above cited is in- 
dependent of the sides of the triangle, it follows that the 
remaining two will not be sufficient for determining the 
magnitudes of the three sides, though they adequately 
express their ratios ; that is, when the three angles are 
given, there is no solution of the triangle ; and this is also 
evident from the circumstance that, whilst the lenffths 
of the sides of a triangle are all increased or diminiuied 
in the same proportion, the taagmtwde^ of the angles 
remain the same. 
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In all other cases, three data will be sufficient for a 
mplete solution of the triangle, with one partial ex- 
ption, which will hereafter be fully explainea. 

I. Right-angled Triangles. 

107- Here the right angle being given, any two of 
le parts, except the ^91^0 angles^ will, by means of the 
[uations above mentioned, give the magnitudes of the 
sty as will be made to appear in the following Cases. 

(1) Given the side a, and the opposite angle A: to 
id the rest. 

If C be the right angle, we have A + B ^ 90° : 

whence, B^go^ — A; 

sinB cos A ^ . 1 , .a 

= —. — J = -; — J- = cot -4 =5 i ; .*. 6 = a cot -4 = 7 j : 

sm A sm A tan A tan A 

c sin C 1 J a . 

-■=■-; — r=-^ — r-sscosec-d; .•. c^— — 7 = acosec^. 
a smA smA sin A 

In Logarithms: 

log 6 = log a + L cot il - 10 = log a - L tan ^ + 10 : 
log c = log a — L sin -4 + 10 = log a + L cosec A — 10. 

(2) Given the side b, and the adjacent angle A : to 
id the rest. 

Here, 5 = 90°-^: 

a sin A sin A 



b sin B cos A 
c sin C 1 



« tan A, or a « 6 tan A : 
= sec-4, orc = 6sec^. 



b sin £ cos A 
In Logarithms : 

log a =■ log & + L tan A-^IO: 
log a = log b + L sec A — 10, 

(S) Given the side c, and the adfacent angle A : to 
d the rest. 

Here, ^ = 90*'-^: 

a sin^ . . , . 

c an C ' 



;? 





r. - = — ^ . 



pTcr*»r|inf{ o.a«%ft, the value or' j 
I A* - r* - /I*, which haa \i^ca vm^s 
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garithmic computation in Ex. 4, of page (78) : and when 
is nearly equal to a^ or h is very small, this will be the 
itter practical solution, for the reason mentioned in 
rticle (105). 

108. CoR. It will be shewn in the seventh chapter, 
lat if h denote a small given increment of an angle^ and 
sin A, A cos A, a tan A^ a cot ,4, represent the corres- 
3nding increments of the functions of A, the following 
ill be good approximations : 

sin ^ = cos i^ sin A, when A is not nearly = 90° : 

cos ^ = — sin ^ sin hy when A is not nearly = 0° or 1 80*^ : 

tan A = sec*-/4 tan A, wheti A is not nearly = 90** : 

cot A = — cosec'^ tan h^ when A is not nearly = 0* or 1 80^ 

Whence, if A be very small, cos A and sec A will be 
>ry nearly = 1, an invariable quantity, and we shall 
ive 

A sin i^ oc sin /<, and a tan A oc tan hy nearly ; 

) that the principle of proportional parts may here be 
upended upon both for the natural and logarithmic sine 
id tangent. 

But if A be nearly a right angle, we have 

A cos ^ oc — sin k, and a cot Ace-- tan /^, nearly, 

•r a similar reason: and the same will therefore now 
3ld for the cosine and cotangent. 

To apply these considerations to the solution of the 
st case, we should consequently use, when a is much less 

lan c, the expression sin ^1 = - , above given : 

c 

and .•. L sin ^ = log a — log c + 10 : 

It when a is nearly equal to c, the solution may be 
odified, as follows ; 

17?- / l - cos ^ _ / l - sin ^ _ / c — a 
^*^"V l + cosJ5~V l+sin^""V ^T^'* 
.\ Ltan^B=>10-\-\ {log {c-^d)- log (c -v a>j\ 
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II. Ohlique^Angled Triangleg. 

109. Here we must have three parts given, 
are not aU angles, to find the rest ; and the solutioiisiril 
be comprehended in the following cases. 

(1) Given the side a, and the angles A, B : tojind tk 
rest. 

Since, A^B + C= 180», we have C= ISO* -(-4 + J^: 

6 sin £ , sin £ 

— = -^ — J • or = fl -1 — % : 
a sm A sin A 

c sin C sin C 

a sm A sm A 

In Logarithms : 

log b = log a + L sin 5 - X sin A : 
log c = log a + L sin C— L sin A. 

(2) Given the side c^ and the adjacent angles A, B: 
tojind the rest. 

Here, C = 180® - (^ + B\ which is therefore known: 

a sin A sin A 

~ = -: — y^ , or a = c —, — ^ : 
c sin C sm C 

6 sin£ , sinJS 

- = -; T7 , or = C —, — -Sf . 

c sm C sm C 

/n Logarithms: 

log a = log c + Z sin A- L sin C : 
log b = log c + 2/ sin jB — L sin C. 

(3) Given the sides a, b, and the angle A opposite OM 
of Ihem : tojind the rest. 

-._ «inB b . r> ^ . ^ 

Here, -; — -. = - , or sm ^ = - sm -4 : 
sm ^ a a 

and C is then found from C= 180<> - (^ + 5) : 

c sin C sin C 

- = -; — J , or c = a — — -j . 
a sm A sm ^ 

/« Logarithms: 

L sin B^ log 6 — log a 4- £ sin 2I : 

log c = log o -V- L aVft C — 1j ««v A.% 
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110. This case is the partial exception before alluded 
y, the solution depending entirely upon the determination 
f the angle B, which may be doubtful, unless the given 
ngie be obtuse : for^ the sine of an angle being equal to 

be sine of its supplement, the equation sin B = - sin il, 

annot, without other considerations, inform us whether 
3 is greater or less than 90^. 

(1) Of the given sides, let a be greater thanb: then 
f is greater than B, or B is less than A : also, ^ + ^ is 
3SS than 180^: 



• • 



since B is less than A, ^B is less than A-hB and 
[lerefore a fortiori less than 180® : 

whence B is less than 90°, or is acute : 

nd the solution is complete and determinate. 

(2) Let a be less than &, or b greater than a : then B 
I greater than A, and 2-B is greater than A + B: and 
ince -^ + ^ is less tKan 180°, 2B may be greater than 
l-hB, whether it be less or greater than 180°, or whe- 
ler B be less or greater than 90°: that is, B may be 
ither acute or obtuse, and there are therefore two solu- 
ons of the triangle. 

This latter is called the Ambiguous Case^ and its cir- 
uijistances will easily be understood by means of the 
>llowing construction. 




At the point A in the indefinite straight line AD, 
nake the z DAC equal to the given z A : take AC=b, 
md with centre C and radius = a, describe a circular arc, 
^hich will evidently cut AD in two points B, B on 
;he same side of A, since a is less than, b, or OB \^^*% 
:han CA : that is, each o{ the triangles ABC ^o%^^%^%^ 
Ae same data, and consequently each o€ \3cie requVred 
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parts admits of two different values, the angles at B 
being supplemental to each other. 

The construction also shews that, if CB be greater 
than CA^ there can be only one solution, because die 
intersections B, B will then be on opposite sides of J, 
and therefore the given angle A is not one of the data of 
the triangle. If the circle touch the line AD, the triangle 
is right-angled at B, and there is no ambiguity ; but if 
it do not meet AD^ no triangle can be formed, and the 
data are incongruoux. 

(3) Given the sides a, b, and the included, 4mgle C: to 
find the rest. 

By Article (70), we have T\^f^r^l = ^- 

^ ^ tan ^ (^ + ^) a + 6 



or, tan ^{A - ^) = — ^ ten \{A + B) 



a-h 



, cot \Ci 

since i{A + i?) = 90 - ^(7: 

i^{A- B) is determined: and ^(A + B) is given: 

whence, A=iiA + B) + iiA-B)\ , 

andB = i(A+B)-UA- B)} "* **""'*' ' 



, c Sin C 
also, - = -.- 
' a 



or c = a 



sin C 



sin ^ ' "* " '^ sin A ' 
In Logarithms : 

L ten ^{A - B) = log (a - &) - log (a + 6) + Z, cot ^C: 

log c = log a + L sin C— L sin -4. 

If a and 6 involve angular functions, or be given only 
by their logarithms, we may adapt the former equation to 

logarithms by assuming ten ^ = t : 



for, ten ^(A - B) = 




^ . ^ ten ^ - 1 - ^ 
cot iC= - — 3 — -- cot iC 
* ten 6+1 * 



as ten {6 — 45**) cot ^ C : and we have 

L ten 6 = log a - log 6 + 10 : 

Z tan ^J (^ - B) =» L ten (JB - A^S''^ -v L^o\.\C^\^« 
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If a be less than b, then A is less than B, and 
tani(B-^)=J^cotiC 

= LZ^?^ cotiC = tan (45°-a)cot iC, as before. 
l+ton6 ^ ^ ^ ' 

... c sin C sin (A + B) 
Also, since ^ = — — ^ ; — ^ =-^ — j . — v> 

o + D Sin ^ + sin ^ sm -4 + sin ^ 

_ 2 sin ^(^ + B) cos ^(^^ + ^) _ cos ^(^ + B) 
" 2 sin ^(^ + B) cos i{A - 5) ~ cos ^(J - B) 

sin ^ C , (a + 6) sin ^C 

^^^(A^B) ' "^^ ^^''^ "" " cosi(^-jB) • 

similarly, it is found that c = ^-^ — r-^-i — Irr : 
•^ sin^(y<-5) 

nd the value of c may be obtained from the one best 
[lited to the circumstances of the case. 

111. The value of the side c may be found at once 
•om the equation c* = a' + 6* — 2ab cos C, which is easily 
dapted to logarithmic computation^ in each of the fol- 
)wing forms, 

(1 ) c' = o* + 6* - 2ab cos C 

^a'^b^- 2ab{\ - 2 sin« iQ 

= a' ^ 2a6 + 6« + 4a6 sin' ^ C = (a - 6)* + 4a6 sin* ^ C 

^hich is necessarily positive, and may be of any magni- 
ude, being assumed = tan' d, we shall have 

c» = (a - 6)« ( 1 + tan* 0) = (a - bf sec* : 

or, c = (o - 6) sec : 

also, from tan 6 = — ^ , sin iC, we obtain 

a- o 

L tan ^ =» log 2 + ^log a + ^ log 6 - log (a - 6) + L sin ^C, 
xrhich gives the value of d : 

\ log c = log (a — b) +L sec — 10, gives tVie n«\\x^ o^ C' 
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The eligibility of this solution depends upon the 
value of tan 6 not being very large: whioi will always be 
the case when a — 6 is not small when compared with 
either a or b. See Articles (105) and (108). 

(2) c* = a« + 6'-2a6co8 C 

= a« + &■- 2a& (2 cos" JC- 1) 
= a* + 2fl6 + 6' - 4a6 cos* ^C 

and because Jab can never be greater than i(a + 6), 
^ p^ cos* ^ C can never be greater than 1 : 

.'. 7 ?n¥ cos* a C may be assumed = sin* 6 : 

{a + by * "^ 

whence, c* = (a + &)* (1 - sin* a) = (a + 5)* cos* 6 : 

or, c«(a + &)cos^: 

and the logarithmic computation is similar to the last 

This solution evades the inconvenience arising from 
the trigonometrical tables, when a and b are nearly equal 
to each other : and it may always be used unless sin'D 
nearly = 1. See Articles (105) and (108). 

(3) c«=^(a"+6*)(cos'^C+sin*iC)-2a5(cos*iC-sin*iC) 
= (a* + 2ab + b^ sin* ^C + [a? - 2a6 + 6*) cos* \C 
= (a + by sin* ^C + (a - by cos' ^C 

= (a + 6)* sin* iC|l + (l^y cot* ^c} ; 

or, = {a - by cos* ^C |l + (|±|J tan* \c] : 

which are adapted to logarithms by means of a subsidiary 
angle as in (1) : and the preference will be to be decided 
by the magnitudes of the quantities, 

a + b^a^b, sin ^C, cos ^C ; and 7 cot ^C, 

or its reciprocal^ agreeably to A.Tl\c\e (VO^^^. 
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(4) Given the three sides a, b, c : tojind the angles. 

First Solution, 

Sin A = ^Js(^s^a){s-b)(s-c) : 

which is practically convenient for all cases wherein A 
is not nearly = 90^ See Articles (73) and (108). 

Second Solution, 

nrhich may be conveniently used when A is nearly = 90*. 
5ee Articles (75) and (108). 

Third Solution, 

irhich may be also used when A is nearly = 90* - and 
if these two solutions, the advantage will be with the 
hrmer or the latter^ according as A is less or greater 
han 90". See Articles (75) and (108). 

Fourth Solution, 



* V s{s-a) 



irhich is applicable to all instances in which A is not 
learly - 180«. See Articles (75) and (108). 

There is no difficulty in expressing the logarithmic 
brms at length ; and of course^ the angles B and C may 
>e found by the requisite changes of symbols. 

Examples, 

In the right-angled triangle whose sides are 3, 4 
nd 5 : having given 

log 2 = .3010300 : L sin 53^7' - 990301 36 : 

logs*. 4771213: L sin 53*^8' = 9-9031084: 

log 4 = .6020600 : L tan SS^'T = 10 A^AH^^^ ^ 

7<^ 5 « .6989700 : L tan SS'^S' = 10.1^^9^9^ • 
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we shall be enabled to solve the following cases^ by means 
of the formulse above found. 

(1) Given a » 4, ^ = 53^7%S".36 : to find the rest 
Here, B = 90" - 53Y48".S6 » 3&52'1 1".64. 
Log 6=10 + log a - L tan ^ 

= 10 + log 4 - L tan 5S«7'48".S6 
+ 10.6020600 
L- 10.1249387 



■{; 



.4771213 = log 3 : whence, 6 = 3. 

Log c = 10 + log a — L sin ^ 

= 10 + log 4 - L sin 53»7'48".36 

+ 10.6020600 
- 9.9030900 

.6989700 = log 5 : whence, c « 5. 



■{: 



(2) Given a = 4, and 6 = 3: to find the rest. 

L tan il = 10 + log a - log 6 = 10 + log 4 - log3 

'+ 10.6020600 
L- .4771213 



-{: 



= 10.1249387 = L tan 5S*7'48".36 : 
whence, A = 53*r48".36, and .-. B = S6'^52'll".64. 

Log c = 10 + log a - L sin il 

= 10 + log 4 - L sin 53'7'48''.S6 
'+ 10.6020600 

L- 9.9030900 

= .6989700 = log 5 : whence, c = 5. 

By varying the data of this triangle, further practice 
may be obtained. 

(S) In an oblique-aiig\eeL tt\a«\^\^> \\aving given 
a = 320, 6 = 800 and B = \Sltf^'*. 1q^xA^^t«*.\ 



■{: 
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when log 2 = .3010300 

log 561 =• 2.7489629 

log 562 = 2.7497363 
Lsin 18*21'= 9.4980635: 
L sin 18*22'= 9.4984442: 
L sin SS'^S^'^^ 9.7426520: 
L sin SS^'SB'^ 9.7428423 : 
Lsin 51*56'= 9.896IS69. 



L sin -4 = log a - log & + L sin 5 

= log 320 - log 800 + L sin 128*4' 
/+ 2.5051500 

I- 2.9030900 



= < 



= 9.498I969 = L sin 18*21'21": 
. . ^ = 18*21'2i" : and C = 180* - (^ + 5) = SS^'S^/SQ". 
Log c = log a + L sin C — L sin ^ 

= log 320 + L sin 33034'S9" - L sin 18*21 '21" 
+ 2.5051500 
+ 9.7427757 
-9.498 1969 

= 2.7497288 = log 561 .99> nearly : 

wherefore, c = 561.99, nearly. 

Additional practice may be obtained by means of 
this example, from changing the data. 

(4) Given a = 500, h = 400 and C = 88*30' : to find 
the re^: when 

log 2= .3010300: 

log 3= .4771213: 

iog 632 = 2.800717a: 

log 633 = 2.8014037 •• 
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Lain 52^5': 
L sin 52*1 6': 
L sin 88*^30' 
Ltan e^SC 
Ltan 6^31' 
L cot 44^5' = 



9.8980060 : 
9.8981038: 
9.9998512: 
9.0566595 : 
9.0577813: 
10.0113711. 



Ltani(^-^ = log(^) + LcotiC 



-{ 



+ 10.0113711 
-' .9542426 



9.0571285 = L tan 6^30'25" : 
.-. i(i-J5) = 6«30'25", andi(^ + J5) = 45'45'0": 

whence, ^ = 52n5'25", and J5 = S9n4'35". 
Log c = log a + L sin C — L sin -4 

J + 2.6989700 
1+99998512 
1- 9.8980467 

2.8007745 = log 632.083 : 

whence, c = 632.083. 

Additional exercises may be had, by varying the data 
of this example. 

112. Though the solutions which have been given 
include all the cases that can possibly occur, it is proper to 
observe, that the solutions of right-angled triangles may 
always be made applicable to oblique-angled triangles, by 
drawing a perpendicular from one of the angles upon the 
opposite side, produced when necessary. 

£x. 1. Given b, Cy A; to solve the triangle. 

c 
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From the angle C draw CD perpendicular to one of 
e given sides AB^ produced if necessary : then 

AD = AC cos A = b cos A : 

.'.BD = AB-'AD = c-'b cos A: 
also, CD = AC sin ^ = 6 sin ^ : 

T> ^^ ^ sin A 

.•. tanjD = ^^= 7 j: 

^X) c-o cos ^ 

whence z ACB= 180 - (^ + jB) : 
and BC^BD sec B^^c-b cos y^) sec R 

If - sin ii = tan 6, we shall readily obtain 

tan jB = sin y^ sin 6 cosec {A — 6), 
and BC = c cosec -4 sec B sin (^i — 6) sec 0, 
i^hich are both adapted to logarithmic computation. 

Ex. 2. Given a, 6, c : to solve the triangle. 

Using the same diagram, we have by Article (72), 

AB : BC-^AC :: BC^-AC : BD^AD: 

a'- b^ 

whence BD ^AD= , is known : 

c 

also, BD ± AD = c, is given : 

nd from these equalities, the values of the segments AD 
nd BD are immediately obtained : therefore in each 
-£ the right-angled triangles CDA, CDB, two parts are 
low given, and consequently the angles A^ B, and there- 
ore the angle (7, are readily determined. 

This method of solution, avoiding all long logarith- 
nical expressions, is exceedingly simple in practice : 
.ik1 it is therefore generally adopted by Land^StirveyorSy 
Engineers, &c. 

113. The Mensuration of Heights, Distances, &c. : 
lie Trigonometrical Survey of a Country : aud "wYvaX \^ 
^led Plane Sailing in Navigation, are meTe\y \)[ve aip^\- 
^«t7aa of the Solution of Triangles to particuVarinalaxve^^, 
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assisted by the use of certain Mathematical InslrumenU^ 
by means of ^hich the lengths of Lines, and the magm- 
tudes of Angles are ascertained. 

Gunter*s Chain of 4 poles or 22 yards : or common 
Tape of 50 or 100 feet, is used to measure Distances: a 
Graduated Quadrant or Sextant, furnished with a Phaik' 
LinCy is applied to measure angles of Elevation and 
Depression above and below the Horizontal Line; i 
Theodolite to measure Horizontal Angles : and a Sextadt 
or Quadrant, such as are Oblique, 

For a particular Description of these Instruments, 
their Use and Adjustment^ the Reader is referred to 
A Treatise on the Principal Mathematical Instrumenlti 
hy Mr. F. W. Simms. 

114. This Application of Trigonometry involves no 
principles which have not been already explained ; and 
in it no general Rules can be laid down, except that sucfa 
Lines must be measured^ and such Angles observed, as 
may most easily and conveniently lead to the determi- 
nation of those which are required. 

In a Trigonometrical Survey of any considerable | 
extent, certain corrections are required on account rf| 
ihe Spherical Figure of the Earthy which will be here- 
after explained under the head of Geodetical Operations 
and at the same time certain contrivances and precautions 
will be briefly pointed out, in order to ensure the! 
greatest possible degree of accuracy in the results. 

Ex. 1. To find the height of an accessible object stani' 
ifig upon a horizontal plane. 

Let EG be the height of the object standing upon the 
horizontal plane AC: 

B 




ineasure off CA = m feet, awd at A\e\. \\\^ a.Ts^'^ C AB-l\i 
be observed : then 
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^ = tan A ; and .*, BC = AC tan A^m tan A^ is found, 

Also^ -j^ = sec v^ ; and .'. AB = AC sec Ass m sec v^, 

7hich is the distance of the summit of the object from 
he place of observation, is determined. 

As all Instrumental Observations are liable to error, 
r we suppose the observed angle A to become A+a, and 
be corresponding computed height H to become H+k^ 
7e shall have 

H = m tan A, and H + ^ = ?w tan (-4 + a) : 
.-, h = m {tan (^ + a) - tan^} 

- / sin (^ + g) _ sin^ \ 
"" Icos (il + a) cos -4 J 

Jsin (v^ 4- a) cos J. - cos (A + a) sin A) 
** \ cos -4 cos (A +a) / 



V 



sin (j1 + a - ^) \ sin a 

COS J. cos {A + a)/ cos A cos (A + a) * 



xrhich is the value of the error entailed upon the com- 
mtation of the height H, in consequence of the. error a 
n the observation of the angle A, of elevation. 

If a be very small^ which is always the case in good 
nstruments well adjusted, we shall have 

, sin a . 

h = m — ^ , nearly, 



cos^^A 
H sin a 



, (since H = wi tan A) 



tan A ' cos* A 

H sin a 9,H sin a 
~ sin A cos A sin ^ZA 

md this is evidently the least possible when sin 9.A is the 
^eatest possible, or when ^A = 90® and A = 45°, the mag- 
nitude of the error a being supposed small and given : 
in other words, a small error in the observed, axv^e V-CsX 
\east affect the computed height, when lYial at\^e \^ Aeb^ • 
nd consequently when the height of the oti^ecX vs e^^ 
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ciisUnoe of die place of obaervatioi 



to the boffizootal 
from the foot of it. 

Ex. 2. To Jmd the kagkt €f 
nbace a korizcmtal plame. 

Let the point C denote the |Jaoe of the object: dnw 
CD perpendicular to the horizontal line SD : and in this 



imaccnnble lAjti 




1> A K 

line take two positions A, B at a giTen distance fron 
each other : observe the angles CAD, CBD^ which call 
A and B respectivelj : then z ACB ^A — Bi 

, AC_ sinABC _ sin^ 

Whence, ^^-gj^ ^c'^-g^^^^T^ : 

sin B 



.-. AC=AB 
CD 



8in(^-/^) 



is found : 



also, ^^, = sin il, or CD = ^C sin A : 

.'. the heiffht CD = AB —, — 7-^ — =,r is determined. 
° sin (-4 — ij) 

This example will enable us to find the distances d 
any inaccessible object C, from two stations A and B 
whose distance from each other is known. 

Ex. S. To determine the height of an object standiu 
upon a horizontal plane^ by means of observations mai 
at the top of another object of given height^ on the saa^ 
plane, 

H A 
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Let the height of the given object AB = a: observe 
le angles of depression of the top and bottom of the 
Jier object CD, and let them be represented by a, /3 
jspectively : draw CF parallel to DB : then 

AD 1 1 ^r^ « 

, or AD = -T 



AB sin AD B sinyS' sin/3' 

CD _ sin C^D _ sin(/ 3-a) _ si n (/3 - a) 
AD ~ sin ACD ~" sin (90'^ + o) " ~"cos^~ ' ' 

whence, CD = —. — j^ is the height sought. 

cosasmp ° ° 

Also, AC = 75, if its value be required. 

cos a tan p ^ 

Ex. 4. To find the distance between two objects at 
I and D, which are inaccessible to each other, and also to 
he observer at the stations A and B, the distance between 
fhich may be measured. 




' lLetAB = a,^BAC=:ai,^BAD = azi 
zABC=/3^, ^ABD^P^, andzCJ5D = 7, 

11 of which angles may be determined by the proper 
observations whether they are in the same plane or not : 
hen, 

c Ann nn ^\n BAC o sin a, 

from A ABC, BC=a . - = -r— . ^-^^ , 

sm BCA sm (a, + /?,) 

which we shall represent by the symbol k : 

fvom^ABD, BD = a^?-^^^^^ /f^^^, . 

smBDA sm^aa-v-p^V ' 

be hereafter denoted by I: therefore we \vave xio^ Vtno 
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sides BC and BD of a BCD^ aiid the indaded angle 
CBD, to find the magnitude of CD: whence^ 

CD' = k' + P^2U cos CBD 

= ^' + /* - 2kl cos 7 : 

and the adaptation of this result to logarithmic compati- 
tion has been fully considered in Article (1 1 1). 

When C and D are in the same plane with A and B^ 
the angle CBD=ABC-ABD, or 7 = A-/S,; and we 
may suggest, that many of the ordinary questions whidi 
occur in the mensuration of heights and distances are 
comprised in this example. 

Additional Examples with their solutions will be 
found in the first Appendix. 



CHAPTER V. 

THK ANALYSIS OP ANGULAR SECTIONS BY DEMOIVRE'S THEOREM. 

THE INVESTIGATION OP VARIOUS ANALYTICAL EXPRESSIONS 

FOR ANGULAR PUNCTIONS, AND THE NUMERICAL VALUE 

OF THE CIRCUMFERENCE OP THE CIRCLE. 



115. The preceding chapters comprise what is pro- 
perly regarded as the Elements of Trigonometry, and in 
them will he found the Demonstrations and Applications 
of all the Principles and Theorems employed in a course 
of Elementary Mathematical Science. We proceed now 
to a series of propositions established upon Analytical 
grounds, which at the same time that they are indis- 
pensably necessary in the Investigations of Physical 
Science, present to our notice many of the results already 
obtained, as well as several remarkable conclusions which 
it would be otherwise difficult to arrive at. 

116. To Jlnd expressions for all angles, whose sines^ 
cosines, S^c, are equal to sin Q, cos ^, <^c., respectively. 

The reasoning used in (7) of Article {S5) gives 
sin a= ± sin (2r7r ± 0) = =*= sin {(2r +\)ir^e}: 
cos 6 = + cos (2r7r ± ^) = - cos {(2r + 1) tt ± ^} : 
tan ^ = ±tan(2r7r±^) = ±tan{(2r+ l)7r±^}: &c. 

where r may be any whole number whatever : in the first 
and last of which, the double sign =fc, may be affixed to 
the angles themselves instead of their functions, and in 
the second it may be affixed to the angles by leaving the 
signs of the functions as they are, according to Article 

(31). 

Hence, all the functions of the angular magnitude 
^rir =fc d will be equal in every respect to those of the 
Hngle ± 6 : whereas the functions of (2r + 1) tt ± may 
<ilffer from them in the algebraica:l sign : and admitting 
that 6 may be either a positive or negative quantity, the 
%ame circumstances wiU be found to occur Yft.\)afe^^<Qr«- 
iji^ articles 
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117. To find the number of different values corned 

. ,, . ,. 2r7r + - . 2rw + a . 

in the functions cos and sin , when sue* 

cessive integral values are assigned to r. 

If u with the figures 0, ], 2, 3, &c. suffixed, denote 

the values of cos , corresponding to the values 

0, 1,2, 3, &c. of r respectively, we shall have 



e 



Wfl = cos - : 



Wj = cos 



2w + a 



M2 = cos 



Wn-£ = cos 



4'7r + Q 



n 



W3 = cos 



cos 



-(^0- 



cos 



(2?^ - 2) TT + 

w„,, = cos ^^ = 

n 



= cos 



-(^> 



cos 



n 




5 : 

n 


&C. 


los ■! 27r - 


47r-e) 


I 


n 






• 

9t 




L 


27r-.^ 


COS i 27r - 




I 


n 


27r-a 
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2nw + ^ 
w„ = cos = cos 

72 



?/„+, = COS 



(2« 4- 2) TT 4- 6 _ 



n 



I 27r + - I = cos - : 
\ n/ n 

= cos ■! 2 



= cos 



TT + 

27r + ^ 



2^ 4- a 



} 



n 



: &c. : 



from which it appears there are w, and onlif n different 
values of cos , corresponding to the values 0, 1,2, 



n 



&c. n — l, of r : inasmufch as the same values afterwards 
recur in the same order: and the function is therefore 
said to be 'periodical. 

Similarly y for the values o? sviv- 



n 
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The values above found are in general all different 
firom each other : for, if r' and r" be any two values of r, 



cos 



f j cannot be equal to cos ( J , 



unless — ^^ — be a multiple of Stt, which is inad- 

n *^ 

missible^ because r', r" and /. /'- r'< n : and although 

tqual values of the function may be obtained by assigning 

particular values to 6, the number of its values will still 

DC n. If r be greater than w — 1, it has been seen that 

xiultiples of S'TT produce no alteration in the values of the 

proposed function. 

The different values of 



cos 



|(2r,t^fl J , and sin {^!:±^} , 



"will also be found by putting 0, 1, 2, 3, &c. n — 1, for r : 
snd if = 0^ the same will therefore hold good for 

2r7r . 2r7r , (2r + l)7r . (2r + l)7r 

cos , sm : and cos ^ — , sm ^ ^— : 

n n n n 

respectively. 
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118. If m be any rational quantity whatever, either 
integral or fractional, positive or negative : 

{cos Q ± \/-T sin 0}"* = cos m& ± J^ sin mQ. 

(I) Let the index be a positive whole number tti: then 
{cos e =fc J^ sin ey = {cos e ± J^ sin e) 
X {cos0±,y^sin0} 
= cos"6 - sin''^ ± ,J^ 2 sin Q cos 6 
= cos26 ±,y^ sin 20 : 
{cosd^J^sm ef - {cos 28 d= J^i s\i\^e\ 



]06 
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X {cos ± J- 1 sin 0} 
= COS 26 COS - sin 20 sin 
tfc yiTi (sin 26 COS + COS 26 sin 0) 
= cos (26 + 6) ± y^ sin (26 + 6) 

= cos 36 =1= J^^ sin 36 : and so on : 

hence, if we assume the law observed here, to hold good 
for the index m - 1, so that 

{cos 6 dk ^Zi; sin 6}"-* = cos (w - 1) 6 ± J^ sin (w - 1)^ 

we shall have 

{cos 6 ± 7^ sin 6}"' 

= {cos (w - 1) 6 ± ^^ sin (m - 1) 6} {cos 6 ± ^yiTi sin 6} 

= cos (m — 1) 6 cos 6 — sin (»i — 1) 6 sin 6 

«t ^- 1 {sin (»i - 1) 6 cos 6 + cos (»i - 1) 6 sin 6} 

= cos7»6±^-l sin m6: 

or, if the formula be true for any one value of the index, 
it is proved to be true for the next superior value : but 
it has been demonstrated in the cases when the index 
is 2 and 3, and therefore it is true when the index is 
4, 5, &c. : that is, it is generally true that 

{cos 6 ± ^— 1 sin 6}"" = cos m0 ± #/— T sin m0, 

when the index w is a positive whole number. 

(2) Let the index be a negative whole number - m : 
then 



'i! 



{cos 0^J-1 sin 6}-^ = 



I 



(cos 6 ± y^ sin 6)* 
cos 6 =F i^ — 1 sin 6' 






-1 sin6 V 
^ sin 6/ 



(cos 6 ± 7--^ sin 6)" Icos 6 =f ^^ 

= (??;^' ^p«^- = (COS e =. yrTsin <»)- 
(cos*6 + sm"6)"* \ -v • 

= cos »i6 =F ^- 1 sin m0, by tii^ "^T^eeding case, 

= cos (- m0) =*= J^ siti^r- wO^, \>y Kt^^^ 1^^. 
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(3) Let the index be a fraction, either positive or 
egative, represented by —: then, 

{cos ± J" 1 sin 6}"* = cos mO =fc J^ sin m0 

= cos n(—dj^ J^ sin n f — 6j 

y the preceding- cases ; 

,', {cos ± J'^ sin 0}" = cos — 6±^/-l sin— ^, 

119. Cor. 1. Hence, when m is a positive whole 
lumber, by Article (24), we shall have 

(cos e ± ^IT sin ey 

= {cos (SrTT + 6) ± V-1 sin (Qrw + O)}"^ 
= cos (9,mrir + w0) ^ J—l sin (Qmrir + 7?j^) 

= cos 7W0 ± ^-l sin 7w^ : 

hat is, each member of the equality has only one value, 
vhatever whole number m may be. 

If however the index be fractional, as — ; then will 

n 

• {cos 6 d= JZi sin 0} " 

fi 

= {cos (Srir + 6)^ J- 1 sin (2r7r + 6)}' 

in ,^ ^ I — - . m 
-(2r7r + ^± J-1 sm — 

vhereof the latter member has n different values corre* 
iponding to the values 0, 1, 2, &c. » — 1, of r, as seen 
n Article (117): and these n values are the n roots of 
he expression {cos ± ^- i sin 0}"* f that is, each mem- 
)er of the equality has the same number of different 
/^alues, which are merely indicated in t\ie ioTixiet , \i.\>X. 
najr he actually exfiibited in the latter, \>y aa^\gK«\^ \» t 
he values 0, 1, 2, 3, &c. « - 1. 



m 

In 



= cos - (2r7r + 6)^ J- 1 sin — (2r7r + 0), 
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120. Cor. 2. We may express the Theorem in a 
form better adapted for use, when the index is fractional^ 
as follows. 

For, (cos 6 ^ J^ sin 0)"* = cos md ± ^— i sin md 
= cos (2rir + md) ± ^-1 sin (2rw + m6) : 

/. (cos ± J- 1 sin ey 

2. 

= {cos (2rw + md) ± ^- 1 sin (2r^ + md)}* 

= cos - (2rw + =fc IW0) ^/-l sin - (2r^ + m0) : 



n " ' n 



from which the n values are obtained, by assigning to r, 
the values 0, 1, 2, 3, &c. » - 1, as before. 

From this it appears that (cos 6 ± ^— 1 sin 0)" is in 
all respects equivalent to either 

7(cosO^7-^sin0)"', or {^cos (^ ± ^^ sin 0}"*, 
as in common algebraical quantities. 

121. ' Cor. 3. Hence the Algebraical binomial 
a + hj— 1, as well as its powers and roo/j, may be ex- 
pressed by means of Trigonometrical functions. 

For, if a + b J- 1 = p (cos 6 + J^ 1 sin Q\ 

we have p cos = a, and p sin ^ = 6 ; 

rt » sin Q b 1.1. . 1. 1 

.•. tan d = ^ ^ = - , which gives immediately 

pcos^ a ^ ^ 

cos = , , sin ^ = , y and .-. p = Jc^ + ^ : 

that is, a + b J^-Ja*-\-b^ (cos + ^^sin ^) : 

where is known from any of the equalities above. 

1 J, I 

Hence, (a + 6 J^f « (a' + ^7" (cos + J^sindf 

= ('/y' + ^J'^^jcos - (2rir + e^ -V J3x ^vcv \^r^ -v ^U- | 
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1 I 



Also, (a-bj-iy=^ (a« + ft')'- (cos - J^ sin Sf 

• — 1 1 

* («• + 6*)«-{cos - {Zr'ir + 0) - ,/rY sin - (2rir + 0)} : 

whence, by addition and subtraction, we obtain 

2 1 

- 1 

= 2 (a* + 6*)*" cos - (2rflr + Q\ which is reaZ : 

I 

and (a + ft /II)-- (fl - ft yiH)- 

J. ^ 1 

» 2 (a* + ft')*",/-n sin - (2rflr + 0), which is imaginHrif. 

If the index be — , the process is precisely the same, 
and the results possess the same character. 

Ex. To find the three cube roots of 3 + 4 J—l^ 
we have cos = ^ , sin ^ = - , and p = J a* + ft* = 5 : 

the admissible values of r being 0, 1^ 2: whence, the 
three cube roots required will be 

V5|cos- + 7^sin-|; 
^{^^'(^¥^ ■»■ n/^«^^(^)}^ 

which are all known by means of a table of Natural 
Cosines, since cos =| = .6 = cos 5$^ 8', nearly. 

122. To express the sines and cosines of and m6 
in the forms of algebraical binomials ; m bnng other in- 
tegral or fractional^ positive or negative. 

Since, 1 =cos'^ + sin*a 

H. T. \^ 
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if we assume cos ^ + V -T sin ^ = jp, we shall have 

cos^-J^sin^ — : * 

.'. by addition and subtraction^ we obtain 

1 I — 1 

2 cos ^ = 4P + - , and 2^-1 sin ^ = « — • 

Also^ cos mO + J~^ sin mQ = (cos Q + ^— 1 sin 6)" = J^> 

, , .1 

and cos nS - J— 1 sin wiO = (cos Q — J— I sin 0)" = ^• 

by Demoivr^s Theorem : whence, as above, 

1 . 1 

2 cos «i^ = jc* + -— , and 2 w — 1 sin m^ ^ «^ - -=. 

J? * 

If the index be fractional, we have by Article (119)> 
2 cos — (2r9r + ^) = jp" + -— : 

2^31 sin- (2r^ + 0) = a?*-.4:: 

where the symbol r admits of the values 0, 1, 2, &c. 
n — 1, so that each of the members has the same numbe! 
n, of different values. 

123. To express the sine and cosine of a muUifl 
angle mQy in terms of the sine and cosine qf the simfl 
angle 6. 

Here, cos md + J^ sin md = {cos + J^ sin 6^ 



= cos" d + m cos"-^ ^- 1 sin - ^^^ ^^ cos"*^^ m'9 

by the Binomial Theorem. 

Whence, equating the real and imaginary parts 
both members of this equality, we have 

cos md = cos*0 - ^\ "I ^ co§r-' 6 a«v*d + &c. i 

1.^ 
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lich will be continued to ^(w + I) tehns, if m be odd, 
d to (^ m + 1) terms, if m be even : also, 

1TO0 = m cos"^^0 sm B ^^ — , / \, cos"*"*^ sm'O 

1.2.3 

+ &C. ; 

tiich will be continued to ^ (m + 1) terms, if m be odd, 
d to {\ m) terms, if m be even. 

124 Cor. I. The last term of the expanded bino- 
ial above used, is evidently (— l)^"*sin'"^, and the last 
Lt one is (- 1)^^'^'^ m cos d sin"^» 0. 

(1) If m be odd and of the form 4fp + 1, the last 
rms in the expressions for sin ?itd and cosmO will be 
x'^d and m cos 6 sin"^*0 respectively : but if it be of the 
'^n 4p + 3, they will be - sin'"^ and — m cos 6 sin"^*^. 

(2) If m be even and of the form 4p, the last terms 
ill be - m cos ^ sin"*"* and sin"*^ respectively: but if 

be of the form 4p + 2, they will be m cos sin"^* 6 
d-sitre. 

Examples. 

Siu2d«:2 cosO sin0: - 

cos 20 =3 cos*0 — sin'^. 

Sin 30 = 3 cos*0 sin - sin'*^ : 

cos 30 = cos^^ - 3 cos ^ sin' 0. 

Sin 40 = 4 cos^ sin — 4 cos sin'O : 

cos 40 = cos^O - 6 cos*0 sixi^B + sin* (J. 

Sin 50^5 cos* sin - 1 cos'0 sin^^ + sin*0 : 

cos 50 = cos*0 - 10 cos'^O sin'a + 5 cos sin*^. 

125. Cor. 2. Tanwi^ in terms of tanO, may be 
md from 

^ sin m0 

tan mv = j, : 

cos mo 

t we have immediately, tan m0 

1 ((cos mB + J— 1 sin m0) ~ (cos m6 — ij— 1 %vtv mft^ 
y/^l(coa me + y^sin m&) + (cos mB — J^-^ «^^ ^^^ 
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" .y^ t(co8^ + ^^8in^)*+ (cosa-^^sina)"! 

= _1_ ((1 + y ^tan g)*~ (1 - J^ tan 0^ ) 
V^ 1(1 + V^ tan ^)" + (1 - yiTi tan a)*i 

m tan ^ ^ — , / 1 ^ tan" ^ + &c. 

1.2.3 



1.2 



where the last terms of the numerator and denomhutto 
will be analogous to those pointed out in Article (66). 



Tan 20 = 



Tan 30 



Tan 40 = 



Tan 56 = 



Examples* 
2tanO 



l-tan*0' 

3tang^tan°g 
l-3tan'0 • 

4tanO~4tan°g 
l-6tan*0 + tan*0' 

5 tan ~ 10 tan^g + tan^d 
l-10tan"0 + 5tan*0 ' 



126. To express the positive integral powers of 
cosine of an angle^ in terms of the cosines of its multiph 

Assuming 2 cos = « + -, as in Article (122), we 1 



2*cos"*0 



<-s 



«. «._• m(m — l) _. ^ 

= a?" + w?jr*~" + — V^;^ — - ^ + &c« 

1.2 

wi(w-l) 1 1 1 

1.2 x"^ «*■' x^ 
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placing together the terms equidistant from the 
finning and the end. 

(1) If m be odd, the number of terms of the ex- 
ided binomial will be fit + 1^ which is even, and there 
I therefore be an exact number ^(m + 1) of pairs of 
ns^ formed as above: whence we have 

g" cos" ^ * 2 cos m^ + 2m cos (m - 2) ^ 

4. 2 ^v^" f cos (m - 4) ^ + &c. to ^(m + 1) terms. 
1 .2 

(2) If m be even^ the number of terms of the ex- 
ided binomial being 911 + 1, will be odd, so that besides 

pairs of terms as above^ there will be an additional 
f which is the (^w + 1)***, and does not involve a?, since 
" =s x° = 1 : and this being 

m(m~\){m- 2) &c. (^m -4- 1) 
1.2.3.&c.ifw ' 

ich (see the Algebra) is easily reducible to 
1.3.5.&C. (m~l) jL^ 
1. 2.3.&C.4W1 * 

have 9rQOf^Q = 2 cos md + 2iii cos (w - 2) 

^m(iii — 1) , ^\ n « 1 

+ 2 ^ cos (m — 4; + &c. to ^m terms 

1.3.5.&c.(m-l) , 
1.2.3.&c.im • 

In the first case^ the last term of the expansion in its 

ter form, is evidently the sum of the two middle terms 

the expanded binomial, which are the ^(m + 1)^ and 

1 
w + 3)% involving x and - respectively, and it will 

if u o«(w»-l)(»»-2)&c.i(iit + 3) ^ 

n-efore be 2 , / ^> ^ i / — ^"t^: cos Q. 

1.2.3.&C. i(f»-l) 

Examples, 

2 cos*0 = cos 20 + 1. 
2* cos*^ = cos SQ-\'S cos 6. 
2* cos*^ = cos 40 + 4 cos 20 + &• 
S^coa'e:^ cos 56+5 cos 36 + 10 co«6. 
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127. To express ike posUwe ini^ral powers of the 
sine of an angle, in terms of the sines or cosines if ike 
mmliiple angles. 

If, from Article (122), we assume 2^— 1 smfl=x— : 
then, 2-(-iysin*6 = (x-iy 

iii(m-l) 1 11 



1.2 

wherein the lower or upper sign must be used, accords^ 
as m is odd or even, as is shewn in the Algebra* 

(1). If m be odd, it must be of one of the fxntt 
4p + l and 4p + 3: 

also, (-l)*^ = (-l)**l = (-l)i=^: 

Mid (- 1)*-^'= (- l)*'*l = (- i)i=:-.yrT: 

.-. -= 9rJ^\ sin-fl - (or- i) - m (*^-^) 



ife(iii — 1)/.- 1\« w 

1T2 r i^)"^^- ^ iC'^ + O 



terms, 



where the upper sign corresponds to the form 4^4-1 
of m, and the lower to theybrm 4p + 3 : that is, 

* 2- ^/^ sm"a = 2 ,y^ sm ma - 2w ,y^ sin (w -2)* 
+ 2^-^-V-^sin(m-4)a-&c to i(m + l) terms: 



and by dividing both members by »f^, we have 
± 2-sin-a = 2 sin ma - 2iii sin (m - 2)0 



+ 2 



m(m — 1) 
1.2 



sin (m - 4.) a - &c. to ^(m + 1) terms. 



Cj?) If m be eoem. It mu^ be q£ qoa of the fana 
4p and 4p + 2 ; 



.'. we 
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but(-l)2-=(-i)2p=i: 
and (- 1)'T-- (- l)2p+i = - i : 

have ig"* sin"' ^ = C*"* "*" ^^ ~ ^ V^*^ "*■ "^i^ ) 

m(m — 1)/... 1\ - 
+ — ^ — ^— ^ I jr**^ + z^t) — &c. to I m terms 

1.3.5. &c. (m — 1) _, 
1 . 2 . 3 . &c. ^OT » 

^e last term being the middle one as before, and the 
pper and lower signs corresponding to theybnw* 4p 
txd 4p + 2 of m respectively : that is, 

± 2* sin^O = 2 cos mO - 2wi cos (w - 2)^ 

+ 2 — ^ — zr—^ cos (m — 4) - &c. to im terms 
1.2 ^ -^ * 

^ 1.3.5.&c. (m-1) ^^^ 

1 . 2 . 3 . &c. ^m 

2 sin*^ = 1 - cos 20. 

2*sin^O = 3sinO-8in30. 

2' sin* = 3 - 4 cos 20 + cos 40. 

2* sin'^O « 10 sin - 5 sin 30 + sin 5d. 

128. To express the sine and cosine of an angle, 
n terms of the angle itself 

In Article (123), it has been proved that 
8ininO=:incos"^08inO- '^^'^~y'^^^^ co8"^0 8in'0 

+ &C. 

« cos" (m ten g - "* ^"^ " ^] ^" " ^> tto'O + feci ; 

I 1 • <« • 9 'J 

_ ^ — /I W (*W "^ 1 } -._• /% • a^ A 

and. cos mO » cos"* ^ — - — cos"^0 sm'O + &c 

1.2 



.^^l_£^!Jliltan«e + &cY. 



116 ANGULAR SBCnONfiU 



whence^ assuming m0==a, or m --^, we have 



sin a « cos*0 •! TT tan 



(« tan <> -iilJi-^ tan»() + &c.\ 
\0 "1.2.3 j 



^-f /tanOX a (a - fl) (a - 2tf) /tan fl\* , ). 



and, cos a t- cos' 



rejl _ 2_£_2tan»« + &c.| 



.aL a (a - fl) /tan fl\» 

a(a-0)( a~2g)(a-.3g) /tan gy 1 

1.2.3.4 V ^ / )' 

and these equalities heing true independently of any par* 
ticular value of wi, they must remain so, when m=«i 
or ^ = : but by Article (86), we have uUimateltf, 

, tand 
cos 0=1, cos'"^ = 1, and ^ *= 1 : 



a a 



/. sm o = o — - — - — - +- — - — - — - — - - &C. : 

1.2.3 1. 2.3.4. 5 

cos a = l— - — - +- — - — - — -—&€.: 
1.2 1.2.3.4 

and they must both be supposed to be continued in wfi- 
nitum, because m = oo . 

Since in this article, wi = ^, and ultimately s^V* 

it follows from Article (87) that a is expressed in the 
circular measure, or that it is the arc of a circle whoee 
radius is 1 : and the sine and cosine of an angle Jt wiO 
be found, by substituting for a in the latter memb^ 

Jo 

the fraction — , where r« = 57°.2957795 &c by Artidc 
(13). 
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Ex. If ^ = 1", we have a = .00000484813 &c. by 
Lrticle(15): 

•. sin l"= .00000484813 &c. - — ^ (.00000484813 &c.)» 

+ &c. 

= .00000484813 &c., very nearly. 

These two equalities, being purely Symbolical or 
inalytical, will^ like other expressions of the same kind, 
>e of little or no use for Arithmetical Computatian^ except 
vhen the series converge with a degree of rapidity suf- 
icient to render a few of the terms a good approximation 
o the true value : they are still however of the greatest 
mportance in Analysis, as will be seen hereailer; and 
whenever we meet with their latter members as the 
esults of an investigation, we conclude with certainty 
hat they adequately express sin a and cos a respectively. 

129. CoR. 1. When o is very small, as for instance, 
vhen a is the circular measure of 1", we have sin a = a, 
»r sin 1" = 1'' nearly ; therefore if 6 denote the circular 
neasure of any other angle A, we have 

the number ,of seconds in A arc 6 6 



i" ai-c V sin 1" ' 

*. the number of seconds in the angle A whose circular 
neasure is Q, will be expressed by 

e . 



sin 1 



rr' 



This equation enables us to avoid the trouble of first 
inding the number of degrees, &c. corresponding to 0, 
ind afterwards reducing them to seconds : and it is of 
^eat practical utility when d is expressed in terms of 
mgular functions, inasmuch as the number of seconds is 
learly obtained from multiplying it by the invariable 
iactor 

= 206265, nearly. 



sin V .00000484813 &c. 

Thus, if ^= 1, the value of the correspowdiw^ w\^^ 
n seconds = 206265, nearly, which diffeT^ -vet-j ^\^xi^ 
rom the true value, as appears by Article (15V 



118 



ANGULAR SECTIONS. 



130. Cor. 2. By substitution, we shall find 

17 a' 



sin a a» 2a* 
tan a = = o + 1 :. + -: z + 



cosa 



1.3 1.3.5 1.3.3.5.7 



+ &c: 



chda^2sinia»a-.^-|-^,4. ^^ ;^ g ,-^&c: 

wherefore if a be small compared to the radius of tk 
circle of which it is an arc, we have 



2 sin a + tan a = 2o - 



2a' 



1.2.3 



+ a + 



2a« 



1.2.3 



= 3a, neflilf: 



8chd^-chd« = 8{?-j-|L_}-{-j-^} 



.8 



.3 



= ^-- — :r— ;s-« + ; — ^ ^ = 3<*> nearly: 
1.3.2* 1.3.2* ' ^ 

which are two useful approximate formuls for practux^ 
found in most Books of Mensuration. 

131. To express the sine and cosine of an angU,yi 
means of imaginary exponential functions of the an^ 
itself 

X x* «c* 

In the expression c* = 1 + - + - — - + - — — — + &c 

where e = the numerical magnitude 2.71828 &c., l<i 
a J^ and — a ,J^ be successively substituted in the 
place of X, and we shall have 



V~^^l , ^>/^ "' aV-1 , 



a" 



1.2 1.2.3 1.2.3.4 

^4 



+ &C 



^ 1 1.2 1.2.3 1.2.3.4 

whence, by addition and subtraction, we get 



-.&C.: 



V~i 



+ e 



I 1. 21. 2. 3. 4 J 



-av- 



= 2 cos a : 



e e x^ Lya ^ci, 3"^ 1,2,3.4.5 I 
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that is, COS a = 1 U^-' + e-*^^^l , 

and sin a = ^ L, L** V^ _ e-*^^4 . 

These equalities, which are imaginary in form only, 
ising entirely from the generalizations of Symbolical 
^ehra cannot immediately furnish any Arithmetical 
suits ; hut the trtith of the Principles of that Science 
ill evidently justify their use, whenever they can be 
^plied as instruments of investigation : and we need 
erefore entertain no doubt as to the accuracy of the 
inclusions to which they lead. 

132. Cor. Hence, we have immediately 
sine 1 fe*^"^-e— ^ 



tan a = 



cos a J -l le* V-i ^ g-»V-i^ 



y multiplying the numerator and denominator by e*^ ^. 

These formulas, which are reckoned amongst the 
^ost important discoveries of the Modern Analysis, are 
Ue to Euler, 

133. To express the length of a circular arc, in terms 
^its tangent. 

From the formulae just investigated, we have 

j^ ,_- (f*-y/^i cos a + ^ — lsina_l + ^ — 1 tan a 
e~*V^ cos a — ^ — 1 sin a 1 — ^—1 tan a 

whence, if the Napierian logarithms of both members 
e taken, and the ordinary expansions be used : 

2a 7^ = log. (1 +7^ tan a) - log. (1 - 7-^ ^an «) 
= s/^ tan o + ^tan'* o - ^J'^i tan^ a - ^tan* a + &c. 
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and equating the terms on each side affected with Ae 

symbol J—l, we have 

a = tan a — ^ tan' a + ^ tan* a — &c. : 

which evidently converges in all cases where tan a is not 
greater than 1. 

Without employing the Logarithmic Series, 

log.y = 0^-l)-i(y-l)' + iOf-l)*-&c 

here used^ which will be deduced in the seventh chij^ 
we have, by means of Article (125), 

(»i-l)(»i-2)^ , ^ 
. tan a - ^^ — , ^; ^ — - tan* a + &c. 

tan ma 1.2.3 



fit 



, m(m- 1)^ • ^ 

I .2 



which is true for all values of m : whence, if m = 0, 



J tan ma ma 

and .•. — • = — ^ a, 

fit fit 



\ 



by Article (86), we conclude immediately that 

a =: tan a — ^ tan' a + ^ tan^ a - &c. : as before. 

This remarkable series is due to Mr James GreM 
who was eminently distinguished for the discoveries » 
made in the various departments of mathematical sciff^^l 
was born at Aberdeen in the year l639> and Professor rf 
Mathematics in the College of St Andrew ; and it seeitf 
that his process was somewhat analogous to the one li' 
given. 

134. Cor. 1. If a be the circular measure of 
30*= iTT, then tan a = — == : 

x/sl ^-3 5' 3 7.3" 9-3* j 
which is a series whose rate of convergence is audi) 
that it would require a great number of terms to be used 
in order to compute the circumference of the circle wiA 
accuracy, to many places of figures. 

The invention of this series is due to "Dr Edmiid 
Hallejf^ a most eminent MaXhemaXAcvsxi «si^ W£\<(aMs^^ 
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> was bom in London in 1656 : and became sue* 
ively Professor qf Geometry at Oxford^ and Astronomer 
fal at Greenwich. 

By means of HaUey's series above given, Mr Abraham 
irp, of Little Horton^ near Bradford^ Yorkshire^ who 
\ bom about the year 1651, calculated the value of 
circumference of a circle to 72 places of decimals. 
• John Machiny Professor qf Astronomy at Gresham 
lege, about the year 1713 extended it to 100 places 
iecimals by the same series ; and finally^ M. de Lagny, 
eminent French Mathematician, bom at Lyons about 
^0, continued it to 128 places of decimals. 

135. Cor. 2. If a = 45^ and .*. tan a := 1 : we have 

2 2 2 

+ - — - + ^ ^. + &c. : 



1.3 5.7 9.11 

t this series from the slow rate of its convergence^ 
uld require a great number of terms to be taken^ to 
mre a close approximation to the true value of ^^r. 

136. CoR. 3. Let a and ^ be two arcs whose tan- 
its are ^ and ^ respectively : then 

11 Ifi/jll lo 

= 2"-3T2-»-*-5T2-»"^'- ^^s'sTW^^TTs^'^'''' 

but,tan(a-H^)= tana-ftan^ J^ 
^ '^^ l-tanatan/3 1-A. 



i.4 



= 1 = tan - : and .-. a + iS = -- : 
4 4 



.ence,i- = (|+|)-ig+^) + iQ,4.^)-&a: 

ch is given by Euler in his Introductio in Analystn 
nitorumy and converges with so considerable a degree 
apidity that a small number of terms will c^^e «^ ^ocA 
roximation^ but an objection to it is, the c£emaium o'l 
mgns of its terms. 
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137- Cor. 4. If tan a = ^ , we have tan 2a = /j, 

— — , which is somewhat > tan 7: 
119 * 

tan 4a — 1 1 



tan 4a 



120^ 
119" 



TT 



whence^ if y = 4a — - , we find tan y 



4 



tan 4a + 1 



but4a = 4{i-^-^,+^-&c.}: 



"* ^"^1239 3.2 



-&c|: 



4 



239' 5 . 239* 
= H|-375"«-*"575»-^ 



f 1 1 1 

\239 3 . 239« "*" 5 . 239* 



&€.}-. 



The convergence of both the series here given » 
very considerable : if three terms of the first and wt d \ 
the second be taken, we find 7r = 3 . 1416, which istk 
value commonly used : but if we take eight terms of tl* 
first and three of the second, we shall have 

7r = 3 . 141592653589793 &c. 

which is accurate to the last place of decimals. 

This series is the discovery of Mr John Machin above 
mentioned, and it seems probable that the laborioQ> 
computation^ referred to in Article (134), was made be- 
fore his own series had occurred to him. 

This subject will be resumed in the first AppendiXi 
where some remarkable results will be deduced with 
great facility, by means of a peculiar notation for invem 
trigonometrical functions. 

138. The preceding Articles contain a succinct view 
of the subject as expressed at the head of this chapter} 
and nothing but the ordinary Algebraical Theorems have 
been made use of, in order to arrive at the results vfhick 
we have obtained. The complete discussion will howevef 
require the assistance of the Differential Calculus, and the 
student is referred to RecfiercKes sur I' Analyse des iSecttOftf 
Angulaires par M. PomsoT. 
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139. We shall conclude this chapter with the foUow- 
g propositions, which are frequently met with, and if 
ey be entitled to claim a place at all in an elementary 
Drk, seem to be admissible here. 

140. Given ike sines and cosines of any number of 
fgles, to Jind the sine and cosine of their sum. 

From Article (63)y we have immediately 

cos (a + /3 + &c* + a) + J'^l sin (a + /3 + &c + X) 

~ cos a cos fi &c cos \ 
Qltiplied into 

. + J^ tan a) (1 + J^ tan /3) &c. (1 + J^ tan \) : 

bence, using the notation adopted in Article (65), the 
rmer member 

cos a cos /3 &c. cos \ {1 + J^-lSi — ^,— /^ — 1 Ja + *4 + &c.} : 

cos (a + /3+&c.+\) = cos a cos/3SiC. cosX {1— ^,+^4— &c.}: 

3 (a + /3+ &C. + \) = cos a cos 13 &c. cos \ {^i— ^3 + ^5 — &c.}. 

From these, we easily prove that if Cq = cos a cos /3 &c. 
m factors, and c„ = the sum of the products of all the 
sines but m, multiplied by the sines of those m, 

cos (a + /? + &c. + \) = Co — Cj + C4 - &c. : 

sin (a + /3 + &c. + A) = Cj — C3 + Cg — &c. 

S "~ J -t- ^ ■" 02^C 

Hence also, tan (a-i- S + &c. + A) = ,^ — ^ — * — ^- , 
' ^ ' ' 1 - Ja + J4 - &c. 

lich has been considered in Article {65) ; and all the 
ults here obtained may be verified for two or three 
^les by what has been done in the second chapter. 

141. Given two sides and the included angle of a 
ingle, to find the remaining side and angles, by means 
injfinite series. 

By Article (ISI), c* = a' + 6* - 2ab cos C 

= a» + 6« - a6 \e^^=^ -v c-^^^\ 

= (a - 6ecV~i) (a - be-^^'^^'i • 
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whence, taking the Napierian logarithms, we have 
8 log. c = log. (a - btTf^^) +\og.(a- 6e-<^=') 

= 2 log. « + log. (l - 1 e"^) + log. (l - 1 e-<^) 
-2log.a-|l«^~' + «-'^^} 

-^.{«»^^' + e-'^"'}-&c.: 

.*. loff«csW«a — co8C-;r-;C08 20-^-^ cosSC-&c. 

4 , . II sin ii sin (B + C) ^ sin C 

Also, since -r = -^ — ^i «= ^ — ri — - = cos C + — -p. 

b sm B sin B taniJ 

we have tan B« = 3= , as in Ex. 1 of Article (112) 

a - cos C 

•'* g2BV--i + 1 "■ 2a-5(eCV-i+^-cVri) • 

whence, e^B^T^ _. __Z . _ ^ : 

a 
and taking the Napierian logarithms, we find 

"i^'i 2^1 r^" 

= - sin C + ;r-i sin 2C + -—-, sin SC + &c. : 
a 2a' 3a" 

and the value of B expressed in seconds will therefo 
by Article (129), be found from the expression 



j5 = - 



b sin C 6* eiti aC b» «wv SC 



a sm 



F'"*'ao* amV'"^aa* «vaV' ""^^^ 
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It need scarcely be observed that these results will 
5 of no manner of use, unless b be very small com- 
SKxed with a; but when this is the case, a few terms 
r the series will give good approximations to their 
'ue values. 

142. To solve triangles without the assistance of 
^aiheanatical Tables. 

In a right-angled triangle, we have a = c sin A: 
^Iience if r® = 57^2957795 &c., the circular measure of 

Jo 

ic angle ^ is -5- : and therefore by Article (128), we find 

* ' [($) - ItIts (?^y -^ iTsTlriTs (?) - ^'•} ' 

Also, tan ^ = t' and by Article (133), we obtain 

In an oblique-angled triangle, we have 

c» = a^ + 6' - 2ab cos C=^a' + b'- 2ab Jl - sin' C 

= «--.A'-2a6^1-P)---|-3(g)%&c.}': 

^'om which c is determined. 

All these solutions are of course merely approxima- 
ons to the true values : the ^rst and third will be 
^•actically useful only when the angles A and C are 
cnall compared to the angular unit of circular measure 
7**.2957795 &c. : and the second, when the side a opposite 
be required angle, is very small compared to the side 
sjwhich is adjacent to it. 

Various other instances of this kind may be seen in 
^onnycastle's Trigonometry. 

143. When two angles of a triangle are very acute, 
ojind approximate values of its different parts. 

(1) Let the two very acute angles A, B and the 
ide c be given : then we have 

A^ ff 

smJ^J^- — :r-^: SinB = B — 



1.2.3' l.^.a 
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and anCe8in(il + B) = (il+J7) — -^ — - — —, nearly: 
. cm A cA (^ 2-4B + -B*) 

hence, fl= . ^ . Sr =-5 g-H +— r; — — p 

' 8m(i^ + j^ il + jB\ 1.2.3J 

J , c sin B cB f^ 2ilB + A*) . 

8in(ii + B) i4 + jBt 1.2.SJ' 

by n^lecting the terms involving the higher powen 
of A and B, 

Hence, also, a-^b — c^ ^ABc. 

(2) Let two sides a, h and the included angle C 
which is very obtuse, be given : then if C « 180® -o, ai 
Very snudl, and we have 

c*«a* + 6*-2a& cos C»=a* + J* + 2a6 coso 

= a* + 6* + 2fl6ri--^j, nearly, 

= (a + 6)* — fl^a", nearly: 
.'. c = ^(fl + 6)*-a6a"=fl + 6-i T, nearly. 

Sm4 = 2sinC = %ma = ^|a-j-|-^}, nearly: 

but? 



c 1 Tabc? 
a + o— A 7 



a 
« + i 



, aW \ a + by '(a+6)'/ 

aa ( aba' a* | 

T6 \ "*■ 2(^~6)' ""1.2.31 

aa c a" — a6 •¥ 6* a* 1 , 
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also, sinA^ A — , ^ ^ = A - ■ ^ ^ , nearly : 

1.2.3 1.2.3* ^ 

, . . sinM 
.% 4 = sin -4 + 



~ + 6 \ ^ (a + by 1.2.3 J "*" \aT6/ 1.2.3 

• __ fla j (^ — ab + b' — a* a' i 
"fl + 6\ (£1 + by 1.2.3) 

Similarly, ^ = ^ {l - ^^. ~^^} , nearly. 

It is of course understood here, that the angles are 
^jcpressed in the circular measure : and it is immediately 
Keen that A+B = a. 



CHAPTER VL 

THE APPLICATION OF TBIGONOMETBY TO THS SOLUTION OF 
EQUATIONS, AND THE RESOLUTION OF CERTAIN 
EXPRESSIONS INTO THEIR SIICPLB AND 
QUADRATIC FACTORS. 



I. Quadratic Equations. 

144. Let the proposed equation be a^—px-^q^Oi 
then, by the ordinary method, we have 

whence, if the roots be real^ and therefore -^ be noi 

P 

greater than 1, and we assume sin'6 =»-^-: then will 
0? -| {1 =fc yi^luTF} =f {1 ± cos ^} : 
but 1 + COS 6 = 2 cos"^ 0, and 1 - cos 6 = 2 sin*^^ : 
.*. the values of d? are p cos' - and p sin"- . 

These values may also be exhibited in another form 

for since p = —^^. » we have 

^ sm ^ 

jr-pcosUa-^^cos*Aa = ^cotA^: 

* - 1, sinH fl = 1^^ sin'ifl = Vg tan ^ e. 

If the proposed equation be ar" + pa? + ^ = 0, 
then will a? « — jp cos'^ = — ^^ cot ^6 : 
and a = - p sm*^0 =. - Jq\«cv\^ •. 
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'•liich differ from the former only in their algebraical 



s. 

In Logarithms: if Xi and jr^ be the two values of x, 
shall have 

i sin 6 = ^ {20 + 2 log 2 + log ^ - 2 logp], 

rliich determines : also^ 

log (± jTj) « logp + 2 L cos ^6 - 20 : 

log (±«a) = log/> + 2 L sin ^0 - 20. 

145. Let the proposed equation be x* - jjj? — g = : 
t^en, as before, 



a-asi 



4^-l{'V-*^}^ 



B"hence, assuming taxi*0 = -^ , we have 

, = £{1*^1 +tan»fl} = §{l* sec fl}: 

but 1 + sec = tan cot^B : 
and 1 — sec 6 = - tan 6 tan |6 : 

.'. the values of a are ? tan cot A 6 and — ^ tan6 tan A ^. 

2^2' 

2*/o 
By substituting for p its equal — ^ , we have the 

alues of a represented by ^ cot ^ and - ^ tan ^ 6. 
If the proposed equation be j?' + par — g = : 

then willa? = -|tan6cot^6 = -^cot^6: 

and or = ^tan6tan|6= ^tan^O: 

rhich differ only in their signs from the former. 

In Logarithms: if the roots be distinguished as 
efore^ we shall have 

L tan 6 = i {20 + 2 log 2 + log g - 2 logp} : 

log (± a?,) = i log g + L cot ^ e - 10 \ 

%C**«jt) = ilog g + L tan ^e -lO. 
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146. Cob. In the first case, when -^ is greater 

P 

than 1, the roots are imaginary : and if sec'^ = -^ , they 

will be expressed by ^ {1 «>= tan d J^ 1} : and it maybe 

observed that these solutions can be advantageously 
employed in those cases only, wherein p and q are 
very large numbers, or very complicated irrational quan- 
tities, 

II. Cubic Equations. 

147. Let the second term of the equation be taken 
away, when necessary, so that it may be of the form 

a^^qx — r^O: 
then, since cos 6 is not greater than 1, if j: <= m cos 6, 
we have m'cos' — mq cos 6 — r = : 

or, cos®0 — ■— cos 5 = 0: 

but, from cos 3^ = 4 cos'0 — 3 cos 0, in Article (47), 
we have cos^6 — f cos 6 — ^ cos 3^ = : 
and these two equations being compared give 



— o = i cos 30, and .*. cos SB 






whence cos SQ is given, and therefore SQ may be found 
from the tables, and thus Q becomes known : also, since 

cos SQ == cos (Stt + SO) = cos (Stt - Sd) = &c, 

the three values of x = m cos will, by Article (117)> ^ 

Ex. 1. Let the equation be a;^ — 3a:— 1=0: then 
m = 2, and cos 3fl = ^ = cos60P, ot O=9.0®i from which 
the values of x are t*oui\d to >ae ^co^a^» — ^^sr^^JS 
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nd — 2 COS 80**, all of which may be numerically deter- 
mined by the tables of natural cosines : and are 1 .879^852^ 
• 1.5320888 and - .3472964 respectively. 

Ex. 2. Given j:® — 6ar ~ 4 = 0, to find the values of x. 
Here wi = 2 J^, and cos SO = —= =■ cos 45% or = 15 : 

whence the three values of a? = w cos will be 

2 J2 cos 15", - 2 ^2 cos 45* and - 2 ^ cos 75**. 

In this example, the numerical values of the roots 
re easily found : for we have seen that 

cosl5«-^^^^, and cos 75° = ^^!^^: 
2^/2 2^2' 

tid therefore the roots of the proposed equation are 
2j^co3l5''=^l + j3: -2^cos45*' = -2: 
and-272cos75°=l-^: 
Qd the equation is equivalent to, or identical with 
(jr + 2)(a:- 1-^/3) (or -l + 73) = 0. 

148. Cor. Since cos 30 cannot be greater than 1, 



^ ~ cannot be greater than 1 : 



2V ^ 



•"• i V "? "" V It ^^™°* ^® ^'^^^^^ ^^^"^ \/$ • 



r« 



,8 



or, -- cannot be greater than -^- : 
4 ^ 27 

hat is, -T "• Qjy cannot be a positive quantity : and this 

circumstance corresponds with the irreducible case of 
'Jordan's Solution, all the roots being real : and therefore 
ihews that the solution is available whenever Cardan's 
ails, but not otherwise. See the Algebra. 

149. Cob. 2. If cos 30 be nearly equal to ± 1, the 
ingle 30 cannot be accurately determined {tovii\!lcie\i\^«.^> 
M appears from Article (108), and therefoie'fiXXX^ fiie^ea- 
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dence can be placed upon the correctness of the solution. 

In this case ~ is nearly equal to ^ , and conseqaently 

two roots of the equation are nearly equal to each other, 
as is evident from the Formula of Cardan. 

150. CoR. 3. If r be negative, or the equation be 
j:" — gj; + r = 0^ the same solution holds good : but it 
will generally be found more convenient for this form, 
to assume x = m sin 6, instead of or « m cos 0. 

151. CoR. 4. If q be negative, or the equation be 
3i^-¥qx- r = Oy the values of m and cos SQ are both ima- 
ginary : but the following process will give the real root 



For, »»-2^|^/^, and cos 36 = ^ .^^^ : 

/. wi'cos36 = 4r, andi?i'V-Tsin36 = 8 a/— +^: 

^ A<^ 4 27 

whence, by addition and subtraction, we find 
m'(cos 3fl ± /TT 8in 3fl) - 8 1^ * ^J + ^j : 

m(cos - 7^1 sin ») = 2 s/l-^J^^: 

andj:=wicos6 = A/-- + ^/-r +^ +\/r-^ /— + ^: 

V 2 V 4 27 ^2 V 4 27 

which has one real and two imaginary values, correspond- 
ing to the three cube roots of 1 . 

This result is the Solution of Cardan : and only two 
roots are imaginary, though it might at first sight be 
supposed, from the forms of m and cos SQ, that they 
were all imaginary. 

152. CoR. 5. If the equation be «" + g« + r = 0, 

andtan'a = -|3^ ot^« — ^^--^•. 
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i 



e shall have, ^ = ("" p) {(^ + sec a)* + (1 - sec a)*} 

_ /q\i(f sec a + Is } /sec a ^ l \i) 
"" W t\ tana j \ tan a / J 

= (|y{(cotia)4-(tani«)*}: 
Qce, taking (cot | a)4 = cot /?, and .•. (tan ^a)4 = tan /3, 

* = (|) {cot/3-tan/3} = 2(|) cot 2/?, 

;h is the real root in a form adapted to logarithms. 
Vhen the equation is a^-qx + r = 0^ and 27/*' > 4g^ 

by assuming sin' „ = ^^ , or ^ = -^-^4^.- , 
lave 

ri/ic— «)'*C"°")'i-(i)'{(^iS^)' 
*{HS^)'}-(I)'«""4"''*(""*°'*' 

I j {tan /3 + cot /3} = 2 (^ cosec 2^, the real root. 
;akinfir cos 30 = , , and .•. sin 30 =—i-^=z^~ • 

•e fl=-^r, and 5 ^/^T = y^~ - |^ , and substi- 

g in the formula of Cardan, the solution of Article 
), will be obtained. 

III. Binomial Equations. 

53. Tojind the roots of the equation x° - 1 = : and 
olve x" — 1 into its simple and quadratic faciwz. 

^ere, jf»« 1 := cos 2r'jr + J'^ sin 2rir ; 



134 



SOLUTION OP EQUATIONS. 



whence, by Demoivre's Theorem, we have 

2rr 



X = {cos 2rir + ^y — 1 sin 2rw}* = cos 



/ . 2rir 

+ J -Ism — ; 
n ^ n 

whereof the n different values are found by assigning 

to r the values 0, 1, 2, 3, &c, «-l, by Article (117): 



cos 



27r 



, ^ 2(w-l)7r / 2ir\ 

but, cos — ^^ ^— == cos ( 2ir 1 =s 

n \ n J 

2(n-l)7r . / 27r\ . 2ir 

^^ ^— = sin 1 2ir ) = - sm — : 

n \ n / n 



sin 



2 (n - 2) X 

cos — ^ — = COS 



n 



(-?)- 



COS 



n 



. 2(»-2)7r . / 4v\ . 4ir , 

sm — ^^ — = sm I 2flr ) = -. sm — : &a: 

n \ n J fi 

from which it appears that the values of x obtained by 
assigning to r the values 1, 2, S, &c. are the sameHj 
those obtained by making r successively equal to ii-li 
» — 2, w — 3, &c., except that the. signs of the imagiiua^! 
terms are different : whence the general foi'mula for*»| 



2r7r 

X = cos ± 

n 



J~i 



2rir 



sin 



n 



and the values of x will be real, only when the latttf 

2r7r 

term becomes = 0; that is, when is equal to 0, * 

n ^ I 

to some multiple of ir, 

(1) Let n be odd^ or of the forms 2i» =*= 1; thentkj 
only real root is x = l, corresponding to r = 0: andd« 
rest being imaginary, occur in pairs, and are determinrf- 
from the expression just given by assigning to r, tbf 
successive values, 1, 2, 3, &c, ^(n- 1). 

(2) Let n be even^ or of the form 2iif ; then, aaW"! 
sponding to the values and ^ n of r, the real vidua » 
X are 1 and — 1 : and the rest, being iinaginary, wifll* 
found from 



2r7r 
X = cos =*= 



^/^ 



sm 



Srir 



n n 

by assigning to r, live va\\ies \, 9., ^^ %i.^> W^ -^ 
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154. Cor. Hence, if n be odd, we shall have a:" — 1 
xpressed by means of its simple and quadratic factors : 
ius, 

■— l = (x- 1) foj'-g cos — a:+lj far'-S cos— J? + l j 

&c fj?*-2cos^^ —x+ljy 

lere bein^ one simple factor, and ^(« — 1) quadratic fac- 
)rs formed by combining respectively the simple factors, 
'^hich differ only in the signs of their imaginary parts. 

If n be even^ we have likewise 
• - 1 = (x"- 1) To:* - 2 cos — x + 1 Voj'-g cos — j: + l\ 

&c....f a:"-2cos^^ — x+l\, 

onsisting of ^n quadratic factors, the first arising from 

be combination of the two simple real factors x — l and 

+ ] , and the rest from the imaginary factors as before. 

These two conclusions are immediate consequences 
•f the Theory of Equations. 

155. To Jind the roots of the equation x"+l = 0: 
\nd to resolve x° + 1 into its simple and quadratic factors. 

Here, a:" = - 1 = cos (2r + 1) at + J^^ sin (2r + I) «• : 
rom which, by Demoivre's Theorem, we have 

X =: {cos (2r + 1) v + ^ - 1 sin (2r + l)flr}» 



= COS 

n ^ n 



md the n values of x will be obtained, by giving to r, 
;he values 0, 1, 2, 3, &c, n-1, by Article (117); 

{2(«-l)+l}7r / w\ IT 

)ut, cos^^-^ *— = cos ( 27r ) = cos - : 

' n \ nj n 

m 1-^^ '- i~ » sm ( 27r ) = - sm - : 

n \ nJ n 



sm 



cos 



{2(«-2)+i)w / 3ir\ Sit 

^-^ *— = cos ( Stt \ = co^ — • 

n \ n ) ^ 



]36 
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. {2(n-2) + l}tr . / 3w\ . Stt . 

sm-*— — ^ « sin (2ir js-sin — : &c: 

n \ nj n 

whence it appears that the values of x arising from the 
values 0^ 1^ % 3, &c. of r, are the same respecdvdj 
as those which arise from the values, Ji— 1, « — 2, Ji-S, 
&c. of Vy except that the signs of the latter terms are 
different : and the values of x will then be given by 



cos 



n ^ n 



and whenever the latter term becomes = 0, the corre- 
sponding values of x will be real, as in the former case. 

(1) Let n be odd; then corresponding to 

r = ^ (« - 1), we have x = — 1, 

the only real root : and the rest being imaginary vt 
found from the expression above given by assigning to 
r, the values 0, 1,2, 3, &c, i (« - 3). 

(2) Let n be coem then there is no real root, since 

f2r + i)ir , , . , o ^ 'L 

— cannot be 0, or a multiple of w: and the 

n 

imaginary roots are obtained from the general expresdoQ 

for Xf by giving to r the values 0, 1, 2, 3, &c, ^(« — 2). 

156. CoR. As in the preceding case, we have, when 

n is odd : 

a;» + 1 = (x + 1) (x' -2 cos - a: + 1) (ar'-2 cos —x + l) 



n 



n 



&c (x^ - 2 cos — — x+l): 

and when n is even: 

a;" + 1 = (ar' - 2 cos - or + 1 ) (a;« - 2 cos — « + 1) 

&c (ar^-Q cos ^^^ ^^ x+l\ 

n ^ 

157. The roots of the equations a:* =f 1 = 0, which, 
by De7noivre*s Theorem, may be made to appear in cwrder 
as the terms o^ geometrical progressions, are the values of 
all the n^^ roots of 1 and — V tes^^eclvj^lY, and are fire- 

quenily written (l)» and (^— \Y • ^^ ^^ toxrosst wit^ 
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o, and of the latter one or noncy being arithmetical, 
cording as n is odd or even : the sum of the roots in 
*th cases being = 0. 

£x. To find the cube roots of 1 and — 1. 

(1) From X = cos ±^7— 1 sin , we have. 

n ^ n 

7 putting 0, 1 for r, 

J? = 1 : and x = cos — ± J — 1 sin -~- 

o o 

= COS 120" i J'^1 sin 120" - - cos 60* ± J^Ti gin 60* 

2 2 2 ' 

^^x w (2r+l)ir I — - . (2r + l)ir 

(2) From x = cos > —"^J - 1 sm > ^— , 

^ ^ n ^ n 

B have> by putting 0, 1 for r; 

X = cos - ± ^- 1 sin - « cos 60® ± ^ - 1 sin 60® 

2 2 2 

Hence, the cube roots of ^ I, may be thus expressed: 

(l)i = l, or = i(-l+7^), or-^(-l-V^): 

(-l)i = _l, or«^(l+V^, or=:^(l-y^. 

All these results are easily found by other methods : 
id the same process may be adopted whatever roots 
e required. 

158. If or" :^ a" = 0, be the equation proposed, then 

X 

y assuming y ^- , or x = oy, we have 

a*y* ± a" = 0, or y' ± 1 = 0, 

*ora which the values of y may be found as before, 
nd thence those of x = ay, 

159. To solve the equation x" — 2 co* a x" + 1 = 0. 
By completing the square, &c. we have 

•- ctw a -fr^- J sin a =s cos (2rir + o) *s J^l All ^Tir -V oiY* 
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from which, by Demoivre's Theorem, we obtain 

where the values of x will be determined by assigning 
to r, the successive values 0, 1, 2, 3, Sec, «— 1. 

Hence, proceeding as before, we shall find 

j'" — 2 cos a j:" + 1 

x'- 2 cos-x + 1) (x" - 2 cos x + 1) 

&c... (x--2cos— ^^ x+l), 

It 

the number of quadratic factors being n : and thus by 
solving each of the resulting quadratic equations, we 
arrive at the complete solution- of x*" — paf + g = o, when 
p is not greater than 2, and g =» 1. 

160. Cor. Hence, making x= I, we shall have 
2-2 cos a= Ts - 2 cos - j f 2 - 2 cos j &a to it factors; 

or, 2«siu«4a = 2^sin«|.sin»(?^)&c: 
and putting Sua for a, dividing by 2", &c, we have 
sin na = =t 2"~* sin a sin fa + -J sin fa + — j &c. to n factori 

Similar results may be obtained by making x = — 1. 

The Theorem of Article (159) is due to M. Demdvn; 
and by making a successively equal to and ir, we shall 
obtain the roots of the equations x"— I =0, and x*+l«ft 

161. To express the sine and cosine of an angUfl^ 
factors involving its circular measure. 

Since. sin<» = e(l-j-^+j-^-|l^-^-&c.): 

the roots of the equation sin = 0, will be 0^ ttir, sfeSrj 
sfc Sr, &C. : whence, by the nature of equations, if # be a 
fixed magnitude, we have 
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= .0.(l-^-).(l4^)'>.(l-^)2.(lH.A)&e. 

= xx'(2^)' iS^y &c. (l - 5) (l - 1^,) &c : 

- , sin 

but when ^ = 0, we have seen that —j- = 1 : and there- 
fore we have snr^ (27r)X37ry &c. = 1 : 

whence, sin 6 = f 1 jj ( 1 - ^7-5) &c. in infinitum. 

6' e* 

Again, cos 6 = 1 - - - "^ 1034* "" * ^^^ *^® 
roots of the e^tta/tow COS = 0, are =fc-, «*= — , =»=-^, &c: 

*»* * /C 

.■.oo,...(i-.)g..)(|-»)(^.)*c. 

"i(-?)i(-4")l('-,^)f(-S*=- 

tut when = 0, cos = 1, since c is fixed in value, 
and we have c f-j i~a') ^c.«= 1 : 

whence, cos = f 1 j- ) ( 1 - iriz) &c. t» infinitum. 

162. Cor. 1. Let = ^7r; then sin 0=1, and we 
h..el.j(.-i)(.4)(.4)&c 

=iC^')(^')(^>=- 

^ w f (2-l)(2-M)\ J (4-l)(4 + l) \ f (6-l)(6 + l) | ^^ 

ir/1.3\/3.5\/5.7\ ^ _ ^ 3*.S'.1*.0>».ftttt. 
"5! 5Vi 4'A 6V 2 2*.4.*.e'.«'.&t."- 
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whence, ^ - ^, ^, ^, ^ ^^ .^ .^^ ; 

which was first given by Dr John Wallis, an eminent 
Mathematician, some time Savilian Professor of Geometry 
at Oxford^ who died in the year ] 70S. 

This singular result might lead us to conclude that 
^ir is less than 1, because the factors in the numerator 
are less than those corresponding to them in the deno- 
minator; but it will easily be seen that in strict propriety, 

. _ 2*. 4*. 6*. 8*. &c. in infinitum 
' ~ 1*. 3*. 5*. 7*. &c. in infinitum ' 

and since no means yet discovered can prove that tlie 
latter quantity may be expressed in finite terms, v i( 
always regarded as an incommensurable qvLSintity, 

The student may see this fact established beyond t 
doubt, in the Appendix to Legendre's Geometry, firoo 
the circumstance of v being expressible by an irraiHoid 
continued fraction. 

163. Cor. 2. In the expression above investigate 
both the numerator and denominator are supposed to be 
continued in infinitum: if however, the number of facton 
taken be very large but Jinite^ and be denoted by «, ^* 
shall have approximately, 

- 1 f l''3*. 5'.&c (gx~iy(2 jf+l) | 
"2 I 2«. 4V 6*. &c. (2i)* J 

2jc+ 1 f l'.8*.5'.&c(2x-iy | 
■" 2 ''I 2«,4«.6^&c(2x)* J 

jr.S*.5».&c.(2x-l)M 

^ " i 2-.4'.6*.&c.(2xy h '^^^y • 

J I — 2.4.6.&C.2X , 

"«* •• ^'^^ 1.3.5.&c(2x-l) • °*"*y- 

Some carious and interesting results^ dependent !ip<A 

the subjects of thU duip^er^ ViVV V)(^ Coumd in the flr^ 

Appendix annexed to the \VQsk« 



CHAPTER VII. 

E CALCULAHON OP LOGARITHMS, AND THE CONSTRUCTION 
OF MATHEMATICAL TABLES. 



I. The Calculation of Logarithms. 

164. From the exponential equation y^a% com** 
sing the definition of Logarithms as laid down in 
tide (88), which is frequently written in the forms 
'.^«jr, and i^ = a^*^y we infer that when a is > 1, 
values of ,v increasing from 1 towards oo may be ob* 
ned by giving to x values increasing from towards oo : 

i when x is negative, or the equation becomes y^—i^ 

values of y decreasing from 1 towards will be fur- 
shed by assigning to x values from towards oo : also 
' logarithms of oo and will both be infinite and have 
Ferent algebraical signs. If a < 1, which may be sup- 
Jed in Theory y but is never adopted in Practice^ the 
soning may be conducted in a similar manner. 

All negative bases will of course be excluded, because 
grand object of Logarithms is to facilitate iinMme- 
l Computations, not to mention that consecutive 
•les of ^, within the limits above mentioned, could not 
obtained by assigning to x any continuous series of 
^nitudes whatever, inasmuch as some powers of a 
cUive quantity would be positive^ whilst others would 
*iegative. 

From the view above given, it follows that the loga- 
ims of all numbers which are not exact powers or roots 
•lie base of the system will be incommensurable quan- 
ts : but as absolute accuracy is unattainable in many 
the subjects to which Arithmetic is applied, and the 
^roximations may be continued to the greatest degree 
licety, the errors may be made of such a magnitude as 
to be appreciable, in every practical or scientific appli- 
ion. 

We are not enabled to express generaWy xVie N?i\we csS. 
1 terms of a and y, by any direct elLeraentaty Tae\5[VQi^\ 
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and recourse must therefore be had to that kind of Jna- 
li/sis which will give approximate results sufficiently 
accurate for the purposes to which Logarithms are in- 
tended to be applied: in pursuance of which, we shdi 
first expand a* in a series ascending by positive integrd 
powers of a;: and then point out the methods which an 
usually adopted to render it subservient to the actml 
calculation of the logarithm of any particular number 
proposed. 

165. To expand a* in a series of ascending ponik 
powers of x. 

Since a'«{i + (a-i)}'=i+x(a-l) + ^^-^^^(a-ir 



^ 1.2.8 ^ «-l)'H-&c.. 



by the Binomial Theorem : 

where B, C, &c. comprise only (a — l) and its powers: if 
the coefficient of x be assumed = A^ we have 

a' = l+Ax + Bx^+Ca^'h&c.-{-Nx^^ + Px' + &cr. 

.\ a'=i + A2-\'Bz'+ Cz^ + &c. + N^' + Pz' + &c. : 

whence, by multiplication, we obtain 

a'xa''=l + Ax + Bx^+Cx' + &c. + Pa* + &c ' 

+ AzA- A'xz + ABx^z + &c. + ANx^^ z + &c. 

+ &C 

but a* -K a* = a*^, by what precedes, 

= 1 + ^ (ar + 2) +^(j? + 2:/ + C(ii? + z)" + &c. 

+ P(ar + 2)'+&c 
= l+Ax^Bx^ -¥Cx^ + &c. 4- Pj* + &c. 
+ AzA- 9.Bxz + SCx^z + &c. + pPx^^z -+ &c. 

+ &c 

now these two expansions of a'xa' must be idenikt^ 
and therefore by equating coefficients in each, we have 



2B - ilS OT B = 



Y.Sl 
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SC^AB=^^, or C = --4-^: &c.=&c. 
1.2' 1.2.3 

AN 
pP = AN, or P=^^: 

P 
Ud from the last we infer that if the law, connecting two 
^Ollsecutive terms> hold good in one instance^ it is general: 

A*x* A^jc^ A^x^ 

This equality, called the Exponential Theorem, which 
s arithmetically correct when x is a positive whole num- 
^r, or when the value of A is expressed in Sijinite num- 
^r of terms, is here assumed to be general: and therefore 
ri other cases, the value of ^ = a' will be obtained ap^ 
"Proximately, only when the series converges. 

166. From y = a', to (express x in terms of a, and y. 

ulV AW 
Since,a'=l+ila: + — -.-^-^-^-f&c 

Inhere -4 = (a - 1) - i (a - 1)' + J (a - 1 )" - &c. in inf. : 

we shall have if'=^\ + Lz+ —-— + - — — — + &c. 

^ 1.2 1.2.3 

where I. = (y- l)-i(y- 1)'+ Hi^- 0'-&c. in inf.: 

but from y = a', we have y' = a" : and therefore 

^ , ^ JVz* AV^ ^ 

y* = 1 + Axz + — — -- + -— - — - + &c. : 
^ 1.2 1.2.3 

Emd the identity of these two series for ^', gives through- 
out their extent, L = Ax, and .•. x = -^ : 

A 

that is a> or W „- (y-^)-^Cy-^)'-^^(y- ^)'-&°- - 
mat 18, w or iog.j, (a_i)_^(^_,).^.^(„_i)._^^. 

which is the logarithm of y expressed in terms of y 
and the base a : but this result can evidently be of no 
practical use for the arithmetical calculation of x, unless 
both the numerator and denominator converge. 

167. Cob. ^ The expression for x, abo^e fe\m^ VJ5\ 
be much simpUBed by assuming the detioiixmaX«t«\' 
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but it is manifest that this cannot be done without at 
the same time assigning a particular value to the base a: 
and from this circumstance arises the peculiar system 
adopted by Lord Napier, the Inventor of LoganthmSi 
which will consequently possess great advantages in the 
facility with whicn the logarithms of numbers are csl- 
culated^ though it is never used for the purposes of 
Arithmetical Computation. 

This is therefore termed the Napierian System of Lo- 
garithms: and sometimes the Hyperbolic System^ from 
a close analogy subsisting between such logarithms and 
the area of a rectangular Hyperbola referred to its asymp- 
totes. It is regarded as the jPrimitive or Natural systen, 
and is used in most parts of Analysis: and, with tlie 
exception of the Common System, which is universaQj 
applied to Arithmetic, it is the only system which we 
shall ever have occasion to consider. 

168. To calculate the numerical value o^ the Bm 
of the Napierian System of Logarithms. 

Let e denote the value of a, which will render 
^ = (a-l)-i(a-l)'+i(a-iy-&c. = l: 
then^ if ui = 1 in the series of Article (l65), we have 

e*= 1 +-+——; + ——r--:+ &C., 

1 1.2 1.2.3 

whereof the number of terms is indefinitely great: 
whence, making a; = 1 , we find 

now, deducing every term from the one preceding it, 

1+1 =2. 



1 
1.2 

1 

1.2.3 

1 

1.2.3.4 

1 
1 .2. 3. 4. 5 



= .5 

= .166^66666 8ic. 

= .041666666 &c. 



1 




1.2.3.4.5 


.6 


1 




l.*%.0.4.0* 


6.7 


1 




1 .2.3.4.5.6 


.7.8 


1 




1.2 .3.4. 5.6. 


7.8.9 


1 
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». 001 388888 &c. 
= .000198412 &c. 
= .000024801 &c. 
= .000002755 Ac. 

^ ^ . . /> « o ^ ,.x = .000000275 &c. &c. : 
1.2.3.4.5.6.7.8.9.10 

hence, e = 2.7182818 nearly, the Napierian Base: 

and (e- l)-K^-0*+i(^- l)»-&c. in in/.^l. 

It will be shewn in the first Appendix that e is in- 
ymmensurahle in the decimal system of notation. 

169. If the logarithms of numbers in the Napierian 
'ysiem be given^ the logarithms of the same numbers in 
ny other system may be found. 

Denoting the logarithms of y in the two systems 
rhose bases are a and e, by x and x^ respectively, 

we have y = a' and y = e**, so that a' = €fi: 

Xi 

X 

whence a = c* , and .•. — = log«a, by Article (l64) : 

X 

1 loff y 

hat is, ^ = i^^^M or log.j^ = ^j^^: and the loga- 

ithms of numbers to the base a, will be derived from 
hose of the same numbers to the base e, by multiplying 

)y r^ , which is the same for all values ofy. 

Conversely, Napierian logarithms may be obtained 

X 

rom logarithms to the base a ; for a^i = e, gives — = log^e, 

Xi 

md .% Xi = ^ X, or, log, v = . "^ : and indeed when 

log^e ° "^ iogae 

ihe bases are a and b, the relation, log^ y x log« a 

- log^y X log« 6, enables us to pass im.med\a\.^^ itotXCL 
ather system to the other. 

B. T. \^ 
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170. Def. The mnltipfier l-^log,a, which con- 
nects the primitive system whose base is e, with anj 
other system whose base is a, is termed the Modubu of 
the latler system : and 1 -=- log, 10 is therefore the modolos 
of the common System of Logarithms. 

Also, from Article (IG6) it appears that 
log.a = (a-l)-i(a-l)» + J(«-l)»-&c = i. 

Converging Series for the immediate ctdadaim (f 
Napierian Logarithms. 

171. Since -<< «= 1, we have, from Article (I66), 

iog.i(=(^- i)-iCy-i)*+ J (y- !)'-&<=•: 

whence, if ^ = 1 + r, and .•. y — 1 = r, we obtain 

log,{l+2) = r-i2» + Js»-&c: 
which converges very slowly, unless s be very small 

172. From the expression for log,^ above given 

if ^ = -, and .-. log,^ =log,- =logel - logeJ8r = -log,2: 

z s 

we have - log.^ - (i - 1) - ^ (i - 1 J+ J (| - 1)'- &c 

which gives log.s = ^^^ + ^ \^^-J + h y~Yy "'" ^^' 

a series converging with tolerable rapidity, since eack 
term is a proper fraction, and all the terms have the staff 
algebraical sign. 

Ex. If s = 10, we have = — - = .9 : 

z 10 

.-. log, 10 = .9 + i (.9)' + h (.9)" + &c. : 

but this requires a great number of terms to be taken^to 
give the value = 2.302585076 &C.5 hereafter found. 

173. By the last article but one, we have 
log.(l + s)= 2-\z' + ^z^"^s^ + &c: 

.-. loge(l -;?) = - a- ^-''-\^-\'^*^-^'^-- 
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ice, by subtraction and Article (93), is obtained 
log,j-^-2|jsr + -j5' + -s* + &c.|: 

ierefore, if , = u, we have z = , so that 

since is a less quantity than , if « be 

e equal to u, it is evident that the series converges 
h more rapidly than the one found in the last article : 
it is well adapted to small prime numbers, because 
term is then considerably less than 1. 

M — 1 1 ! . 

i2x. If w = 2, we have — — = -: and by substitution, 

its approximate value is calculated as follows : 

\ « .3S3333S33 &c. 

^ «|.~ = . 037037037 &c. 

gs- ^3 •^ = . 00411 5226 &c. 

1-7 = ^5-^ = -000457247 &c. 

^ = 57 . - = .000050805 &c. 

^ = ~ . i = .000005645 &c. 



I 1 

3" 3" '9 

2^ 1 



JL = __ . ^ = .000000627 &c. 
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whence, we have immediately 

- = .S33333SS3 &c. 

s 
i.i = .012345679 &c. 

i.? =.000823045 &c. 
o o 

i. ^7 = .000065321 &c. 



- . :^ = .000005645 &c. 



1 1 

-- . -Tj = .000000513 &c. 
:^ . -^3 - .000000048 &c. 

TT . ;n5 = .000000004 &c. &c. : 

.-. log. 2 = 2{.346573588 &c.} = .693147176 &c. 
Similarly, log. 3 = 1.098612284 &c. 

Converging Series for deriving the Napierian L 
rithms of nurmersyfrom those of inferior numbers. 

174 Since y=y-l + \ = {y- i)(l +r^), 
have log.y = log, (y - 1) + log.fl +r3j) 

from which, if loge(;y— 1) be given, log,^ may be fo 
also, the series converges very rapidly, but it is o 
tionable on account of the alternation of the algebi 
signs. 

175. If \og,y be given, \og,{y + z) may be foun 
For, log,{y + z) =\og.i^ V ^ ^ =^^^^»U ^^^%\v ' 



we 
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11 u = 1 + - , and .-. s= , fi^ives 

^ w+ 1 2^ + s' ® 

^ yy {2^ + 2 ^\9.y-\'zJ ^\2y + z/ J* 

ch converges quickly, if z be small compared with ^, 
[f s = 1, and ^ be a large number, we shall have 

lerive the logarithm of a number from that of the 
: inferior number^ by means of a few terms. 

3ence, the logarithm of 3 as given in Article (173), 
be foimd from that of 2 computed in it. 

76. To deduce the logarithm of a number, from 
of any inferior number. ^ 

:nlog.« = 2{j^ + i(^-)%i(«-^;)'H-&c.}, 
let M = -, and .•. = S. — ? and we shall have 

ily converging, if p — ^ be small compared to jp + <^. 
Ix. Let jp = 5, «7 = 4 : then log. q = log. 4 = 2 log^ 2 : 
'. log,5 = 2log,2 + 2|l + i(iy + iQ*+&c.J: 

low, i = . 111111111 &c 

if 

^^^0012345679 &C.) = .0013in« ^^- 
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55 = 5 (.000152415 &c.) - .000016935 &c. 
^ = i (.000001 88 1 &c.) = .000000209 &c. &c : 
therefore, i-. 11 1111111 &c. 



1 1 

3-9 



-.:;;5=. 000457247 &c. 



i . i = .000003387 &c 

i . :^ = .000000029 &c. 
7 9^ 

.111571774 &c. 

whence, log. 5 = 2 log, 2 + 2 (.1 1 1 57 1 774 &c.) ' 
= 1.386294352 &c + .223143548 &c. = 1.6O9437900 &c 

177' Of three consecutive numbers, to obtain the 
^ logarithm of the greatest, from those of die two others.; 

Since, log. (5^ + 1 ) + log. (5^ - 1) = log. (y* - 1) 
= log.y' (1 - p) = 2 log.j^ + log. (1 - i): 

if we make m = 1 — 5 , and .*. = — —-^ — -, 

y fi + 1 2^*-l 

we shall have from Article (173), log. il — ^ j 

.'. log. (y + 1) = 2 log.5f - log. (y - 1) 

aiid tlie^Iast part o£ the exi^Te^\oTL ^otci^t^i^^ verynr 
pidly^ wnen y is a large twirabet. 
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178. Cor. If a, 6, c denote the three numbers : 
then a = 6 — 1, c = 6 + l, and .•. 6' = ac + 1 : 

.-. 2 log. h = log. {ac + 1) = log. ac U + — j 
= log.fl + log.c + log. (l + — ): 
but if ti = 1 + — , we have 



ac « + 1 2ac + 1 

and log. 6 = i log. a + i log. c 

\2ac +1 ^ \2ac + 1/ ^ \2ac +1/ J 

formula well suited for the calculation of the loga- 
ithms of larse prime numbers, because if 6 be a prime 
umber, a = 6 — 1 and c — b + \ are necessarily composite 
umbers, and therefore their logarithms may be found 
•cm those of their factors^ by Article (93). 

This series converges so rapidly, that a very small 
umber of its terms is generally sufficient: thus, by 
iking only three terms, the logarithm of 5 will be ob- 
stined correctly to twelve places of decimals. 

If 6 s= 59j and .•. a = 58 and c = 60 ; we have 
ac = 3480, and 



2ac + 1 6961 ■ 

nd in this instance, the second term of the series will not 
fleet the result, because it will have no significant figure 
a the first twelve places. 

From this article is easily obtained the formula, 
og.c-2log,6-log.a-2|^j5^ + i(^gr^^ 
ud by judicious substitutions^ a variety of otiixet^ t&k^ 
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be deduced, wherein the series converge with extnordi- 
nary rapidity, though they can never be of much n», 
because tables constructed to every degree of nicetj^ 
requisite for practical purposes are already in our hands: 
thus, 

logeCy + 2A) = 2 log, (y + A) - log,^ 

logeCy + 2/p) = 2 log, (y + A) - 2 log, (y - A) + log.(y-2A) 

179. By these and similar formulas^ it is now evident 
that the Napierian logarithms of all numbers whatever 
might be computed : but the properties, established in 
Article (93)> render it necessary to apply them only to 
such numbers as are not resolvable into factors, becaiue 
the logarithm of every composite number is equal to the 
sum of the logarithms of its prime factors. 

Thus> log, 2, log, 3, and log, 5 have been found : and 

log, 4 = log,2* =2log,2: 

log. 6 = log.(2x 3)=log,2 + log.3: 

log, 8 = log.2' =3log,2: 

log, 9 = loge3* =2 log. 3: 

log, 10 = log, (2 X 5) = log,2 + log,5: 

log, 12 = log, (3 X 4) = log, 3 + log, 4 : &c. : 

but to determine the logarithms of the prime numbers 
7, 11, 13, &c., one or other of the preceding formulae will 
be required : and the same for larger numbers. 

Thus, if the proposed number be 1767> we have 
log.l767 = log.(6*.7* + 3) = log,6".7*(l +g.^) 



2log.6 + 2log,7+log.(l +^5gg): 



wblcb'may be computed by the iono:^ ^^ Ascticle (I7l)i 
to M great degree of accuracy. 
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180. To calculate the numerical value of the Modw- 
'«« of the Common System of Logarithms. 

In Article (170), we have seen that the Modulus 
«» 1 -^loge 10, so that from Articles (173) and (I76) 

we have, log, 10 = log, 2 + log, 5 

= .693147176 &c. 
+ 1.609437900 &c. 

2.302585076 &c. 



••: ^^ '"^"^^^ ^ 2.302585076 &c. ' '^^^^^^^^ ^^- 
Hence, by Article (I69), we have the equality 
logio^ = .43429448 &c. x log.^ = M \og,y, 

for deriving the common logarithm of a number from its 
2^apierian logarithm, M being = .43429448 &c. 

Ex. Loge 2 = .693 1 471 76 &c. : log. 5 = 1.609437900 &c. : 
.'. logio 2 = .43429448 &c. x .693147176 &c. 
= .3010300 &c.: 
logio 5 = .43429448 &c. x 1.609437900 &c. 
= .6989700 &c. 

181. The Rules for using the Tables, enunciated 
in full, may be seen in the introduction to Bahhag^s 
tables or in the chapters prefatory to those of Dr Hutton, 
in which the subject is treated at considerable length : 
and it now remains only to investigate the reason of the 
assumptions made in Articles ( 100) and (101). 

182. To investigate a formula for the approximate 
logarithms of numbers^ consisting of more places ofjigures 
than those in the tables. 

Let y be the number in the tables, and y'^y-^z, 
where y consists of Jive figures and ^2; is a decimal: then 

logy = log (y + z) = ^ogy-\- log (l + ^j : 
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r 



where M denotes the modulus of the common system of 

Logarithms : and y being at least a number o^jvat plaon 

of figures in the ordinary tables, the greatest value wbidi 

z 1 

- can have, will evidently be -—rrzrz^ = .0001 : 

y ^ 10000 

whence, log^ ■» log (y + js) = log y + M-, nearly: 

J' 

also, log (tf + 1) —logy = 3f -, nearly, if jsr = 1: 

.-. 3f r= {log (y + 1) - logy}y, nearly : 

and logy = logy + {log (y + l) - logy} js, nearly : 

hence, log t/ is found by means of log (y + 1) and log|, 
between which it lies, with sufficient exactness for mort 
practical purposes. 

If y' be a whole number, and z comprise 1^ % &6 
digits, we have only to increase the characteristic by I^ 
2, &c. 

h k 
If 5r = --; + —— + &c., or the additional digits A, t 
10 100 ' 6 -> » 

&c. occupy the places of tenths^ hundredths^ &c., 
logy' = logy + {log (y + 1) - logy} { Jq + Yqo "*" ^^ } * 

183. This last result is the foundation of the snuU 
tables, before called Proportional parts ; and they tfc 
constructed on the principle, which is implied in 

logy -logy ^ h k 
log(y+l)-logy 10 100 

that the increments of the Logarithms of numbers are 
proportional to the increments of the Numbers them- 
selves ; but this can hold good only, when the numben 
consist of several places of figures, as above shewn. Sec 
Articles (100) and (104). 

184. Tojlnd the number corresponding to a logarithm 
not found exactly in the tables. 

Let X be the proposed logarithm, y the correspond- 
ing number: ar© and x^ tVve xie^x. \fe^^ ^xA ^^«&Kt ^bultf 
logarithms, correspon^ti^ to xXie Tv\«r^iet%» >j^«».^ -^^^V, 
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nd suppose y=yo + Zy where z is a fractional quantity 
nnexed to the right of y^ : then 

= ^og (^o + 2r) = log^o + log n + ~j = a?o + -W — , nearly: 
also, d?i = log (yo + 1) = JTo + M — , nearly, if jbt = 1 : 

whence, jsr= ? : and .*. y=yo + — ^^-^, nearly, 

rhich is consequently found. See Articles (101) and 
104). 

II- The Construction of Mathematical Tables. 

185. It has been seen in Article (6?), by what means 
16 numerical values of the angular functions are directly 
etermined: but it is not necessary to compute the sines 
ad cosines of angles at all, in order to obtain their loga^ 
Hktns, as will now be made to appear. 

186. To Jind the logarithmic sine and cosine of an 
nglcy independently of its natural sine and cosine. 

In Article (l6l), it has been proved that 



sin a 



"0"3-')0-^)0-3^)^*^- = 



m IT 



whence, if a be assumed = — - we shall have 

w 2 

log sin g^ = log(^ I) + log (l - ^.) 



M' -1&) 



+ &C.: 



md each of the terms of the latter member after the 
irst, being expanded by the formula of Article (171), 

log sin (^^) 

pnll be obtained by means of converging series. 

Also, from cos a=>il ^ ) V" ~ "s?W» i ^ 
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In both these expressions, m and n may be assamed. 
at pleasure, provided m < » : and thus, the Tabular 
logarithmic sines and cosines of all angles less than S^i 
will be obtained by the addition of 10 to each. 



m 



Because — is not necessarily a small fraction, the lo* 

garithm of the first binomial, in each of these equalitieSi 
IS not expanded, inasmuch as the corresponding seriei 
may not converge with any great rapidity. 

See fVoodhouse's Trigonometry ; also, CaUeti Logi- 
rithms, and the Encyclopedia Melropolilana. 

187. Cor. The logarithmic sines and cosines bong 
determined, the other logarithmic functions are imnw* 
diately deduced if necessary : thus, 

L tan a=slO + Lsina — Z/ cos a : 
L sec a = 20 — L cos a : &c. 

188. The logarithms of the sines and cosines that 
computed, may be verified by such formulae as, 

sin nd = 2""* sin d sin ( - + o\ sin (— + 6 J &c. : 

where the number of trigonometrical factors in the latter 
member is n, as established in Article (l60). 

189. The object of the remaining articles will be 
to ascertain, to what extent, the Principle of Proportunui 
Parts is applicable to the determination of the angoltf 
functions, and also of their logarithms, when they con- 
tain seconds^ &c., and the converse. 

190. To^find the increment of the sine ^ an os^f^ 
corresponding to a small increment of the angle Use^. 

Let h denote a small increment of the angle A : then, 
the increment of the sine of A expressed by a sin if 

= sin (j| + A) - sin -4 
B sin il cos h -f^ cos A &ah^sinA 
« cos .if sin A - sm ^ (^\ — c»^K) 
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= COS Asmh — sin J (1 — ^1 -sin* A) 
= cos Asiuh — sin A (^ sin*/* + ^ sin* A + &c.) 
= cos ^ sin A — ^ sin A sin*A (1 + ^ sin'A + &c.) 
« cos A sink {I — ^ tan -4 sin A (1 + ^ sin" A + &c.)} : 

rhich is a general expression whatever the magnitude of 
may be : now, if h and therefore sin h be very small^ 
ad tan A be not very large, we shall have 

A sin ^ = cos A sin A, ■ nearly : 

ad when h is given, it follows that in this case 

A sin A varies as cos A, nearly : 

r, the increment of the sine is very nearly proportional 
> the cosine, when the angle is not nearly equal to 90°. 

If however tan^ be very large, which is the case 
rhen A is nearly equal to Q(f, ^ tan A sin h + &c. will 
ot be small compared to 1, and therefore the expression 
sin A oc cos ul, will no longer be approximately true. 

191. Precisely in the same manner : or, by the sub- 
dtution of 90° — -i in the place of J., it is shewn that 

. cos ^=- sin u4 sin A{1 + ^ cot ^ sin A (1 + 1 sin*A + &c.)} : 

nd if cotii be not very large, we shall have 

A cos il = - sin J. sin h, nearly : 

r, the decrement of the cosine is nearly proportional to 
he sine^ when the angle is not nearly = to 0°, or 180°. 

When A is nearly = 0°, or 180°, we have 

A cos A ^ — sin A sin A (1 + ^ cot A sin A), nearly : 

nd the proportionality just mentioned is no longer true. 

192, Tojind the increment of the tangent of an angle, 
yrresponding to a small increment of the angle itself. 

Here, a tan -4 = tan (^ + A) - tan A 

_ sin {A + h) sin A 

" cos (A + h) QosA 

sin {A + K) cos A - cos {A + K) sin A 

cos A cos (^ + h) 

sin A 



co3A(co8A cosh-%\ViA svnh') 

JET. T. \^ 
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sin A 



cos' A COS A (1 — tan A tan h) 

1 



sec'i^tanA 



(rr 



• 



tan^ tan A^ 

If A be not nearly = 90^ we have^ as before, 

A tan A = sec^A tan h oc sec^Ay nearly : 

but this will not hold good, whenever tan A is tLYVj 
large magnitude^ or A is nearly = 90^ 

Similarly, a cot A = — cosec"-4. tan k, nearly, oc -com' 
A, nearly, when cot J. is not very large, or when il isnflt 
nearly = 0^, or 180^ 

The same method may be applied to determine 

i 

ASeCii, ACOSCCJ., &&' 

193. Cor. When A does not possess the extreme 
values above excepted, it is evident that the variatki 
in sin A will be greater than, equal to, or less than thi 
variation in cos^^ according as J. is less than, equal U^ 
or greater than 45®. 

These two propositions tell us in the language of 
Algebra, what has been seen arithmetically in £x&S 
and 4, of Article (104). 

194. The small changes in the angular functions^ fft 
nearly proportional to the increment of the angle, excefi 
in the cases above mentioned. 

For, from Article (190), we have approximately, 

sin {A + A) — sin A = cos A sin h : 

sin {A+k) — sin A = cos A sin k : 

, sin (J. + A) — sin A sin h h . 

whence, . ; . — jr -, — j = -; — t = t * nearly. 

sm (J. + at) — sin A sink k ^ 

If it = 1' = 60", and h be less than 60", we have 

sin (A + h) — sin A __ h 
sin(^ + lO-sinJ~66* 

from which, if sin A and sin(^ +1') be given, sin(i+i) 
may be found when h is gweu, «c^^ K xcac^ be found 
when sin (A + h) is given. 
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The same may be proved of the other functions ; and 
- appears that in the complemental functions^ subtraction 
^ust be used^ whenever addition takes place in the rest. 

195. CoR. 1. From this proposition it is manifest 
bat the Principle of Proportional parts may, with the 
xceptions above stated, be applied to determine the 
unctions of angles containing seconds^ &&, from those of 
be next inferior angles calculated for minutes, and vice 
ersd : though in some cases it would require them to be 
imputed to more than seven places of decimals. See 
Jticle (105). 

196. Cor. 2. For angles less than 45^, tan jl is less 
lan coiA, and •*• a sin J. is more nearly = cos A sin k, 
lan A cos J. is to — sin^i sin h : or, the proportional parts 
ill be more accurately ascertained for the sine, than 
le cosine : and the contrary for angles greater than 45*. 

Thus, in finding sin ^ A, where A is small, whatever 
rror may be expected in applying^he formula. 



smiA^^- 



— cos A 



2 

smaller one may be looked for in using 

sin ^ ^ =: ^ ^1 + sin ^ — ^ ^1 — sin A. 

197* The small changes in the logarithmic functions 
fan angle, are nearly proportional to the increment of the 
ngle, except in the cases above mentioned. 

^ sin {A + h) sin A cos h + cos A sin h 

r or, ; — 2 — = z — J 

sm A sm A 

= cos h + cot ^ sin A = 1 + cot A sin /i, nearly : 

.*. log sin (A+h) — log sin A = log (1 + cot -4 sin h) 

^ Moot A sin A, nearly, by Article (171)'. 

- loff sin (A-hh) — loff sin A sinh h , 

whence, . ^ . ; . — ji — v-^—, — j = -r— r = y , nearly, 
log sm {A + K) — log sm A sink k ^ 

If >5: = 1' = 60", as before, and h be less than 60", 

X sm (^ + A) - L sin A h 
L sin (A + 1') - L sin A" 60"^ 
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from which, inferences similar to those of Article (194), 
may be drawn. 

A similar proof may be adopted for each of the other 
logarithmic functions, and the observations of Ardda 
(195) and (196) may be repeated here. 

198. In consequence of the tables containing only 
approximate values of the Logarithmic Functions to sem 
places of decimals, it will sometimes happen that the same 
function may lead to several angles differing by 1^'; thns 
in the last formula, i£ A = 8ff^ ?'> we find 

L sin {A + 1') - L sin A = .OOOOOI9, 

so that the value of 

L sin ( J + A) = Zi sin ^ + g- (.000001 9), 

will not differ from that of L sin ^1, when the values of i 
are 1, 2, and 3 : and recourse must be had to expedienti 
to avoid this circumstance whenever great accuriu^ ii 
required. 

We can easily find the limits within which this maf 
be expected to t^e place : for since 

A LsinA^Lsin(A-\-h)- LsinA^ M cot A sinh; 

at the limit, when sinA=sinl", we have cot As= \, . , »» 

Msml 

which, by putting ilf= .43429 4?48 &c., and 

sin 1" = .00000484813 &c., 

gives an angle very nearly equal to 87** I9', beyond 
which it will not be safe to go without tables calculated 
to a greater extent of decimals. 

199. For certain practical purposes it is sometiines 
requisite to determine the numbers of seconds in verj 
small angles or arcs from the logarithms of their aines 
or tangents ; and here the logarithmic functions may be 
subject to the inconvenience just mentioned, but die 
numbers of seconds corresponding to them will be ob- 
tained to a great degree of nicety as follows. 

(1) Let the logaciXhrnVe sine oi^ \&i'& «ng;le or aic 
be given. 
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8 f 8 \ V 

Since^ sino«a-— ^— =a(l-— — ) =o(cosa)i, nearly, 

've have X sin a = 10 + log a - J (10 - L cos a), nearly : 
liiow^ if n be the number of seconds contained in a, 

an nir 

or a = 



TT ~ 1 80 X 60 X 60 ' ~ 1 80 X 60 X 60 * 

••. log o =log » + log 3.14159 &c.- log (180 x 60*) 
= log » - 5.3144251 &c. by the tables : 
inrhence, log n = log a + 5.3144251 &c. 
ss L sin a — 4.6855749 &C. + J ( Arith. Comp. of L cos a). 

Because n^^— — -7,, nearly, by Article (129), 

we have sin a = « sin 1'' (cos a)^, nearly, 
which gives log » = L sin a + J (10 — Z cos a) — L sin 1" : 

and thus it appears that L sin 1^=4.6855749 &c., as 
may easily be verified. 

(2)' Let the logarithmic tangent be given. 

Since, from (1), sin a = a (cos a)% we have tan a = ^ , 

(cos a)3 

whence, L tan a = 10 + log a + | (10 — L cos a) : 
.\ log w = L tan a - 4.6855749 &c. - 1 (10 - L cos a), 
by proceeding as before ; and we have likewise 
log w = Z tan a — I (10 — L cos a) — L sin 1". 

200. The former of these^ results was first given by 
Dr, Mashelyne, Astronomer Royal at Greenwich^ in his 
Introduction to Taylor's Logarithms : but M. Delambre 
constructed a table for every second up to a degree for 

log( J, which will answer the same purpose. 

_- . sina 1 - 1 . , 

Thus, smce ~ ^ "" fi ^ '*'TQn ' nearly, 

we shaU have from Article (171)^ very nearly. 



]62 



M ATHEMATIGAL TABLBBL 



from which, if a be the number correspcmding to the 
number n of seconds contained in a, we obtain 

log f — jf- ) = fl, and .•. log n = log sin »'' - a, 

or, log » = L sin fi'' - (a + 10). 

Because log ( j — log f — -, — -^ , nearly^ we have 

logii = Lsin«"— -(log + £r sin l">, 

which will afford extreme facility for computation, if the 
quantity between the brackets be tabulated for every 
second. 

See Collet's Logarithms before referred to : and n 
Dr. Hution's Mathematical Tables, the Student will fai 
what is called a table of Logistic Loganthms, where tb 
tabulated numbers are the differences between the oooh 
mon logarithm of SSOCf'^ V, and those of any number 
of seconds up to 80' or 4800^'; and this is applicable 
to the purpose contemplated in the present Article. 



SPHERICAL TRIGONOMETRY. 



CHAPTER I. 

DEFINITIONS AND PRELIMINARY PROPOSITIONS. 



ARTICLE I. DEFINITION. 

Spherical Trigonometry, in its strict meaning, is 
hat part of the Science which treats of the relations 
•etween the sides and angles of triangles, formed by the 
[itersections of three planes with the surface of a Globe 
r Sphere, in contradistinction to Plane Trigonometry^ 
irhicn was originally confined to plane triangles. 

In reality, however, the object of Spherical Trigo- 
lometry is to determine the relations between three 
ectilineal Angles, forming what is called a Solid Angle, 
nd the Inclinations of their Planes to each other; the 
atter being termed Dihedral Angles^ to distinguish them 
rom those contained by the Edges of the plane Faces, 
¥hich constitute the solid angle. 

The Student will acquire a correct idea of what is 
mplied in this definition, by dividing a circular sector, 
Irawn on pasteboard, into three sectors such that the 
ingles of any two of them may together be greater than 
:hat of the third, cutting the pasteboard half through, 
ind turning up the extreme sectors so as to form a space, 
>r cavity, analogous to the sector of a sphere, 

2. Def. If with the angular point as a centre, the 
surface of a sphere be described cutting the three planes 
by which the solid angle is formed; it is evident that the 
portion of the surface of the sphere, included between 
their intersections, will have the same relation to the 
ingular space which they contain, as the arc of a circle 
das to the angle which it subtends at the centre. 

The Lines, which enclose this portioti oi \)[ve ^xn^^^^^ 
ve called the Sufes o£ the Spherical TriongU NAxi^^ei 
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form, and the Inclinations of their planes to each other, 
are termed its Angles. 

3. Every Section of the Surface of a Sphere^ made hj 
a plane cutting it, is the circumference of a Circle, 




r 



Let O be the centre of the sphere, ABGC the sectkn 
made by a plane passing through it: draw OD perpenfi* 
cular to this plane, and produce it both ways to meet 
the surface in E and JP: join AB^ BD, CD, and dm 
the radii of the sphere OA^ OB, OC; then by EuMju 
Def. 3. the angles ODA, ODB, ODC are right angles: 

••. DA"" ^ OA' - oiy 

^ OB* -- OJy ^ BB* 

^ OC -- OB' = BC^, &C.Z 

whence BA = BB = DC=Scc.y and therefore the sec 
tion ABGC is a circle whose centre is D, and whose 

radius 

= D^ = D5 = DC = &c. 

Also, if E be joined with B, C, &o, we shall have 

EB" = EB' + BB* = EB' + BC'^ jBC* - &c: 

and therefore the distances of E from every point in the 
circumference of the section are equal. 

4. Cor. If the distance of the cutting plane from 
the centre of the sphere be ^, and the ramus of ^ 

sphere be r, then the radius of the section = tjr^ -*?? 
and thus, the magnitude of the circle is founds if iti 
position be given : and vice versa. 

5s Def. "When t\ie cwV^n^ ^\axvfc ^ft&ses througb 
the centre of the sphere, ^e \iaNe k - li\ «t ^^ ^^issai 
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Ue section is equal to the radius of the sphere, and the 
iTde is called a Great Circle of the sphere : in all other 
cises, it is termed a Small Circle. 

6. Dbf. The points -B, F^ in which the line OD^ 
^^rpendicular to the plane of the section, meets the 
tirface of the sphere, are called the Poles of the circle 
IBGC. 

In the diagram^ E is termed the near, and F the 
emote pole of the small circle ABGC: and for a. great 
rircle, whose plane passes through O, at right angles 
o ^F, the two poles are equally distant from it. 

7* CoR. Hence^ the poles of a circle are those points 
m the surface of the sphere^ from which all chords and 
res, to its circumference, are respectively equal. 

Also, since EF is perpendicular to the plane ABGC, 
very plane passing through EF cuts the plane ABGC at 
ight angles : that is, any circle of the sphere is at right 
n^les to every great circle passing through its poles. 

8. The arc of a great circle of the sphere, intercepted 
eifveen the circumference of a great circle and either of 
Is poles, is a quadrant. 

Let AMBN be a great circle, its centre, P its pole: 




PMQN a great circle passing through P : draw the dia- 
neters POQ, MON: then, since PC is at right angles 
» the plane AMBN, tlie angles PGA, POM, PON, are 
ight angles : whence it follows that 

PM = PN= PA^^SL quadrant, 

Similarly, QM^ QN^ QA =^ a, quadrant. 
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9. Cor. 1. Hence, if from any point P, two fi^ 
circles be drawn to meet another great circle AMBIf, k 
A and N, such that PA = PN= a quadrant : then wiEP 
be the pole of the circle AMBN^ 

Tor, if any point R he taken in AN, and OB be 
drawn : then z POR= z POA » a right angle> 

and PR = PA = a quadrant : 

/. by Article (7), P is the pole of the circle AMBN, 

The circles A MEN and PMQN are termed secod' 
aries to each other. 

10. Coil 2. Conversely, if two great circles PAd^ 
PyQ, be drawn at right angles to the circle AMBJl^ 
they will intersect each other in its poles. 

For, since the planes PAQB^ PNQM, are at rigiit 
angles to the plane AMBN, their common section t(XL 
is at right angles to the same plane : that is, 

z PON^ z POA = a right angle, 

and therefore PN= PA = a quadrant; or P is the pole of 
the circle AMBN. 

11. CoR. 3. From what has been said, it is evident 
that the arc of a great circle, intercepted between the 
poles of any two circles, measures tneir inclination to 
each other: and also that two great circles bisect eadi 
other, their common section being a diameter of each. 

12. Def. The arcs on the surface of a sphere which 
form the Sides of a spherical triangle, are always unde^ 
stood to be portions of great circles, unless the contnij 
be expressed, and they are the measures of the plane 
angles which they subtend at its centre. 

The sides are usually denoted by the letters a, 6, e, 

13. Def. The Angles of a spherical triangle are 
the inclinations of their planes to each other, and wiU 
therefore be equal to the rectilineal angles determioei 
by drawing from any point in the common sections of 
the planes, a straight line in each plane at right angles to 
these sections : or to those £oTTiied.\>^ \!ki<& X»xk.<^gexits of Ae 

arcs by which they are contaVcied, 
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The letters A^ B, C express the angles opposite to 
sides a, b, c respectively. 

14. Since the arc AN measures the plane angle 
^ON^ which is equal to the spherical angle APN, it 
Allows that any angle of a spherical triangle may be 
measured by the corresponding arc of the great circle 
^f which the angular point is the pole: also^ the same 
angle may be measured by means of the arc of a small 
€ircle haying the same pole: for, in the circular measure, 

JL AON= A aon — — = 



ojo sin Fa * 

The sides and angles of spherical quadrilaterals and 
polygons are understood in the same sense. If the radius 
cf the sphere be unity^ the functions of angles and arcs 
coincide, as appears from Article {p^y PL Tr. 

15, Any two sides of a spherical triangle are together 
greater than the third: and the three sides are together 
Jess than the circumference of a great circle. 




Let ABC be a spherical triangle on the surface of 
a sphere^ whose centre is O: draw the radii of the sphere 
OA, OB, OC to the angular points: then, since the solid 
angle at is contained by the three plane angles A OB^ 
AOC, BOC, any two of which are together greater than 
the third, by Euclid xi. ^0, it follows that any two of the 
arcs, which measure these angles, are together greater 
than the third: that is, AB + AC is greater than BG, 
AB-i-BC greater than AC, and AC+BC greater than AB. 

AI90, since the solid ang>e at is contained b^ t.lv« 
three plane angles A OB, AOC, BOGy -wlaida. axe \jo^e\XveJt 
less than Jour right angles by Eticlid xi . ^1 , it"^^ xftssw&s^ 
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that the three arcsAB, AC and BC are together Uu dun 
the circumference of a great circle. - 

That isy a + 6 > c, a-^ob, b-hoa, and a + 6+c<2r) 
if the radius of the sphere be 1: also, because a+h>Cf 
we have a + 6 + c>2c, or c<^(a + 6 +c) <:ir: that i^ 
any side is less than a semicircle: and since a>e~ht 
b-> a^c and oa — b, we learn that any one ade ii 
greater than the difference of the two others. 

16. Since, by Euclid xi. 21, every solid an^v 
contained by plane angles which are together less tfatt 
four right angles, it follows that the sum of all the sides 
of a Spherical Polygon^ must be less than 2ir. 

In the preceding articles it is always implied tint 
EucluTs definition of a solid angle is attended to, ib 
limit being measured by a hemisphere, in the same ivty 
as his limit of a plane angle is measured by a semidrdei 

THE POLAB TRIANGLE, 

17* Def. If with the angular points of a spheriol 
triangle as poles, great circles of the sphere be desciiftd, 
the figure formed by the intersection of these circles ii 
called the Polar Triangle^ in contradistinction to whid 
the original one is termed the Primitive Triangle. 

18. The angular points of the polar triangle, are tk 
poles of the sides of the primitive triangle. 




Let ABC be the primitive triangle, DJSF the pofar 
triangle constructed accoxdrng \a \)[v^ ^^^ik^&3«ni^ and kt 
the great circles be produce(Va&\xiXSc^fc\yY8kjgc«BDL\ 
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then^ since A is the pole of DE^ AD is a quadrant : 

and since B is the pole of DF, BD is a quadrant: 

therefore DA and DB being quadrants, the point D is 
the pole of AB by Article (9) : for the same reason^ 
the angular points E, F, of the polar triangle are the 
poles of the sides AC, BC of the primitive triangle. 

19. The sides and angles of ike polar triangle, are 
*he supplements of the angles and sides respectively , of the 
primitive triangle* 

The same construction remaining, we have, 

zJ = HM = DH--DM=DH + ME-DJt:=ir^DEy 

since DH and ME are quadrants : 

similarly, z ^ = tt - DF, and z C - w - EF. 

Again, jlD^GH^GB + BH^OB^AH-AB 
^nr — ABy since GB and AH axe quadrants: 
similarly, /: E =ir — AC, and lF-i^ — BC. 

. Hence, if «, A, c. A, B, C, be the sides and angles 
espectively of the primitive triangle, and a', b\ c', A\ 
3\ C those of the polar triangle, we shall have 

o' = '7r-ui, W^nr-'B, c' = ir - C I 

^'=7r-a, jB'«7r-i, C^'TT-c: 

ind from these properties, the polar triangle is frequently 
»lled the supplemental triangle; but this name will be 
)roperly explained in Appendix II. 

20. Cor. If one or more of the sides or angles of 
he primitive triangle, be quadrants or right angles, the 
rorresponding angles or sides of the polar triangle, will 
>e right angles or quadrants. 

21. The sum of the angles of a spherical triangle, 
\es between two and six right angles. 

For, since a'+ 6' + c' is less than Stt, by Article (15); 
ire shall have -4 + J5 + C = Stt - (a' + 6' + c'), which is 
reater than w or two right angles: arid\e%% \);\;jltv. ^tc 
r sue right angles* 
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A spherical triangle may therefore have tnfo or (km 
right angles: or, two or three obtuse angles: hut ewnj 
angle must be less than two right angles. 

22. CoR. 1. Hence also, the sum of any two angki 
of a spherical triangle exceeds the thirds by lets than two 
right angles. 

For, by Article (15), a'+ 6' is greater than <f; 

••. TT — ^ + w — 5 is greater than 'tr — C; 

whence, w is greater than A+B-C^ or A -h B-C li 
less than w : and similarly of the rest. 

23. CoR. 2. We have, therefore, in every triangle, 
a — b <c d fortiori < w, by Article (15) : 

also, -4 + 5 — 67 < AT, .•- ^ +B<:w + C<2w: 

and ^ --B+C<w, .*. -4-jff<7r- C<ir: 

whence, i (« - 6) < « ? ®^^ iC-^ "" -^) < o • 

also, 4(^-6) and ^(Jl*- ■&) being both less thanarigiit 
angle, are said to be of the same Affection, 

If two angular magnitudes be both greater or hA 
less than a right angle, they are of the same affectifla; 
but when one of them is greater, and the other less dui 
a right angle, they are of different affections. . 

24. If the sides of a spherical polygon be eadi kt 
than a semicircle, and with its angular points as pofo 
great circles be described, another spherical polygon wl 
be formed, which is supplemental to the former, in it 
sense of Article (19). 



CHAPTER 11. 

THE INVESTIGATION OF FORMULA EXPRESSING THE RELATIONS 
BETWEEN THE SIDES AND ANGLES OF SPHERICAL TRIANGLES. 



25. To express the cosine of an angle of a spherical 
triangle, in terms of the sides. 




Let ABO be a triangle on the surface of a sphere 
whose centre is and radius OA, the angles being A^ 
By Cy and the corresponding opposite sides^ a^ b, c: draw 
AD, AE at right angles to OA in the planes OAB, OAO 
respectively^ meeting OjB, OC produced in D, E\ join 
Z)£: then the plane angle DAE = A, by Article (13) : 
now in the plane triangle DAE, we have 

DE" ^ AE" -^ AD' ^QAE.AJD cos A: 
and in the plane triangle DOE, we have 

DE' =0E'-^ 0D'-20E . OD cos a, 
since BC measures the plane angle DOE : 
.-. AE' + AD' '2AE. AD cos A 
= 0£*+ 0D'-20E. OD cos a : 
.-. 20E.ODcosa 
= OE''^AE'+ 0D'-AD' + 2AE. AB cos A •, 
=20A'+ 2AE.AD COS A : 
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OA OA AE AD . 
whence, cosa^^^.^ + QEOD ''^^^ 

= cos h cos c + sin 6 sin c Cos A : 

, . cos a — cos h cos c 

and ••. cos^s — . , -; . 

sni o sm c 

^ ^ cos ft — cos a cos c ^ cos c — cos a cos 6 

bo, cos B^- - . - . — - : cos (7= ; ; — r — . 

sm a sin c sin a sm 6 

Here a side of a trianp^le is expressed in terms of 
its opposite angle and the sides which contain it: thos, 
cos a = cos b cos c + sin 6 sin c cos A, which corresponds 
to Article (71) of the Plane Trigonometry: and these 
Jundatnental formulae should be committed to memory. 

2f). Cor. 1. If a = 6, the expressions for cos A and 
cos B, become identical, and therefore the angles at the 
base of an isosceles spherical triangle are equal. 

If a = ^ = c, we have cos A = cos B = cos C, and there- 
fore every equilateral spherical triangle is also etpf 
angular^ 

27. Cor. 2. If the angle at 67 be a right angles 
we have = cos c — cos a cos h, or cos c = cos a cos h : and 
therefore, as cos a and cos b have the same or differed 
signs, cos c will be positive or negative : that is, acooid* 
ing as the sides are of the same or different affections, dw 
hifpothenusey or side opposite the right angle^ is kss at 
greater than a quadrant. 

28. To express ike sine of an angle of a tphericd 
triangle, in terms of the sides* 

Since, sin* -4 = 1- cos- ^ = (1 — cos A) (1 + cos A) ; 

, , cos a — cos b cos c . 

and cos A— . , . : we have 

sm b sm c 

. ^ cos a — cos b cos c 

l-cos^ = l- . , . 

sm 6 sm c 

__ (cos 6 cos c + sin 6 sin c) — cos a 
sin 6 sin c 

_ cos (b-c)- cos a _ ^ SAW \(,a A-h — c^ «vw\(a + c-i). 
sin 6 sin c ^vcv b %\si c 
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COS a — COS h COS c 



1 +COSil = 1+ ... 

Sin sm c 

cos a —(cos h cos c — sin 6 sin c) 
sin h sin c 

cos a — cos (6 + c) __ 2 sin ^ (a + 6 + c) sin ^ (6 + c — a) , 
" sin 6 sin c "" sin h sin c 

now, if a + 6 + c = 2*, as in Article (73), PL Tr. 

then, 6 + c — a = 2 (* — a), a + c - 6 = 2 (j - ft), 

and a + 6 — c=2(j — c) : whence we get 

. 2 sin (j — 6) sin ( j - c) 

1 - cos -4 = ^-: — r—, — ^= ' : 

sin 6 sm c 

- 2 sin * sin (s — a) 

1 + cos A = ; — r—^ i 

sin 6 sm c 

. sin A = -; — f—, — ^sin s sin (s — a) sin (j - b) sin (j - c) . 
sin 6 sin c ^ "^ ^ ^ ^ ' 

The values of sin B, sin C are immediately obtained 
»y the proper changes of symbols. 

29 Cdr. Since the quantity under the radical sign 
B symmetrical with respect to all the sides, it must be 
»mmon to* the sines of all the angles : whence, rejecting 
he common factors, we have 

sin A : sin .& : sin C « sin a : sin 6 : sin c; 

>r, the sines of the sides of a spherical triangle are to 
me another, as the sines of the opposite angles. 

30. To express the sine, cosine and tangent of half 
in angle of a spherical triangle, in terms of the sides. 

From the investigation of Article (28 ;, we find 

^ sm 6 sin c 
cos -^ ^ — ' ' 5^ ^ • 



, . _ /sin s sin (.? - a] 
~\f sin b sin c 



J ^ 1 J /sin (s - 6) sin (s - c) 

and .-. tanj^- / — > .' ^ . ^ . 

V 8in s sm (« — a) 
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oi i- o. BmiA /sin a sin {s-b) 

31. Cor. Since, -; — r-^ = a / -= — r-^ — ? ^• 

sin^B V sin o sin {s — a) 

it follows that sin iA is greater or less than sin i B^ a& 
cording as a is greater or less than h : that is, i^ — £ and 
a — h have the same algebraical sign: or, the greater side 
of every triangle is opposite to the greater angle : and 
vice versa, 

32. To express the cosine of a side of a spkerictl 
triangle, ifi terms of the angles. 

Let a, b, c, A, B^ C be the sides and angles of the 
proposed triangle ; a', b\ c\ A\ B\ C\ those of the pokr 
triangle: then, by Article (25), we have 

. , cos a! - cos h' cos c' 

cos A ^ ; 77 — -. i • 

sm b sin c 
but, cos A' — cos (w — a) «= — cos a : 

cos a'= cos (it — ^) = — cos A : 

cos 6' = — cos B, cos c =a — cos C : 

sin b^ = sin (tt — ^) = sin 5, and sin c' = sin C: 

cos y4 + cos B cos C 



whence, cosa = 



sin B sin C 



c^ y cos B + COS A cos C cos C+ cos ii cosB 

bo, cos 6 = .- — J—. — 7^ : cosc= -. — j—, — = — 

sin A sm C sm A sin B 

It may be proper to observe here, that the intro- 
duction of the polar triangle is necessary merely to proTC 
that the supplements of the sides and angles will form 
a triangle; as Article (25) is true for every triangle. 

Hence, cos A = sin B sin C cos a — cos JB cos C, which 
expresses an angle in terms of the opposite side, and the 
angles adjacent to it. 

33. Cor. 1. If ^ = 5, we have cos a = cos 6; that 
is, when two angles of a spherical triangle are equal, the 
sides opposite to them are also equal. 

If A='B^Cy we find cos a— cos h = cos c: or every 
equiangular spherical tY\ai\^e^\^ aX^o ^o^v^^Xjet^, 
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34. Cor. 2. If C be a right angle, we have 

cos^ 



cosa = 



fflSTB 



irhich is positive or negative, according as ^ is less or 
vreater than a right angle : whence it follows that a will 
tie less or, greater than a quadrant, according as ui is less 
3r greater than a right angle; and vice versd: that is, 
the sides of right-angled triangles are of the same afiec- 
tions as their opposite angles. 

35. To express the sine of a side of a spherical tri- 
mgle, in terms of the angles, 

_, , , cos A + cos B cos C 

Here, 1 - cos a = 1 — jz—,—^ 

' sm B sm C 

cos A ■¥ (cos B cos C — sin B sin C) 

sin 5 sin (7 

cos A + cos (j B -f- C) 

"~ sin B sin C 

2 cosK^ + J5 + C) cos \{B -f C- ^) 



1 + cos a = 1 + 



sin J? sin C 
cos ^ + cos B cos C 



■ sin B sin C 

_ cos A + (cos J5 cos C + sin 5 sin C) 

sin ^ sin C 

__ cos ui + cos (B — Cf) 
sin £ sin C7 
^cosi(A+B-C)cos}(A+C-B )^ 
"" sin ^ sin C 

whence, if we assume A-hB+C = 28^ and 

.'. B+C-A = 2iS--A), A^C-B^2{S-B), 
and i4 + 5 - C = 2 (^y - C), we shall have 

2 cos Sqos{S- A) 

1 — cos a = — --ry-' Ti • 

sm B sm C 
2 cos (iS - jB) CO* (S - C\ 

1 + cos tf = ^— ; S^-; ^ ' \ 
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.*. 8in a 

The sines of h and c will be expressed in similar 
forms, the quantity affected with the radical sign being 
symmetrical with respect to all the angles, and therefore 
tne same for all the sides. 

36. The expression for Sin a appears in an mk* 
ginaryform, but it gives a real magnitude. 

For, by Article (21), 25 lies between w and Sir, and 
therefore S is intermediate in magnitude to ^nr and fv; 
whence cos S is essentially negative ; also, by Article (22^ 

is less than ^ir, and therefore cos {S — A^ is positive: and 
the same may be said of cos {S — B) and cos {S — C)\ 
and thus the value of sin a is real, though it appears in 
an imaginary form. 

37. To express the sine, cosine, and tangent qfha^a 
side of' a spherical triangle, in terms of the angles. 

These are indeed included in Article (35) : thus, 



. , / — cos S cos (S — A) 

* V %mB sm C 



cosia^^ 



co8{S-B)cos(S-C) ^ 
sin 5 sin C 



J ^ I / — cos S cos (S - A) 

and .-. tan ^a = . / ^ — px / o V^v • 

* V cos (4S - jB) cos (iS - C) 

to the first and last of which, the remark and explanation 
of the preceding article are to be applied. 

38. To express an angle of a spherical triangle^' w 
terms of another angle, and the sides which include it 

o.. jt cos a — cos b cos c 

Smce, cos A = ; — j—, . 

smDsmc ' 

, . - sin a . ^ 
and sin A c= -^ — sva. C, 
smc 



Vfe have cot A 
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COS a — COS h COS c sin c 



.*. sin C cot A = 



sin 6 sin c sin a sin C * 

cos a — cos h cos c 



sin a sin 6 



_ cos a — cos 6 (cos a cos5 + sin a sin ft cos C) 
~~ sin a sin 6 

cos a sin'ft — sin a sin 6 cos 6 cos C 
sin a sin h 

ss cot a sin 6 — cos h cos C ; 

nd the angle A is therefore expressed in terms of the 
ngle C, and the sides a^ h which include it. 

39. To express a side of a spherical triangle, in 
erms of another side, and the angles which are aajacent 
it. 

^. cos A + cos B cos C 

Since, cosa= . j^ . ^ , 

sm i> sin C 

. . sin A , 

and sin a = —. — 7^ sm c, 
sm C 

, ^ cos A 4- cos J5 cos C sin C 

we have cot a = — 



.•. sm c cot a = 



sin B sin C sin ^ sin c' 

cos A + cos B cos (7 



sin ^ sin B 

_ cos ul + cos B (sin ul sin B cos c — cos A cos jff) 
"" sin A sin ^ 

cos A sin' ^ + sin A sin ^ cos B cos c 
"" sin A sin jB 

= cot A sinB + cos jB cos c : 

whence the side a is expressed in terms of the side c, 
ind the angles A, Bj which are adjacent to it 

This result might have been derived from the last, 
}j means of the Polar Triangle : and, as well as the pre- 
teding one, ought to be carefully remembered. 

40. To express two angles of a spherical irtati^>xn. 
firms ofiAeir opposite sides and the rcmatmng angle* 



178 SPHERICAL TRIANGLES. 

r^ II 4. \t A ^ Tf\ sin ul ± sin jff 
GeneraUy, tan K^ * 5) = ^^^^:;:^^^ : 

sin A sin 5 sin C , 

but, since — ^—. — r " — * we have 

sin a sin 6 sm c 

(sin A ^ sin B) sin c = (sin a ± sin 6) sin Ci 

also, (cos A + cos B) sin c 

cos a ~ cos h cos c cos 6 — cos a cos c 

g- J. 

sin 6 sin <! 

sin a cos a — sin a cos h cos c + sin 6 cos h — sin b cos a cose 

sin a sin b 

_ ^(sin 2a + sin 26) — cos c sin (o + 6) 
*" sin a sin 6 

_ sin (a + h) cos (o — 6) — cos c sin (o + b) 

" sin a sin h 

= sm (a^b)\ ; — ^ ^-T—T \ 

. r ,. fcosa cos6 + sina sin 6 — cosci 

= sm (a + 6) < i ; — 7 > 

^ 'I sin a sin 6 J 

. / f \ f , cos c — cos a cos i1 

= sm (a + 6) ■( 1 : ; 7 > 

^ 'I sm a sm 6 j 

= sin (a + 6) {1 - cos (7} : 

, , ^ . , ^ , _,. sin a =k sin 6 sin (7 

whence, we have tan ^(A^B)= —, — 7 rr- z t;' 

' * ^ ^ sm (a + 6) 1 — cos C 

and the simplest reductions now give 

t^nXfA I /?^ - ^ ^^" ^^^ "^ ^) cos ^(fl - b) 2sin^Cco8iC 
'^ '^ 28ini(a + 6)cosi(a+6) Ssin'^C? 

= ^?ifc^eoti(7: 
. cos i\a + b) -* 

tanKA o\_ ^<^o^iio + b) sin^ja-b) Zsin^CcogjC 
*^ -o; - 2 cos i (a + 6) sin ^(a + b) S sin' ^0 

sin i (« + o) 

TAese simple and eVegaivX. iotxaxiXsft, fet ^udin^ the 
sum and difference of A aiv^ B» ^et^ ^v&^^^^x«^.>s\ 
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Lord Napier^ and are termed Napier's first and second 
Analogies, 

41." To express two sides of a spherical triangle, in 
ternis of their opposite angles, and the remaining side. 

Retaining the notation hitherto used^ we have, in 
the polar triangle, by the last Article, 

1 r w r*,v cosi(o'— 60 1 ^/ 

tani(^'+jBO= rV-TTTT^cot^C; 

*^ ' cos ^ (a +6) * 

tan i(^' - ^0 = ^'^WrV^ ^ot^C^ I 
^^ ' sin^(a'+6') * 

and by making the proper substitutions, as in Article (32), 
we shall find 

, , , . cos h(A- B) , 
tan|(« + 6)=-^-«i^tanic: 

w IN sivk^CA — B) , 
tan^(fl-6)= . ;; . — sC^tan ic: 
*^ '^ sm^(J + fi) * 

which are termed Napier's third and fourth Analogies, 

These results might have been established in a 
manner precisely similar to the preceding. 

42. Cor. From the first of these Analogies, 

tan^(^ + ^ = ^^'tS^-^i cot^C, 

it appears that tan ^(^A + B) has the same algebraical 
sign as cos ^ (a + 6), because ^(a — h) and ^ C are both 
less than ^^r, by Articles (23) and (21), and therefore both 
cos Hfl — h) and cot ^C are positive: whence it follows that 

\{A-\-B) and ^{a + h) 

are always of the same affection. 

The preceding articles comprise all the formulae 
necessary for the solution of spherical triangles^ whichi 
will be treated of in the next chapter : and theVt ada^^XAi* 
tioD to logarithmic computation will be tiiete ex^vove^ 
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43. Since 
sin i {A ■{- B) = sinl A cos ^ B + cosi A ml B 

/sin (s —A) sin {s — c) /sin s sin (* - 6) 

V sin 6 sin c V sin a sine 

/sin J sin (s - fl) /sin (* - a) sin (* — c) 

V sin 6 sin c v sin a sin c 

_ sin (s — h)4' sin (j — o) /sin * sin (* — c) 
" sine V sin a sin 6 
_ s!n^(2j-g~6)co8^(g-ft) ,^ 

~~ • 1 m COS V>' W 

Sin ^ c cos J c 

= =^ cos iC: we shall have 

cosf c 

sin J (^ + J5) cos ic = cos J (a - b) cos J (7: 
similarly^ cos i{A+B) cos 4^ c = cos J (a + 6) sin ^ C: 

whence, tan J (^ + 5) = ^^^i^^^:::^ cot J C. 

^ ^ cosl{a + b) ^ 

In the same way it may be proved that 

sin l^A" B) sin J c = sin J (a - 6) cos } C, 

cos J {A — 5) sin J c = sin J (a + 6) sin J C7: 

whence, tan i (.4 - j5) = ^!" ; , " , ^ cot J C : 

* ^ ' sm f (tf + 6) '^ 

and thus the first and second Analogies are derived from 
Article (30). 



CHAPTER III. 

THE SOLUTION OF SPHEBICAL TBIANOLES. 



44. In every spherical triangle, the three sides and 
le three angles are connected by six equations of the 
>nns : 

. cos a ~ COS ft cos c . cos -4 + cos ^ cos C 

ys A = : — T—, , and cos a = ; — =— ; — 7= : 

sm 6 sin c sm B sin C 

id since, by the proper substitutions, they would give 
tree independent equations involving six different quan- 
ties, it follows that if three of these quantities be given, 
le remaining three may generally be found. 

If one of the parts of the triangle be a right angle, 
r a quadrant, it is manifest that only two additional 
arts will be required to determine the rest : and on this 
ccount, the solutions of spherical triangles are distri- 
uted under the three following heads : 

(1) Right-angled Triangles : 

(2) Quadrantal Triangles : ^ 

(3) Oblique-angled Triangles : 

ind proper applications of the preceding theorems will 
iffect the solutions of all their cases. 

I. Right-angled Triangles, 

45. Let ABC be a spherical triangle, right-angled at 
C: then, by means of the fundamental formulae above 
noticed, if any two of its parts be given, the rest may be 
found (as will be shewn in the next article but one) : but 
the substitutions and eliminations necessary to effect this, 
would in many cases be too tedious for practice, espe- 
cially to those who are not familiar with the management 
of algebraical formulae, and their results would be bur- 
densome to the memory. 

These circumstances suggested to Lord Napier ^^ck& 
inrentioih of bis celebrated System of Circular Parts, >scA 
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the two easily remembered General Rules immediately 
connected with it, which we will now endeavour to 
explain and prove. 

Statement of Napier's Rules. 

46. If C be supposed to be the right angle, there 
remain Jive other parts belonging to every triangle ; the 
two sides or legs a, h : the hypathenuse c, and the two 
angles^ A, B. 

Now the two sides a, b, the complement of the hy- 
pothenuse ^tr" c, and the complements of the two angles 
iir — J and J w — 5, are by Napier termed Circular Parig, 
the right angle being left entirely out of the considera- 
tion. 

Then^ if any one of these be assumed to be what 
he calls a Middle Part, the two parts adjoining it close 
on each side, are called the Adjacent Extremes, and the 
two remaining parts which are separated from it by an 
adjacent part, are termed the Opposite Extremes, 

This being premised, the two following equalities 
are found universally to obtain, and are known by the 
name of Napier's Rules for the Solution of right-angled 
Spherical Triangles : 

(1 ) The Sine of the Middle Part 

= the Product of the Tangents of the adjacent extremes. 

(2) The Sine of the Middle Part 

as the Product of the Cosines of the opposite extremes: 

from which, if any two of the parts employed be giveOt 
the remaining part may be found. 



47. Demonstrations of Napier's Rules, 

I. Let a be the middle part : then ^fr^B and t 
are the adjacent extremes: and iir-A andj^ir-cthe 
opposite extremes : and it is required to prove that 

sin a = tan ( J w - ^) tan b 

' = cos (Jtt -^) cos(Jir - c). 

^, , cos B + cos A eosC coa B 
omce, cos = ? — j — * — j^ — = -s — r-^ 
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. cosB , , , J sin a . ^ 

or, sm A = r 5 and also sm A = -; — j- sm B : 

cos 6 sin 6 

- sina . „ cos^ , . , . 
we have — — , wn B = — r-j- , which irives 
sin cos 6 ° 

. w cos ^ sin 6 , „ - 

sm a = -; — =5 T = cot i> tan 6 

sm B cos 6 

= tan (J w- 5) tan 6 (1). 

sina sini^ . . . ... 

Lffam, since-; — = -; — 7^= sm A : or, sm a = sm ^ sm c : 
° ' sm c sm C/ 

78 have sin a = cos (J w — ^) cos (y w- — c) (2). 

Exactly in the same way, it may be shewn that 

sin 6 = tan (J w — ^) tana (3). 

= cos ( J w - 5) cos (itr-c) (4). 

II. Let 1 9r — c be the middle part : then iTr — A and 
rir - B are the adjacent extremes : and a and b the oppo-^ 
ite extremes : and the equalities to be proved are 

sin (J w - c) =: tan (J w - ^) tan (J w - B) 
s cos a cos b. 

-- cos 6^+ cos -4 cos J? ^ . ^ -, 

Here, cos c = : — 3—^ — 75 = cot A cot B : 

' sm ^ sm B 

or, sin (J w - c) = tan (J tt - ^) tan (J w - B) (5). 

^- ^ cosc-cosfl cos6 ^ J _ 

Vise, cos C/ = : ; — 7 — = 0, and .*, cos c= cos a cos 6: 

sm a sm o 

or, sin(Jir-c)=scosa cos 6 (6), 

III. Let in -A be the middle part: then 6 and 
^ IT — c are the adjacent extremes : ana a and ^ tt - J? the 
opposite extremes : and we have to shew that 

sin (^ w - i^) = tan b tan (i "" — c) 

= cos a cos (i IT — J?). 

Since, cos a cos 6 = cos c, from (6), we have 

cos a — cos b cos c _ cos a co&b — eo^b ^»& ^ 
"" sin b sin c "" sin b co% b «ai c 
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cos c — cos'& co« c (1 — cos* 6) cos c sin'b cos c 
sin b cos b sin c sin 6 cos b sin c sin b cos 6 sine 

sin b cos c , 

= r -: — = tan 6 cote: 

cos 6 sine 

or, sin (| tt — ^) = tan b tan (J ^ — c) (7). 

. , . cos A + cos B cos C cos i< 

Also, since cosa« ; — =r—, — 7= = -; — —, 

sm B svaC saiB 

we have cos^ = cos a smBi 

or, sin (J tt — ^) = cos a cos (J- tt — <B) (8). 

Precisely in the same manner, it may be proved thift 

sin (J w - J?) = tan a tan (J ^ — c) (9). 

= cos 6 cos (J ^r — ^) (10). 

The ten formulae here investigated comprise all the 
cases that can possibly occur, since out of Jive things 
taken two together, there can be formed 

^=10 

1 .2 

different combinations ; and they are all adapted to loga- 
rithmic computation. 

48. Some writers consider the employment of these 
Rules as unscientific , and as having a tendency to render 
the knowledge of the subject both eonfined and tech' 
nical, and suggest that every instance should be worked 
out when it occurs, as has been done above. This may 
be the case, when they are viewed only in a theoretical 
light: but their practical importance in the h^nds of 
persons, who cannot be expected to be very familiar with 
the transformation of Trigonometrical formulae, seems 
to shew that an Eleinentary Treatise upon the Subject, 
would be imperfect without them. 

Examples, 
(1) Given a and b, to find the rest. 

From (1), sin a = cot 5 tan b, .'. cot B = sin a cot 5 : 
(3), sin h = cot A taiv a, .'. cot A = sin b cota: 
(6), cos c = cos a cosh *. 
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whence B^ A, c may be found : and it is manifest that 
there is no ambi^ity in the solutions, because none of 
the quantities required are to be found from their sines. 
See Article (32), PL Tr. 

(2) Given a and c, to find the rest. 

• 

From (2), sin a = sin ^ sin c, .•. sin ^ = —. — : 
\ ^ ^^ ' smc 

cose 



(6)^ cos c — cos a cos 6, .*. cos b 



cos a 
(9), cos 5= tan a cot c : 

and there can be no ambiguity except in the value of A : 
but this is removed by the consideration that A and a 
are always of the same affection. See Article (34). 

(3) Given A and By to find the rest 

■r. /ON A • r» cos^ 

From (8), cos A = cos a sin B, /. cos a — — — = : 

(10), cos B = cos h sin A^ .•. cos b = -; — j : 
^ ^ ' sm A 

(5), cos c = cot ^ cot -B : 
and they are all found without ambiguity. 

(4) Given a and J?, to find the rest. 

From (1), sin a = cot J? tan b, ,\ tan 6 = sin a tan B : 
(9)> cos B = tan a cot c, /, cot c = cot a cos B : 
(8), cos A = cos a sin 5 : 
and there is no ambiguity in the solution. 

(5) Given c and A, to find the rest. 

From (5), cos c = cot A cot J?, .'. cot B = tan A cos c : 

(7), cos A = tan 6 cot c, .•. tan 6 = cos A tan c : 

(2), sin a = sin i^ sin c : 

and the apparent ambiguity in the last, is removed by 
considering that a and A are always of the same affec- 
tion. 

(6) Given a and A, to find the rest. 

From (2), 8m a = sin c sin A. .•. sm c « -s — i\ 
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f 8), cos A = cos a sin J5, ,% sin B = : 

^ ^ ' cos a 

(3)^ sin b » tan/z cot il : 

"where there is nothing to decide whether c, B^ b should 
be greater or less than ^-v, and consequently the solu- 
tion remains ambiguous : also, it is the only one that 
occurs in right-angled spherical triangles. / 

The circumstances of this solution may be easily ex- 
plained ; for, if two great circles cut one another at A 
and Df it is evident that two equal arcs BC may be 
drawn from one of them at right angles to the other, 
equally distant from the points A and X) : and thus, both 
the triangles ABC will have the proposed data^ and the 
parts required will be supplemental to each other. 

49. Whenever the function by means of which any 
part of a triangle is to be determined, is nearly equal 
to its extreme values, recourse must be had to transform- 
ations of the formulae above given, in order to avoid 
it. 

Thus, if c be small, instead of the formula, 

cos c = cot A cot JB, 

we should use tan* J cr = t^s s^ * 

cos (LA — xj) 

which is derived from it by the following process : 

2 sin*J c = 1 - cos c = 1 - cot-4 cot B 

__ sin ^ sin 5 — cos A cos B _ cos {A + B) 
sin A sin B sin -4 sin -B ' 

2cos^|c = l + cosc = l + cot J. cot-B 

_ sin ^ sin J5 + cos A cos B __ cos(^— Jg) 
"~ sin-4sin^ ""sin-^sin^* 

,. cos (A + B) 

and .-. tan'l c = 7-^ — ^ : 

^ cos {A - B) 

wherein cos (A + B) is essentially negative by Article (21), 
since A +B is greater than w - C, or Jtt. 

Again, if a be nearly ec^xial to ^ir^ we should not 
employ the equation sma = sviv A €\tic^\» ^^\ftTCKi3i&^ 
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For, we have tan* (45 - J a) = ; 

1 — sin c sin ^ 1 - tan 

= ; ; 7= :; , SUppOSC : 

1 + sin c sm ^ 1 + tan d ' *^^ 

.-. tan*(45 - i a) = tan (45°- ^), 

rom which a may be conveniently obtained, as appears 
rom Article (192), PL Tr. 

Also, i£ B be small, from cos J? = tan a cote, we have 

,- ^ 1 — cos5 1 — tan a cote sin(c-a) 

tan' J B = =;c = = -: — 7 f • 

1 + cos B 1 + tan a cat c sm (c + a) 

^hich may be used for the same reasons. 

^ II. Quadrantal Triangles, 

50. Let ABC be a spherical triangle, whereof the 
>ide AB=:c is a quadrant: then, if the polar triangle 
ye constructed, we shall have a right-angled triangle 
ivhose sides are^r — ^, w— J5, tt— C, and angles tt— «, 
TT- b and J tt, the right angle being opposite to the side 
JT — C : whence, if to this triangle, Napier's Rules above 
Sfiven be applied, the circular parts must evidently be 
the two sides, 

or, IT- A and ir — B: 

the complement of the hypothenuse, 

or, Jw-(w- C) = C-Jw: 

md the complements of the two angles^ 
or, Jtt — (w — a)=fl — Jtt, and Jw — (w — &)=6— Jw : 

md consequently these Rules will be suflScient for deter- 
nining the relations between the different parts of the 
[uadrantal triangle, if the Circular Parts be the Supple- 
nents of the two Angles: and the Complements of the 
7/pothenusal angle and of the two sidesy taken negatively: 
he quadrantal side being left entirely out of the consi- 
leration in deciding whether the extremes are adjacent 
r opposite. 

51. If necessary, the demonstratioiv o^ ^^lOclVw^- 
idua] case may easily be derived from t\ie {xaA^xfiissoXaS. 
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formulae of the preceding chapter : and it will make no 
difference if the angles themselves^ the complements of 
the two sides, and that of the hypolkenusal angle taken 
negatively^ be considered the circular parts. 

III. Oblique-angled Triangles. 

52. In every oblique-angled spherical triangle^ there 
are six distinct parts^ of which three being given, the 
remaining three may generally be found; and a little 
consideration will make it appear that all the solutions, 
essentially differing from each other, are comprised in 
the following articles. 

53. Case 1. Given two sides a, b^ and the angle h, 
opposite one of them : tojind the rest. 

__ sin B sinb . . _ sin b . . 

Here, -: — ^ = , and .*. sm B =-; — sm A : 

sm A sm a sm a 

and from Napier's Analogies, we have 

- ^ cos h(a+b) ^ , , . „. 

cotJC = f) r(tainUA+B): 

^ cosJ(fl— 6) '^ ' 

_ cos\(A + B) ,, ,. 

which are all adapted to logarithmic computation. 

54. To Jind C and c, independently of B. 

We have from Article {S^, 

cot A%\xiG— cot a sin 6 ~ cos b cos C : 

.*. sin C +tan A cos b cos C = cot a sin b tan A : 

whence, agreeably to Ex. 9> page 84, assuming 

tan ^ = tan A cos 6, we shall have 

sin G + tan Q cos C = cot a sin b tan A : 

sin(a+a) ^ * u. A 

or, ^^ — Tf— ^ «= cot a sm h tan A : 

' cos Q 

or, sin (C + 0) = cot a sin 6 tan ^ cos 6 

cot a sin 6 tan ^ cos i . ^ 

= i = cot a tan 6 sm : 

cos 6 

from, which C -^-^^ and thereiore C Xi^twcL^^Vxtfsvou 
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Again^ from Article (25), we have 

sin h sin c cos A + cos h cos c = cos a : 

. ^ , . cos a 

or, cos A tan 6 sm c + cos c = 1 : 

cos 6 

whence, if tan 6 s cos J. tan 6, we obtain 

^ ^ cos a 

sm c tan d + cos c= -. : 

coso 

, ^ cos a ^ 

or, cos (c — 6) = i^ cos ^ : 

' ^ ^ coso 

hich, from the known value of 0^ determines the value 
r c in a logarithmic form. 

55. Case 2. Given two angles A, B, and the side a, 
oposite one of them : tojlnd the rest. 

-- sin ^ sin ^ , . , sin B . 

Here, -; = -: — 7, and .'. sm =—, — -. sm a : 

sin a sin A sm J. 

so, by means of Napier* s Analogies, we have 

^ - cos \(A + B) ^ , , .. 
tan Ic = ^7-; — =5^ tan l(a + hi) : 

^ - ^ cos \(a-^V) - , . „. 

p, instead of the formula for finding C, we have 

. ^ sine . . sine . „ 
sm C = — — sm A = -; — r sm xj. 
sm a sm 6 

5Q, Tojlnd C and c, without the previous determin- 
Hon of b. 

Since, cos a sin 5 sin C — cos J5 cos C = cos ^ : 

Tt ' n ^ cos A 

.'. cos a tan ^ sm C — cos C = =» : 

cos ^ 

id, assuming cot 6 = cos a tan ^, as before, we get 
sin (O- $) = =7 sin 0, from wTiidi C \a iovMaSi* 
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Again, from Article (39), we have 

cot a sin c— cos B cos c ^ cot AmB: 
or, sin c — tan a cos B cos c >» tan a cot A sin B\ 
whence, if tan = tan a cos 5, we obtain 

sin (c - d) = tan a cot A sin B cos ^ cot ^ tan B sin : ' 
from which c may be found. j 

57- Cabe 3. G^tven ^it^o Wefex a, b^ and the incUd \ 
angle C : tojind the rest, i 

' Here,tani(^+J5)=^^^i^5^cotiC: 

' cos i (fl + 6) 

^ '^ smJ(a + o) '^ 

^om which, J(^ + 5) and ^^A — B) are found : 

and thence, A = i(y4 + 5) + JM - J?)\ , ^ . , 

D Vf A DN 1 / J D\ f ^® determined: 
B=-^A-^B)-^{A--B)) 

, . sin C . sin C . - 

also, sin c «= -; — . sin a = -; — =i sm 6. 
sm A sm J3 

58. To find c, without involving the values of A 
ancf B. 

Since, cos c = cos a cos 6 + sin a sin b cos CV 

this might be adapted to logarithms at once : but it u 
for some purposes convenient to determine it in another 
form : thus, 

cos c = cos a cos 6 + sin a sin 6(1— vers C) 

= cos (a ~ 5) - sin a sin b vers C: 

whence, subtracting each member of the equality from 1, 
we have 

vers c = vers (« — ft) + sin a sin b vers O 



= vers 



/ » N f . sin « sin b vers C) 
^ -^ t vers (a — 6) j 



J •/• -. 9 A sm fl sin b vers C ^, . , 

and if tan' = -, — — ^r^ — , this becomes 

vers (a — ft ) 

vers c « vers (a — V) sec* 6, ftoxa -wVvv^ c v^ ^^^^xcA. 
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59. Case 4. Given two angles A, B, and the adja- 
^nt side c: iojlnd the rest. 

Here, tan J(a + A) = £2!H4^^^ tan }c : 
^ 'cos ^{A + B) " 

'sin \{A +B) ^ 

and thence, « = i(« + 6) + K« " 6)1 „3 determined • 
6 = 1 (« + 6) - j^(a _ 6)/ "* tJetermined . 

, , ^ sin c . . sin c . _ 
also, sm C=-: — sin A = -; — r sm B. 
sm a sin o 

60. To find C, 6j^ an independent process, 
>ince, cos C = sin ^ sin B cos c — cos A cos J? 

= sin A sin ^ (1 — vers c) — cos -4 cos B 
= sin ^ sin 5 - cos A cos 5 — sin i^ sin B vers c : 
'. 2 sin*^ C7 = 2 cos* ^ (-4 + 5) + sin A sin J? vers c 

9^ , A x^v L ' sin ^ sin 5 .vers c) 

= 2 cos* ^{A+B)\\ + — Tm — dV- \ 

* ^ ' t 2cos*^(^ + 5) J 

= 2 cos'^ (/4 + B) sec'd, if we assume 

- . sin i^ sin B vers c 
2cos*i(/4 + 5) 

md thus the value of C is found. 

The same may however be effected in another form : 
br, 

I cos*^ C — 1 = (1 - 2 sin'^c) sin ^ sin J? - cos A cos B 

« — cos (J + J?) - 2 sin'i c sin ^ sin J? : 

.*. cos*^ C = sin*^ {A-¥ B) — sin*^ c sin i^ sin ^ : 

vhereof the latter term sin*^ c sin A sin B, being less 
han 1, may be assumed = sin*§ : and thus we have 

cos'i C = sin* J (^ + J?) - sin" d 

= sinjJC^ + J?) + a} sin {K^ + B) - e\, by kttve\^ Vj^Y 
PL 7r., which is in a form proper f ot compuXa^oxi. 
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61. Case 5. Given the three sides a, b^ c: to find 
the angles. 

Here> ve have four formulae for determiniDg an 
angle : 

2 . J 

sin A = -: — i — ; — A/sin s sin (s — a) sin (s — b) sin (* - c): 
sin osinc^ '• ' ^ ' 

V sm o sm c 

- - /sin ^ sin (s — a) 
cos J ^ = 4^ / ; — 7—7 ^ : 

V sm 6 sm c 

, . /sin (s — 6) sin (^ - c) 
ir sm s sin (s — tf ) 

and to which of these solutions, the preference is to be 
given, must be decided according to the observations 
made in Article (108), PL Tr. 

62. Case 6. Given the three angles. A, B, C: to 
Jlnd the sides. 

A side may be found by any one of the four formulaf: 

sina=-; — fr-:—p:J'-'C08Sco8(S-A)cos(S''B)cosfS-C)'. 
sin^smC/^ V / V y V / 



sinja = ^ 



— cos S cos (S — A) 
sin 5 sin C 



V sm jB sm C 

V cos (6'- 5) cos(^-. C) 

and the eligibility of any one of these solutions, in pre- 
ference to the rest, will depend upon the Article last 
referred to. 

63. By drawing an arc of a great circle from one 

of the angles, perpendicular to the opposite side, Aa- 

pier^s Bules for the soVulioTv o^ Vv^Vaxi^led trum^es, 

wiiJ be rendered sufficient iot xJcie %c^\jL>L\OTt ofl ^ v^o^^ 
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triangles whatsoever. For brevity's sake^ we will ex- 
emplify their application in the following cases only. 

(1) Let A, B, a be given to find the rest : and sup- 
[K>8e the arc CD of a great circle to be drawn perpendi- 
*ular to AB : then if BD = Q and .% ^D = c - ^, we have 
>y Napier's Rules : 




• A 

cos B == tan Q QoX,a, and /.tan 6 = tan a cos B^ 
uid thus d is found : 
ilso, sin ^ = cot5 tan CD^ and sin (c- ^) = cot -4 tan CD^ 

sin (c - ^) ^ . ^ _ 
.*. — >— 5— ^= cot AtajdB^ 

sin^ ' 

and sin (c- 6) = cot ^ tan J? sin 0, 

Mrhence the value of c — d becomes known : and thus in 
bK>th the right-angled triangles CDA^ CDB we have 
every thing requisite for a complete solution. 

If we consider this in connection with Article (56), 
we shall see that the introduction of the subsidiary angle 
B amounts to the same thing as letting fall the perpendi- 
cular CD upon the side AB^ the results in the two cases 
being precisely the same. Similarly in other cases. 

(2) Let a, 6^ c be given^ to find the three angles : 
then, by Napier's Rules, we have 

cos a = cos BD cos CD, and cos b = cos AD cos CD : 

, cos a cos BD 

whence, — j- = 3-yr : 

cos 6 cos AD 

cir, the cosines of the segments qf the base, are j^opoT- 
wAwaito ihe cosines of the adjacent sMe^ : 



194 OBLIQUE-ANGLED TRIANGLES. 

COS a — COS h __ COS BD - cos AD 
* COS a + COS h " COS BD + cos AD 

sin Is {AD + BD) sin j^ (^Z> - BD) 
" cos 1 (ilD + BD) COS J (^Z> - fiD) 

= tan i^c tan J (i^D - BD), 

from which J (^D - BD) is found : and J (^D + £1)) 
being given, two sides in each of the right-angled tri- 
angles ACDy BCD become known, and consequently all 
the angles of the triangle may be determined. 

Also, CD may be obtained from either of the equa- 
tions 

cos a cos b 



cos CD = 



cos BD cos AD * 



(3) Let A, B, G be given, to find the rest ; then, as 
before, 

cos A = cos CD sin ACD^ cos B = cos CD sin BCD : 

, cos A _ sin ACD 

'^*^^''^^' ~^^B^ sin BCD ' 

or, the sines of the segments of the vertical angle^ are 
proportional to the cosines of the corresponding angles at 
the base : therefore, if these segments be called a, jS, we 
have 

cos A — cos B _ sin a — sin jS 

cos A + cos B ^ sin a + sin /3 

from which J (a ~ /?) being found, and J (a + /3), or JC 
being given, the segments a, /?, are easily determined: 
and thus, in each of the right-angled triangles ACDy 
BCD, two angles being known, the sides of the proposed 
triangle may be ascertained. 

From this, CD may be found by either of the eqet- 
tions 

^^ cos A cosB 

cos CD = -; = —. TT . 

sma sm)^ 

64. In the preceding at\Ac\^^, tiq xvotice has been 
taken of any ambiguity tYiatma-^ oe.c.\)x VcL^^^iiSMi^ssias 
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nrhen the required part is to be determined by means of 
ts sine : and it will now be shewn under what circum- 
itances a complete solution may be obtained or not. 

If a, by A be given, to find the angle B: then, by 
Article (42), A + B \s greater or less than w, according 
s a + t IS greater or less than w. 

(1) Let a + h be > w ; then 

A-hB 1% > w, and .\ B is > «• — A. 

If h be >a, by Article (31), B is ^Ai 

let A be <-^w, .*. B is >-^7r>^, 

nd B will tlierefore be determined : 

let Ahe > ^ir, .% J5 is > ^ir -> A, or < -^tt < -4, 

nd there may be a solution or not, dependent upon the 
\hsolute magnitudes of the data. 

If ^ be < fl, therefore Bis ^A: 

let ^ be < ^w, /. J5 is > ^tt > A, 
nd consequently there is no possible solution : 
let -4 be > ^TT, ,•. Bis < ^tt, or > ^tt, 

nd the solution is ambiguous, 

(2) Let a + 6 be < w ; then 

A + Bis<ir, and .•• J5 is < tt — A^ 

If ^ be > a, therefore J3 is > -4 : 

let Ahe < ^tt, .*. 5 is < ^tt, or > ^ tt, 
nd the solution is ambiguous : 

let ^ be > ^TT, .«. J5 is < ^w < ^, 
nd consequently there is no possible solution. 

If 6 be < fl, then B is <:A: 

let ^ be < ^T, /. JB is < ^tt < /4, or > ^w > ^, 
nd there may be a solution or not, as before : 
let i^ be > I w, .'. B is < ^ir -c A, 
nd B wiJl be fully determined. 
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(3) Let a + 6 = w ; then will ^ + 5 = w : 
and .*. B=^ir^A is immediately found. 

If A^ B, a, be the given quantities, precisely the same 
mode of reasoning may be applied to determine the cir- 
cumstances of the solution, and it may be materially 
assisted by proper diagrams. 

65. Cor. From the preceding article^ it appears 
that certain limitations in the data, will sometimes be 
requisite to ensure a possible solution, and therefore the 
existence of a real triangle. 

Some of these have just been pointed out, and in 
most cases they are easily determmed ; as in the in^ 
stance we have been considering^ if instead of B, we 
find sin C from the expression 

cot ^ sin C + cos 6 cos C = cot a sin b, 

by means of a quadratic equation, which will evidently 
be of the form 

ma^ + no: + r = : 

when there are two positive values of x, there will be two 
triangles, and the solution will be ambiguous: whai 
there is only one positive value of x, there will be only 
one triangle, and the solution will be complete : and when 
both the values of x are negative or imaginary^ there will 
be no triangle formed, in consequence of the tncongnfi^ 
of the data for that purpose. 

Many additional formulae connected with the pre- 
ceding chapters will be found in the Second Appendix* 



CHAPTER IV. 



I. The Area of a Spherical Triangle. 

66, The surface of a spherical Lune, is proportional 
) the angle contained between the planes o/* the semicircles 
xj vthich it is formed. 




Let the semicircles PAQ, PNQ., on the surface of the 
phere whose radius is OA = ON, intersect each other in 
he diameter POQt then the surface APNQ included 
letween them is called a Lnne .' and it is obvious that 
f any multiple whatever of the arc AN, which, hy Article 
14), measures the angle APN, be taken, the surface of 
he corresponding lune will be the same multiple of that 
f the lune APNQ. : that is, the surface of the lune 
IPNQ, is proportional to the arc ^JV, or to the anele 
tPN. 

Hence, if ^ APN = A°, and the radius of the sphere 
= r, so that its whole surface = i^rr' : (see Article (S3) 
f the Differential Calculus) : then, 

are a of ^ pyQ_^ A* A_^ 

Jwr" " seo' ^ 360 * 



180 180 
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If r » 1, then will the area of the lune APNQ, 

» twice the circular measure of its angle. 

67* Cor. The area of a lune, may also he ex- 
pressed in terms of the corresponding arc of a smal 
circle of the sphere, whose poles are its angular points. 

For, since J^ ^ l A0N=^ l aon, we have 

A^ AN an an 

r" " AO " ao" sin Pa ' 

and .•. the area of the lune APNQ = 



sin Pa' 



68. To express the Area of a spherical triangU, n 
terms of its angles. 

Let ABC be a spherical triangle on the surface of 




a sphere whose radius is r : produce the sides AC, BC 
till they meet in c on the opposite hemisphere : then it is 
manifest that the arcs Cac^ Cbc are semicircles : whence^ 
since ACa, BCb are also semicircles, it follows tint 
AC^ac and BC^bc: therefore the angles at C, c whidi 
measure the inclination of the planes being also eqoil 
we have the triangles ACB, acb in every respect equd 
to one another. 

Now, if the area of the triangle ABC » Z, and the 
areas BCa, ACby Cha be eaVlLe^ P> Ql> R x^s^ectively) 
we shall have from Attic\e^^^' ^ 
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and observing that 2 + P + Q + jR = the surface of the 
hemisphere = 2wr*, we obtain by addition^ 

22 + 27rr* = — — 2irr* : 

180 

- «. /ii + l?+C-180\ . 
whence, 2 = ^ —- J irr* : 

which is therefore proportional to J -k- B -^ C-^ 180®, for 
different triangles, when the radius of the sphere is 
given, 

69. Def. It has been seen in Article (21), that 
the sum of the angles of a spherical triangle is always 
greater than two right angles : and the quantity 

ii + 5+C-180° 

is therefore called the Spherical Excess, and usually de- 
noted by the letter E, ' 

70. CoR. 1. Hence the area of a triangle varies as 
the Spherical Excess : and if the radius of the sphere 
be the lineal unity we have 

A + B-^C-ISO iif-f 1?+C-180° 
180° ^* r<» 

= the circular measure of the spherical excess : and it is 
in this sense only, that the area of a spherical triangle 
ABC is numerically equal to ^ + J5 + C— 180°. 

71. Cor. 2. It follows therefore from Article (21), 
that the area of a spherical triangle may be represented 
by any number of degrees less than S60 : and also, that 
if two of the angles be right angles, the area varies as 
the remaining one. 

^n ^ o o* '^ arc 1" sin l" , 

72. Cor. 3. Smce -^^ = -p^ = -^^^ , pearly ; 

-we have X=:- j^ 1* svn \" , xiesfv^ % 
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that is^ the numerical value of the area of the triangle, 
may be obtained from multiplying the number of seconds 
conteined in -4 + 1? + C- 180", by .00000484813 &c r*. 

73. A surface and an angle, being heterogenem 
magnitudes, cannot be immediately compared : but for 
the purpose of computing the relative magnitudes of 
spherical triangular surfaces, it is evident that great fiid- 
lity will be attained be assuming ^=^ A + B+ C- 18(f, 
a tacit reference being always had to what was said in 
Article (70). 

74. To express the area of a spherical iriangkf w 
terms of two sides and the included angle. 

Let a, h, be the sides, and C their included angle: 
then 2=-4+5 + C-180*: 

now, tan J(^ + B) =^4^s ^ot iC: 
"^ ' cos^(a + 6) 

.-. cot j2 = cot|(-4 + B+C-180") 

= cot {K-^ + -S + C) - 90^} = - tan J (^ + 5 + C) 

__ tan J04+^B)jftan J C 
i - tan i(A + B) tan \C 

_ cos !_(« - h) cot JC + cos i(a + 6) tan JC 
~" cos i(a — 6) - cos i(a + b) 

_ cos J(a ~ b) cos* JC + cos i(a + b) sin* JC 
" 2 sin ^a sin J6 sin J C cos J C 

__ cos Ja cos ^b + sin Ja sin ^b (cos' ^C— sin' JC) 
2 sin Ja sin J6 sin J C cos J C 

cos ^ fl cos ^ 6 + sin ^ a sin ^ 6 cos C 
sin ^ a sin ^ 6 sin C 

cot ^ a cot ^ 6 + cos C 
sin C 

l£C=9(f, cotiS^cot^ocot^ft, or tan^X^tan^atanii. 

75. To express the area of a s-jiKerVidl Vrvi»^ti^M 
/erms of the three sides. 
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From the last Article we have 

^ , — coti a coti 6 + cos C 

cotiS = r-^ : 

* sm C 

1 . 1 » (1 + cos fl)(l + cos b) 

but, cotAacotAA:*^^ -, — ^\— 7 

* * sm a sm 6 

1 + cos a + cos h + cos a cos h ^ ^ cose — cos g cos 5 _ 

ss . ; — I 1 COS O — " 1 :: 7 • 

sin a sin 6 sin a sin 

, - ^ 1 + COS a + cos h + cos c 

.'. cot i fl cot i o + cos C « ; ; — : 

* ' sm a sm 6 

ilso, sin C = -5 ;— 7- *y sin s sin (s — a) sin (s - 6) sin (*— c) : 

smasmo^ ^ y v y \ / 

1 + cos a + cos h + cos c 



.-. coti2 = 



2 i^sin * sin {s — a) sin {s — 6) sin (* — c) 



This result, which is due to De Gua, is not adapted 
o logarithmic computation : but various other formulae 
vhlch are so adapted, have been invented: the processes, 
)y which they are arrived at however, being laborious, 
hough involving no difficulty, are deferred at present, 
ind may be seen in the Second Appendix, under the 
lead of Theorems connected with the Spherical Excess, 

76. The area of a spherical Polygon may likewise 
)e expressed in terms of its angles. 

For, let ABCD &c. be a polygon of n sides, whose 
ingles are A^ J?, C, D, &c. : take any point F in its sur- 
ace, from which to the angular points draw arcs of great 
drcles of the sphere : then, the area of the polygon 

ABCD &C. s the sum of the areas of the triangles 
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AFB, BFC, CFD, DFE, &c. = the sum of the angles of 
the polygon + the angles at i^ — n 180° 

=: A + B + C + JD + &c ^ (n -2)180% 

the nature of the equality being the same as that of the 
one in Article (70). 

II. The Comparison of Solid Angles, 

77. Dep. a solid angle will evidently have the 
same relation to its corresponding spherical surface, whose 
centre is the angular point, as plane angles have to thdr 
corresponding circular arcs: and thence it follows that 
the magnitudes of solid angles may be expressed and 
compared by means of the areas of the spherical sur&ces 
by which they are subtended. 

Thus> if the solid angle be formed by three plane 
faces inclined to each other at the angles A, J3, C: the 
magnitude of this angle will be proportional to, and maj 
be expressed by, A + B -^C — 180° : and whenever a solid 
angle is constituted by n plane faces with the dihedrH 
angles A, B^ C, D, &c., its measure may be assumed to 
be J + ^ + C + D + &c. - (n - 2) 180^ as appears from 
the last article. 

The maximum limit of solid angular space will mani- 
festly be a hemisphere, and its measure the surface of 
the hemisphere^ in the same manner as the maximum limt 
of plane angular space, geometrically considered, is a 
semicircle^ and its measure the arc of the semicircle. 

On this scale, therefore, the measure of the maximum 
solid angle will be Stt or S60^i and the magnitude of any 
proposed solid angle may be numerically estimated by 
comparing its measure with either of these quantities. 

Ex. 1. In a cube, each of the solid angles is formed 
by three plane angles at right angles to each other: and 
thence we have 

the solid angle of a cube _ 27 0°- 180*^ _ 1 
the maximum solid angle SW "" 4 *^ 

which we know to be true from the circumstance, that 
if four cubes be placed X.o^e\)i\et \sl^ow ^ -^lone, d^J 
exactly fill up the angular s^ace ?iJoo\jX ^ ^wsotv^sc^.^^^ 
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Ex. 2. In a regular right prism with a triangular 
base, two of the plane angles which form each solid 
angle are at right angles to the third, and inclined at 
60** to each other: 

the solid angle of this prism 240"— 180*^ 1 
the maximum solid angle S60° ~ 6 * 

TT the solid angle of a cube 113 

xience : = — -; = — . 

' the solid angle of this prism 4*6 2 * 

Ex. S. If there be two regular right prisms of m 
and n sides, each of the angles of their bases will be 

fi^_ g yi 2 

180^ and 180® respectively: and 

the solid angle of the first prism ^ (ni — 2) n 
the solid angle of the second prism (w — 2) w ' 

Ex. 4. Let there be two regular pyramids of m and 
n sides, having the inclinations of two contiguous faces 
to each other, represented by a and /3 respectively : then, 

the vertical angle of the first pyramid 
the vertical angle of the second pyramid 

ma — (m — 2) TT Stt — m (w — a) 
~ nl3 - (» - 2) -IT "" 27r - w (tt - ^) * 

78. Cor. 1. The same principles enable us to com- 
pare the vertical angles of right cones, by comparing 
the areas of the corresponding segments of spheres of 
equal radii, whose centres are the angular points. 

Hence, since (by Article (26) of the Differential Cal- 
culus), the surface of a spherical segment, of given radius, 
varies as its altitude : if H and K be the altitudes of two 
cones corresponding to L the common length of their 
sides, we shall have 

the vertical angle of the first cone 
the vertical angle of the second cone 

the height of the first segment _ -^ — -H^ _ ^ — cos d 
the height of the second segment L — K \ — <io^^* 

i£$ and ^ be the angles of their generating Xxiaxv^ea* 
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Ex. For the equilateral and right-angled cones, we 
have = SO**, and = 45® : 

the vertical angle of the equilateral cone 2-^% 
the vertical angle of the right-angled cone 2-^2* 

79. CoR. 2. Whenever the spherical surface, by 
which any solid angle is subtended^ can be divided into 
n parts, either equal to each other^ or having any as- 
signed ratios, the solid angle itself can be divided into 
n parts, having to each other the same ratios. 

This method of estimating and comparing solid 
angles, by means of the positions and not the magmtuda^ 
of their plane angles, was first suggested by Albert Girari, 
an ingenious Flemish Mathematician^ in his Invention 
Nouvelle en Algebre, published about the year 1629 : and 
it has been extended and exemplified by several modem 
writers. 



CHAPTER V. 

THE REGULAR POLYHEDRONS, THE PARALLELOPIPED AND 

TRIANGULAR PYRAMID. 



80. In every Polyhedron, ike numbers of solid 
gles and plane fades together exceed the number of 
^es by 2. 

Let S be the number of solid angles or summits, 
the number of plane faces^ and E the number of 
ges : then since every edge is common to two plane 
:es^ 2£ will be the number of sides of all the faces. 

Within the polyhedron suppose a point to be taken 
)m which to all the angular points straight lines may 

drawn : and with this point as a centre let a spherical 
rface be described cutting these lines^ and let the 
»ints of intersections be joined by arcs of great circles 
as to form as many spherical polygons as the solid has 
ces: let ABCD &c. be one of such polygons whose 
imber of sides is n : then^ its area 

= ^ + .B + C7 + i> + &c. - (» - 2) 1 80®, by Article (76) : 

id the same being found for all the polygons, we shall 
ive the whole surface of the sphere or 720® equal to the 
m of all the angles of the polygons - (2£ - 2F) 180° : 

.*. the sum of all the angles of all the polygons 

= 720® + (£ - F) S60® : 

It the sum of all the angles about any point as A 
dug SGO^y the sum of all the angles of all the polygons 
iU be iS. 360®: 

whence, S . S60® - 7^0® +{E'-F) 360" : 

.-. S = 2-^JE!-F, or S + F=^E^2. 

81. Cob. Hence the sum of all the plane angles 
rmmg all the solid angles of any polyhedron 

^(E-F) 360® = (5' - 2) 360®. 

82. To find expressions for the numbers of soVxd 
^les, plane faces y and edges of a regular polt|)iettTOfa, 

Jff. T. \^ 
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Let m s= the number of plane angles forming each summit: 

n ss the number of sides of each plane face : 
then^ mS = the whole number of plane angles 
= the whole number of sides 
= 2£, since each edge constitutes two sides: 
and nF = the whole number of sides 

= 2£: 
whence, by substituting in iS + iP= J&+ 2, we obtain 

S=-^ r , -f^= -7 r , and B= 



2(m+»)-win 2(wi+»)— wi»' 2(m+n)-mn 

83. There can be only Jive regular polyhedrons* 
Since 2 (m + ra) - mn must be positive, we shall have 

«/ N J 1 1 1 

2 (?w + w) > mn. and .*. — »•—>-. 

^ '' wi » 2 

(1) The least values of m and n being S, and-+- 

being >-, we have iS = 4, i^=4 and j&=6, and the sdid 

At 

is therefore called a Tetrahedron, 

(2) When m = S and » = 4, since « + T ^ ^ > ^® ^^® 

3 4 2 

aJ = 8, i^= 6 and j^= 12, and the solid is styled a Hftw- 
hedron, which is the same as a cube. 

(3) When m = S and w = 5, since ^ + - > - , we have 
^ 3 5 2 

^=20, F=12 and jE^=SO, and the solid is called a 

Dodecahedron. 

If n be taken greater than 5, with the same value of 

wi, the inequality — + - > ;r will not be satisfied. 

m n 2 

(4) When m = 4 and w = 3, since t + « > ~ » we have 
^ ^ 4: 3 2 

S = 6, F^S and E = 12, and hence the solid is termed 

an Octahedron, 

If values greater than 3 be assigned to n, the condidoo 

-^ -f - > - will not be £u\fiV\ed. 
m n 2 
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(5) When wi = 5 and « = 3, since -^ + « > « > ^® ^^^® 

O d /6 

>S'=12, i^ = 20 and £1=30, and the solid is therefore 
styled an Icosahedron. 

If 971 be equal to^ or greater than 5, and n be greater 
han 3, the inequality will not hold good : and hence it 
ippears that there can exist Jive and onl^ five regular 
lolyhedrons. 

By supposing 2 (wi + n) — wi» = 0, the values of S, F 
nd £/ become infinite, which point out the sphere as 
»eing ultimately a regular polyhedron. 

From this it follows that only three kinds of regular 
Inures can be made to occupy the entire surface of a 
phere. 

84. These are called the Platonic Bodies^ and very 
orrect and clear ideas of their forms may be acquired by 
he following means. 

Draw the diagrams underneath accurately ^ipon paste" 
oard and cut them out : then if the lines in the figures be 
ut Aa^ through^ so that the parts may be turned up and 
neet, the five regular bodies will be correctly exhibited. 



1. Tetrahedron. 



2. Hexahedron. 




3. Octahedron. 




208 



BBGULAR FOI^YHSgORONS. 



4. Dodecahedron. 




6, Icosahedron. 




85. To Jind the Inclination of two contiguous faces o^ 
a regular polyhedron to each other. 

Let AB he the side common to the two contiguou 




faces, C and E being their centres, from which let CI 
and ED be drawn perpendicular to it : then the angl 
contained between cD und ED will be the inclination ( 
these two faces to each other : in the plane in which d 
and ED lie, let CO and EO be drawn at right angles t 
them^ and meeting in : join OA, OB^ OD^ and frcM 
centre suppose a spherical surface to be describe 
cutting OA, OC, OD in p^ q, r: then is pqr a spheric 
triangle, having prq a rignt angle : 

also, ^ qpr = ^ of 



180* 



m 



and ^ pqr = \ o^ 



^^^^ 



n 



m 
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but by Napier's Rules, cos qpr = sin pqr cos qr, 

, . , . 180° . 180' 
which £:ives cos qr = cos -i- sin : 

and cos qr = cos COD = sin CDO = sin ^ CDE : 
/. sin iCDE or sm */= cos -f- sm . 

1) In the Tetrahedron, sin ^/ = -y=, and .•. cos /= J. 

2) In the Hexahedron, sin i/ = — = , and .•. / = 90°. 

/2 

3) In the Octahedron, sin ^/= ^^ ^ , and .•. cos /= — ^. 

2 

4) In the Dodecahedron, sin ^/ = 



n/i0-2^' 
and .*. cos / = — ^ 1^5 . 

1 + 1J5 
5) In the Icosahedron^ sin i/= ^ , 

and .'. cos /=- ^Js. 

86. Tojfind the Radii of the Spheres inscribed in and 
ircumscribed about a regular polyhedron. 

In the last figure, CO and EO are manifestly at right 
ngles to the planes ABC, ABE, and equal to each other: 
nd the same being true for any other two contiguous 
kceSy it follows that is the centre of the inscribed and 
ircumscribed spheres whose radii are OC and OA : 

OC 
now, jYj = ^^^ AOC = cos pq = cot qpr cot pqr 

1800 180° , vr . . 1, 1 

= cot cot , by Napier s Rules ; 

m n ^ 

180° 
)ut if a side of one of the faces = a, CA = ia cosec 



.-. OA' =OC-h CA' = OC + \a* cosetf 



n 



u 
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whence, if r and R denote Che reqiuFed mdiiy 

we have t5 - cot cot , and l^^i^^\^ cosec* — , 

ti m n n 

for finding them. 

180^ 

87. Cob. Hence r-^a tan ^/ cot , 

Jw 

and R^ha tan :i/ tan : 

* * iff 

and there is now no difficulty in deternuning the values 
of r and R for the different cases. 

88. To Jind the Surface and Volume of a regular 
polyhedron. 

From the centre O of the inscribed sphere^ let straight 
lines be drawn to all the angular points, then the polyhe- 
dron will be divided into as many pyramids with equila- 
teral bases as there are plane faces> and whose altitudes 
are each equal to r : but the area of each plane face 

1 , 180° 
= ifia cot — -; 

* n 

180* 

whence the whole surface = i na* cot F : 

* » 

and the volume = ^ of the whole Surface x the Altitude 

1 . ^ 180° ^ 

= — - narr cot Jr. 

12 n 

89. Give the three edges of a PamlleU^ped wM 
meet, and the angles included between them, io fiid Us 
Volume. 

In the same diagram, let OA, OB^ OC^ three edges of 
the parallelopiped meeting at the same angle, be denoted 
by a, bf c : draw CD perpendicular to the plane AOBy 
join OD, and let the angles AOB, AOC, BOC be called 
a, IS, y respectively : 

then CD = OC sin COD : 
but sin COD = sin qr = sin pq sin qpr^ by Napiet^s lluki, 

= sin/3 . ^^ a JamS ^\ia\S--a^%.YEL<JS-.0\8in(«"r)' 
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rheoce, the volume «= the area Qf the ba9e x the altitude 
=:0A. OB sin AOB.CB 

= ^abc ^sin /S' sin {S - a) sin (iS — /3) sin (iS - 7). 

The whole surface of the parallelopiped is manifestly 
= 2 {ab sin a + ac sin /3 + bc sin y}. 

90. Tojind the Diagonal of the Parallelopiped. 

Let ^OD (which, if the figure were completed^ would 
•e the diagonal of one of the faces) = d : then 

<r «= a* + 5* -I- 2ab cos a : 

nd if Z> be the diagonal required^ we shall have 

D^ = c* + (P + ^d cos COD 

= a' + 6' + {?■ + 2ab cos a + 2crf cos COD : 

but cos COD t= cos qr 

= cos jwy cos pr + sin j^g sin pr cos ^pr 

/, . /> . f cos 7 — cos a cos y^l 

= cos a cos pr + sm 8 sin pr < -, r--?? — ^ > 

'^ -^ I sm a sin /5 j 

/> . fcos 7 — cos a cos /3) 

= cos /t> cos pr + sm pr < — -^ — rr-^r-. r^ V 

^ ^ { sin a ) 

cos 7 sin pr cos /^ (sip a cos pr — cos a sin pr) 
sin a sin a 

_ cos 7 sin pr cos /S sin (a — pr) 
sin a sin a 

sin JOD ^sinJ50D a ^ b 

= cos 7 ; + COS p : = -i COS-p + -i COS 7 '. 

Sin a sm a a ' d 

\ D^Ja^ + 6' + c^ + 2a6 cos a + 2ac cos ^ + 26c cos 7. 

By proper substitutions^ the other diagonals are 
bund; and thence it is easily shewn that the sum of the 
(quares of the /our diagonals of a parallelopiped is equal 
x) the sum of the squares of the twelve edges. 

91. Given the three edges qf a Triangular Pyramid 
which meet, and the angles they make miih each other ^ \.o 
find its Volume. 



\ 
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Since by Euclid, xii. 7, every prism having a trian- 
gular base may be divided into three equal pyramids with 
triangular bases, the volume of the pyramid = ^ of that of 
the corresponding parallelopiped : that is^ 

the volume = ^abc Jain S sin (S-^a) 8in{S —/3) 8in(/y- 7). 

Also, the sum of the areas of the three sides of the 
pyramid = ^ {ab sin a + ac sin/3 + be sin 7}. 

92. Given the six edges of a Triangular Piframvi, to 
jind its Volume. 

In addition to the notation used above, let the sides 
AB, AC, BC of the base be denoted by h, k, I: then 

a« + 6«-A« ^ a'-hc'-k* iF + c'-^P 

cos a =5 — -—7 , cos a « — ;; , cos 7 « i — : 

Qab ' ^ 2ac * ' Zhc 

whence, by substitution we shall have the volume 
= \ abc J I - cos'a - cos'/3 - cos'y + 2 cos a cos )8 cos y 
= ^ V*a»6 V - c'W - b'K' - a«JL« + HKL, 

where H, K, L are the numerators in the values of coso, 
cos /3, cos 7 respectively. 

For the Geometrical constructions of the regular polf- 
hedrons, as well as much information upon polyhedroni 
in general, the student is referred to Brewster's EditioD 
of Legendre's Geometry. 



APPENDIX I. 

ON PLANE TKIGONOMETRY. 
CHAPTER I. 

MISCELLANEOUS THEOREMS AND PROBLEMS IN PLANE TRIGONO- 
METRY, WITH THEIR SOLUTIONS. 



It is here intended to place before the Student, 
the Solutions of a few Theorems and Problems, which 
could not, consistently with the plan of the work, be 
introduced into the preceding chapters, but still possess 
too much interest and importance to be entirely passed 
over in an Elementary Treatise like the present. Tnough 
some of them are of little or no practical utility, they 
all depend upon the principles laid down in the pre- 
ceding pages, and will therefore serve to impress those 
principles upon the mind, and to confirm them in the 
memory, of the young mathematician. In order to con- 
fine the extent of the work within moderate limits, all 
the more minute details of Construction and Demonstra- 
tion, when obvious, are omitted, the student being ex- 
pected to supply them himself: and it is believed that 
this circumstance will have a tendency at the same time 
to stimulate the invention, to exercise the judgment, and 
to improve the taste. 

I. Trigonometrical Fortnuke. 

1. Since 2 sin* A = 1 — cos 2 A, 

and 2 coa*A = 1 + cos 2A, 
we have 



. - /l - cos 2A . ^ /l 4- cos 2 A 
8m^=±;y/ , and cos^=±^ 

each admitting a positive and a negative value \ \^wX. 
cos 2A^ cos (- ZA) - cos {p^ ^ ^A^ =- ^c.\ 
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and therefore the sines and cosines of half these angles 
will some of them have one algebraical sign, and some 
the other, as exhibited in the formulas above. 

SimUarly, for tan ^ = =.= V l + cos 111 ' 

2. To consider the results obtained from the equa- 
tions of Article (48) : viz. 

(cos A + sin Ay = l+ sin 2 A, (cos A - sin -4)' = I - sin 2/ 

(1) Let 2A be > 0« and < 90^ /. -4 > 0* and <45"': 
/. cos A > sin A, and both are positive : 

whence, cos A + sin A =Jl + ^, and cos A — sin A =Jl -', 
if s be the numerical value of sin 2 A. 

(2) Let 2A be > 90® and < 180%- /. A > 45° and <90': 
.*. cos -4 < sin A, and both are positive : 

whence, cos -4 + 8mA=/Jl + s, and cosA^sinA'^-JT^' 

(3) Let 2A be >180« and < 270'; .•. u4>90" and <135*: 
.'. cos ^ is negative, and sin JL is positive and > cosi: 

also, s = sin 2 A, now becomes negative : 

whence, cos -4 + 8inA=Jl—s, and cos -4 — 8inA=-JV¥s- 

(4) Let2>ibe>270®and<360®; .-. J>135»and<180': 
.*. cos A is negative, and sin J. is positive and < cosJi: 

whence, cos A+8inA==— ^l—s, and cos A — sin A =— <yi+7. 
Hence, for the^rst and second cases respectively, 

cos >i = ^ {^yi + J ± ^1 - *} : sin ^ = i {^ I + s^Jl^s}: 
and for the /AeVrf and Jour ik cases respectively, 

cos J = ^{±^1^-^1 + 4- sin>i = ^{±^l-*+,yi+7}. 

That there ought to be four values and no more may be 
explained a priori, as above. 

3. To express a cos 6 + b cos (6 + a), in the form of 
a single function, as A cos {6 + B). 

Here, a cos 6+6 co% a coa 6 — 6 %m a sin 
= A cos B coa Q — A OTtB «av^ 
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.*. equating the coefficients of sin 6 and cos 6^ we have 
AsiaB^ b sin a, and A cos B = a + b cos a 

whence, tan B = ; : and A = Jc^ + 2ab cos a + &'• 

' a + 6 cos a ^ 

4. To represent sin a - cos /?, as a product. 
Here, sin a — cos )S = sin a — sin (90® — yS) 

= 2 cos i (a + 900 - yS) sin ^ (a - 90® + y3), by (55), 
= 2 cos {i(a - /3) + 45«} sin {^(a + /?) - 45"} : 
md similarly of other functions of this description. 

5. To express in the form of a product^ 

sin 2 (a - /3) - sin 2 (a - 7) + sin 2 (/? - 7). 

Here, taking the first two quantities^ we have 
in 2 (a - /?) - sin 2 (a - 7) = 2 cos (2a -/3- 7) sin (^-/S): 
\ the required product 

= 2 cos (2a -13- 7) sin (7 -y5) + sin 2 (/3 -7) 
= 2 sin (/? - 7) {cos (/? - 7) - cos (2a - /? - 7)} 
= 2 sin (/? - 7) 2 sin (a - 7) sin (a - /?) 
= 4 sin (a — /3) sin (a — 7) sin (fi — 7). 

6. To express by means of factors^ 

1 + cos (26 - 2m6) - cos (26 - 2a) - cos (2m6 - 2a). 

Here, we have cos (26 — 2m6) — cos (2m6 — 2a) 
= 2 sin (6 - a) sin (2m6 -a-d), by Article (55) : 
and 1 - cos (26 - 2a) = 2 sin» (6 - a), by Article (44) : 
'. the proposed quantity 

= 2 sin*(6-a) + 2sin(6-a)sin(2m6-a-6) 
= 2 sin (6 - a) {sin (e-a) + sin (2m6 - a - 6)} 
= 2 sin (6 - a) 2 sin (m6 — a) cos (m6 - 6) 
= 4 sin (6 — a) sin (wi6 — a) cos (m6 — 6). 

T2i/9 method is applicable in all similax case^« 
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7* To express sin md cos nO and cos mB sin n6, by 
means of simple functions. 

Here, sin (wi + n) 6 = sin md cos nd + cos mO sin nd : 

sin (fM - n) ^ = sin mO cos n6 -^ cos md sin ii6 : 

/. sin md cos n^ = ^ {sin (m + n)d + sin (w — n)^} : 

and cos md sin «^ = 4 {sin (w + «) d — sin (wi — n)d\. 

The same process may be adopted for cos md cos n6 
and sin m^ sin nd : and it is easily extended to 

sin md cos nd sin pd, &c. 

Heiice, we have sin (a + /3) cos ^ — sin (a + 7) cos 7 

= sin (/3 — 7) cos (a + /3 + 7). 

8. If a + /3 + 7»180** we have sin «= sin(/3 + 7): 
.'. sin o + sin yS + sin 7 «« sin (/3 + 7) + sift)3 + sin 7 
= 2 sin i()S + 7) cos ^(/?+ 7) + 2 sin i(/3 + 7)cosi(i3-7) 
- 2 sin ^(/3 + 7) {cos ^(^ + 7) + cos ^(^- 7)} 
= 2 cos^a 2 cos i/3 cos ^7 = 4 cos ^a cos i/3 cos ^7. 

Again, cos* a = (cos /3 cos 7 — sin /3 sin 7)* 
= cos* /3 cos* 7 — 2 sin /3 cos /3 sin 7 cos 7 + sin* /3 sin* 7 
=:Cos*/3cos*7+(l — cos*/3)(l — cos*7)-2 sin^cos/3sin7C087 
= 2 cos*/3 cos*7+ 1 -cos*/3-cos* 7 — S sin /3 cos /9 sin 7 C0S7: 
. •. cos*a + cos*y3 + cos*7 =1 + 2 cos/3 C0S7 (cos/3 C0S7 — 8in/3 sin)) 
= 1+2 cos /3 cos 7 cos (y3 + 7) = 1 — 2 cos a cos /3 cos 7: 

or, cos* a + cos* y3 + cos* 7 + 2 cos a cos /S cos 7 = 1. 

Also, if tan I a, tan ^^ and tan ^7 be in arithmetical 
proportion, we have 

sin ^a sin ^/3 __ sin ^/S sin ^7 
cos^a cos^/3 cos^/3 cos ^7* 

Qj. 8inj(a-^) ^ sin^(^-7) ^ 

* cos ^a COS ^7 

sin^(d + /8) sin4(/3+7) . . ^ ,-^. 

but «A._— c/- 1^ — U since a 4-/3 + 7 = 18v: 

COS ^7 cos \ct r- # 

.-. sin i(a + /3) sm ^^(.a- p^ «t^sv\V^ ^^^^to.\v^-^V 
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or, COS a — COS P = COS fi - cos 7 : 

and therefore cos a, cos /3, cos 7 are also in arithmetical 
proportion. 

9. By the solution of the quadratic equation, 

. 2 tan i A /! J X 1 < —l^secA 

tan A = - — 7 — rriti ^^ ™d tani^ = — : 

1-taxi^^A^ ^ tan A 

and using the positive value, it is easily proved that 

sm cos 0' 

tan = -.—a, n gives tan A ^ = tan 40 tan (45® - i 6'). 

^ sm 0' + cos 6 *^ ^ ^ ^ ^ * -' 

10. By equal multiplication — 

cos /3 + J^-i sin /3 

cos a + J — 1 sin a cos fi — J — 1 sin y5 
cos/3 + J-1 sin)5 cos /S — .J'^l sin/3 

cos a cosyS + sin a sinyS + ^— 1 (sin a cos /5 — cos a sin /3) 
"" cos'y5 + sin'/3 

= cos (a - 3) + J^l sin (a - /9). 

11 jf._!?L?an^ ntan^-^ we have directly 
^^' cos» (a -/5) cos' /3 ' ^^ '^^^^ direcuy 

m sin 2/3 = n sin 2 (a - yS) : 

or, wi : « : : sin 2 (a — )5) : sin 2yS : 

m- n sin 2 (a — /3) — sin 2/3 _ tan (a — 2^) ^ 
" wi + n sin 2 (a — /S) + sin 2/3 "" tan a 

whence, tan (a — 2/3) = tan a. 

. a* 4- 6* -- 2fl '6 ' cos 2 _ a' 4- ^1^ - 2fl'6' (2 cos' - 1) 
a' + i' — 2a6 cos 6 ~ a" + 6'' - 2flA cos 

(a' + b'Y - (9ab cos ey , ^ , ^ ,, 
(a* + b*) - 2a6 cos 

11. Trigotiomeirical Equations and Elimination. 

13. In Trigonometrical Equations, l\ve gwcn c^'axv-' 
ftic5 are usually denoted by the letters a, p, &c. ol xXxfe 
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Greek alphabet, and those which are required^ by the 
letters 6, <p, &c., and sometimes by x, y, &c. : and the 
functions of these symbols are always understood to be 
subject to the same treatment, as any other quantities 
similarly concerned in an ordinary algebraical equatioD. 

Ex. 1. If 

sin (6 + o) - cos (6 — o) = cos (64-0) — sin (6 - a\ 

find the values of 0. 
Here, we have 

2 cos a sin 6 = 2 cos a cos 0, or sin Q =. cos d : 
X.-. tan 6 = 1 = tan 45^ and 6 = 45®. 
Also, tan 6 = ± tan (2r 180** ± 6) 

gives 6 = ±(2rl80®±45^: 
and, from tan ^ = ± Un {(2r + 1) 180<> ± 6), we find 

= db{(2r + 1)180**45*}. 

Ex. 2. Find the values of Q in the equation 

1 - tan 6 



1 +Un6 



= 2 cos 20. 



TT « ^/i 1 — tan Q cos — sm cos 9fi 

Here, 2 cos 20 = , ;. = ^^ r— 74 = r-r*: 

' 1+tanO cosO + smO l + 8in2il 

.«. 1 + sin 20 = \y and sin 20 = - ^ = sin (- SO*): 

.-. 20 = - 30*, and = - 15*. 

Other solutions may be obtained, as in the last example: 
and it is also evident that the equation will be satisfied 
by cos 20 « = cos 90*, which gives = 45*. 

Ex. 3. Solve the equation 

2 tan + tan (o - 0) = tan (/? + 0). 

Here, putting the equation in the form 

tan + tan (a — 6)=: tan (/S + 0) - tan 0, we have 

tan g (1 + tan'O) _ tan^g (l + tan'O) 
1 + tan a tan " 1 - tan /6^ Un * 

whence, tan 6 =^-^11^^= tS^'^ - 
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The artifice here used greatly facilitates the reduc- 
tions: and 1 + tan* = 0, which also satisfies the tranS' 
formed equation, gives tanO = ±^-l, two imaginary 
roots^ which do not belong to the equation proposed. 

Ex. 4. Determine the general forms of 0, which 
satisfy the equation, sin 2d » cos 36. 

Here, 2 sin 6 cos 6 = 4 cos" 6 — 3 cos 6, from which we 
obtain cosO = = cos 90®, or = 90** : 

also, sin d = -^^ , and cos d = «fc — — . 

4 4 

Now, sin 26 = ± sin (2r 180*> ± 26), by Article (ll6) : 

* cos SB - sin (90® - 36) : 

(1) 2r 1 80** + 26 = 90** - SO, gives 

56 = 90** -2rl80« = 90** (1 - 4r), and 6 = -(4r-l) 18**: 

(2) 2r 1 80** - 26 = - 90** + SO, gives 

56 = 90** + 2r.l80« = 90** (1 + 4r), and 6 = (4r + 1) 18**. 
Again, sin 26 = ± sin {(2r + 1) 1 80* ^ 26} 
= cos 36 = sin (90* -36). 

(3) (2r + 1) 180*- 26 = 90**- 36, gives 
6 = 90**-(2r+l)i80* = -{4r+l}90**: 

(4) (2r + 1) 1 80** + 26 = - 90** + SB, gives 

6 = 90** + (2r + 1) 180** = (4r + a) 90^ 

The negative values of sin 6 and cos 6 above found, 
>elong to an angle of the form (4r + 1) 18**, which is 
rreater than Ifvo^ and less than three right angles. 

By means of this example it is easily shewn that all 
:he values of 6, which satisfy the equation 

sin' 26 — sin' 6 = sin* ^ , » 

o 

ire comprised in the expression (»* + 5 * ^) «•. 

£x. 5. If sec a sec 6 + tan a tan 6 mi sec /?, find tan 6. 

Here, sec a sec 6 « sec/S- tan a tan ; and %Q^'as\Tv^ 
*oA sides of the equality, we have 
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8ec*a + sec'a tan*d = sec*/? — 2 tana sec/S tan ^ + tan'a tan'^ : 

.". tan'^ + 2 tana sec /? tan = sec*/? — sec* o: 
and completing the square, we have directly 

(tan Q + tan a sec py = sec*/3 — sec'a + tan* a sec*/? 
= sec*/? (1 + tan* a) — sec* a = sec*a sec*/? — sec* a 
= sec*a (sec*/? — 1) = sec*a tan*/? : 

.*. tan Q + tan a sec/? = ± sec a tan/9 : 

whence, tan a==^{secatanit> =f tana seep} ==*= — s- 

* '^' cosacosp 

Ex. 6. Given cos A = — try , to find the values of c. 

Here, c*— 26c cos -4= a*— 6*, and completing the square, &c. 
we have 
c*- 9,bc cos A + 6* cos*Jl = a*- 6*+ 6* cos*^ =za^~~b' sin* A: 

whence, c = /> cos ^ «fc Ja'-b" sin' A. 

This example is here introduced because it comprises 
the arnbiguous case of the solution of triangles. 

(1) 1£ A> 90°, b cos -4 is negative^ and in order that 
c may be positive, the positive sign must be used. 

(2) If ^ < 90° and 6 < a, we shall have 

J a' - 6* sin*J[ = 7a» - 6* + 6* cos*^ 

greater than 6 cos A^ so that c can be positive only when 
the positive sign is used, or when c=b cos JL+^a*— 6*sin*i. 

(3) If A < 90° and ft > a, then ^a*-6* sin*^ is less dun 
6 cos A, and 6o^^ signs will render the value of c po»' 
five: or, the solution is ambiguous. 

(4) If sin ^ = ^ , or a* - ft* sin*i^ = 0, we shall have 
c = ft cos J., and therefore the triangle is right-angled at B'. 
but if sin u4 > T , or ft* sin*u4 > a*, the triangle becomes 
impossible. See Article (110). 

Ex. 7* Given sin = m Bm<t», Mvd tan ^ = « tan^: to 
Bnd the sines and cosines o? axv^ <^. 
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sin sin d> sin 6 cos 6 

Here, 5 = n ^, or -r—- « n : 

' cos d cos <p sin ^ cos ^ 

wi' cos'O 1 — sin*0 1 — iw' sin'0 
n* cos'^ 1— sin'0 1 — sin*^ 

v^hence, sm = ± — ^ / =- , and sin ^ = * a./ r: r • 

, ^ n /l -?»■ J ^ . /l-m* 
Jso, cos = sfc — - / r , and cos ^ = ± /v/ ^ > • 

Ex. 8. Eliminate by means of the equations, 

sec 6 — cos 6 = m, and cosec 6 — sin ^ = «. 

_- , sin"0 J cos'0 

Here, we have m = ;; , and n = —5 — ^ : 

cos 6 sm 6 

whence, mn = sin 6 cos 6 : and .'. m'n = Bin"0 : 
also, tnn* = sin cos x — ; — jr = cos* : 

and therefore, 1 = sin*0 + cos*0 = m^n^ + nrn^, ^ 

Ex. 9. Given 3cos'^ = wi*- 1, and tan"i^ = tana,. 
o eliminate 0. 

Here, m» = 1 + 3 cos»0 = 4 - 3 sin'O - 4 - 3 f-^-^^!^ V 

\l + tan*^^/ 

r i-tan'j0 4-tan'|6 \ [ 1+tan^^^ ^ 

I (l+tan^d/ /" l(l+Un»i0)»/ 

r 1 + tan'a \ __ ^ r sin'a + cos'a \ 4 

1(1 + tan^ a)»i l(cos^a+sin^a)»^ (cos^a+sin'a)" ' 

whence, m (cos^a + sin^a)*=±2, is the resulting equation. 

£x. 10. Eliminate and <p from the equations: 

a sin*0 + b cos*^ = c, b sin'^ + a C06*<f> = rf, 
and a tan » 6 tan <p. 
From (1), a sin'6 + b cos'O = c : 
also, a sin'^ + a cos'O = a : 

.*. (^flf-3)cos'd = a-c: 



4 
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from (2), h sin*^ + a cos*<p = d: 
also, b sin* + 6 cos'^ = b : 

.'. (a — h) cos'0 = rf — 6 ; 

• /I fl — c 1 . •/» . fl — c c^b 

.'. cos'6 = r , and sin'^ = 1 =-= r* 

a—b a—b a—b 

a^ «? — ft A • »^ t d — h a — d 

cos d> = J , and sin"0 = 1 =- = j- : 

a — b a — b a-^b 

and substituting these values in the third equation, 

fl' 8in«6 ^ 6' sin> ^^c find ^' (^ " ^^) ^ ^' C^ "/) . 
cos' *~ cos* <p ' a — c d — b 

which, being reduced, gives - + t = ~ + j • 

ii o c ct 



III. Inverse Trigonometrical Functions. 

14. Def. If sin>4 = s, cos -4 = c, tan ^ «= <, &c : then 
is A an angle whose sine, cosine, tangent, &c. are f, c, <, 
&c. respectively : and accordingly it is termed an inverse 
angular function of these latter quantities. 

Instead of writing the description of A at lengthy it is 
usual to express its dependence upon the quantities, s, c, 
ty &c, by the following ^ecw/ear notation: 

A = sin"^ s = cos"*c = tan"*/ = &c. : 

wherein it is to be carefully remembered that the index 
— 1, does not imply an algebraical operation, but merely 
expresses the connection between the angle and its func- 
tions as above enunciated. 

Thus, since sin 30* = ^, we have 30*= sin~*(|): also 
this gives sin"* sin a=:a^ and sin sin"* j = *, 

15. Since sin (a + /S) = sin a cos /? + cos a sin fi, we 
have a + /3=^ sin"* {sin a cos /3 + cos a sin yS} : thus, 

3.4 43 

if sin a = ^, sin /? = -, we have cos « = •=, cos/S^-zi 

whence^ a = sin-^ - = coa"^ - , axv^ P - «ar^ - ~ ^'^"^v* 
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.-. sin-' - + sin-* - = sin-*(l) = 90^ by substitution. 
Similarly, for sin (a -yS), and cos (a ± /9). 

i£* m / n\ tan a + tan 3 , 
16. Tan (a + /3) ^—-——-—^ may be represent- 
ed in the form, a + /3 = tan** -! — \ : 

' ' \l - tan a tan /ij 

.'. iftana = /„ ora=tan-*<, ; tan/3 = <2, or /3 = tan-*/,; 
we shall have tan"* /, + tan"* t^ = tan"* \ ^ ' ^ I . 

I 

Thus, tan-^ + taxr^^ = tan-* ('^T^) " **^"' (^^ " ^^"• 
Similarly, tan"*/, - tan-Vj, = tan-^ j '~ ^ | . 

7 

Hence, tan"* a - tan"* b = tan"' r • 

1 + flO 

and tan"* b - tan** c = tan-* 



l + bc' 



1 1 itf"~6 t b "— c 

••, tan-*a — tan"* c = tan-* j + tan-* j- • 

1 + a6 1 + 6c 

17. If a = sin"* a/- , we have sin a = a/- : 
whence, cos a = . / , tan a = ^ / , &c. 

.•. a = sin*"* A /- = COS"* a/ ^" ^ = tan"* ^ /— ^ = &c. : 

that is, sin-* a/- = COS"* ^5!-^= tan-* aZ-^-^^^c- 

18. By substitution and reduction, we easily find 

./ orcos^ \ ^ ,/j?-riti<b\ 
\l^a8in<f>/ \ COS <^ / 
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19. Find x in tan'* r — tan~* 



15*. 



x-l « + 1 

Here, we have tan"' -| = tan"* ^^= ; and suppressing 

* V 3 + 1 

tan~* in both sides^ we find « = * (Js + 1). 

o tan o 
20. From tan 2o = - — ^ — j— , if a = tan~*/, we obtain 



1-tan'a 



2 tan-'/ = tan-* 



2/ 



!-/•• 



also, from sin 2a = 2 sin a cos a, if a = sin-' * = cos"' ^l-i^, 

we have 2 sin"** = sin-* (2* ^1 - *') : &c. 

Hence, in the equation 2 tan"*/ = sin-* 2*, we may 
find the relation between s and / : 

2/ , 2* 

thus, tan-* - — -x = sin"* 2* = tan-* / : 

1-/ ^1— 4t' 

t S f 

.-. y— ^, = TTZ^ ^^^®^ immediately * = * ^-^ . 

21. To establish and explain the relation expressed 
by the equation, sin-** = r sin-* - . 

Let the angle ACP or AXP'^ be measured by the 
B t 




C NA' N A 

arcs AP^ A'P'^ whose radii CA, CA' are r and 1 respect- 
ively : then we have 

, arcilP CA ._. „_, 

also, 37Tv-7ni=''> ^^ «te AP «T «t^ A'Ft 

' arc il™ Cil' 
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whence> expressing tliis equality by means of the nota- 
tion above explained^ where NP is denoted by *, we have 

, sin"^ J = r sin"* iV'P' = r sin"* - . 

r 

c V 

Similarly, cos~'c = r cos~* - , vers"*!; = r vers""' - , &c. 

From this it appears, that the equalities just con- 
sidered, are admissible only when the circular functions 
are employed, because the angle is the same for both 
their members. 

22. Since, tan-'/, - taxr% = tan-> /' "/^ : 

1 + tit^ 

tan-*/,-tan-% = tan-*-^^^: &c: 

tan-'Ci - tan-V, = tan"* ~'^l : 

by addition we obtain the following curious theorem : 

tan- V, — tan-'/. 

= tan-' ^^ + tan-' ^^ + &c. + tan"' ^7-} • 

1 + /,/, l + /5^3 1 + tn-ltn 

23. If we put the theorem in the following form : 
• tan-'/, = tan-'-p^ + tan-' ^^-+ &c 

1 + /,/a 1 + /,/, 

+ tan-' /"-'7^> 4-tan-'/,; 

it will enable us to divide any given angle into as many 
parts as we please, whose tangents may be assigned. 

Thus, if /, = 1, and tg = i, we shall have 

-' ^^ = A, so that tan-' 1 = tan-' ^ + tan"' J. 
1 + /j/, ^ , 



we shall have /, = i, /a «= fV, and t^ = J: 
4 



.'. r-^tan-'^ + tan-'^ + tan-^^-vtanr^V- 
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and \ir has thus been divided into four parts, whose U 
gents are ^, i^ i^ and | respectively. 

24. To the Student who may be desirous of fan 
liarity with this notation, it is recommended to ver 
the following results. 

(1) Sin-^i + sin-»i-sin-»^(75 4-l). 

(2) Cos-* k/1 + cos-* ^II±J^ = 60«. 

(3) Sin->i=«cos-*f-L+-WsO^ 

(4) Sin-* (W2 + ^2) + sin-* (^^ - ^S) = 90". 

(5) Sin-* -7= + sin-' -7= = sin-* ( , ) . 

(6) Tan-* i + tan"* -^ = sin"* (sin 60" cos 36^ 

<ys <yi5 



(7) 



Tan-> (!:l^) - tan"' 4= = ^S". 
V72- 1/ Ji 



(8) 2 tan-' i + tan"' i = 45», 

(9) Sm-'-=^^+sin-'-jJ==90''=tan-'«+tan- 

(10) Co8-'|+cos-'^ + co8-'i = 180». 

(11) 2tan-'l+2tan-'i + tan-'- = 45». 

(12) Cor'i + cor'l-cot-^-600. 

(IS) ^tan-'i-tan-jl^.ix; 

(14) Tan-'i-tan-^ + 4tan-'l=i,r. 



(15) 8tan-«--4taii--^^-x«r'^^=-^,r. 
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It will readily be seen that, by means of Gregory's 
series established in Article (133), several of these results 
may afford approximations to the value of ^ tt : and by 
reason of the smallness of the component factors, it 
will not be laborious to compute its value accurately to 
several places of decimals from the formula, 

i^r = tan-* — - - tan"* z^r + 4 tan"* - : 
* 99 70 5 

or, by reason of the rapidity of convergence of the two 
latter series^ from the formula, 

iir « 8 tan"* r^r- 4 tan~* -— — - tan"* — - . 
* 10 515 239 

The notation employed in these articles is what was 
alluded to in Article (22) : moreover, if the sine, cosine, 
&c. of an arc Oj, be supposed to be formed into an arc a„ 
then sin 0, = sin (sin a,) is sometimes expressed by sin'oi : 
in the same manner, sin {sin (sin Oj)} is written sin'a, : 
and similarly of the other functions. 

IV. Triangles and their Properties. 

25. To ascertain the limitations under which three 
straight lines can form a triangle. 

Here the cosines of all the angles must lie between 
the limits + 1 and — 1 : whence, if a denote the side 
which is not less than either of the others^ and a — 6 < c> 
a'^c<h^ 6 - c < a, we shall have 

a'-2a6 + 6*<c% a*-2ac + c'<6% 6»-26c+ c'<a»: 

or, a' + 6«-c'<2a6, «• + c« - 6' < 2ac, i»' 4- c' - a' < 26c : 

thus, cos C, cos By cos A^ are each less than 1^ and the 
triangle will be possible. 

Also, -.26c<a•-6'-c^ or a»-6'-c">-26c 

shews, that if the cosine of ^ be negative, it is greater 
than — 1> and the triangle will be possible. 

If a = 6 + c, we shall have a- b = c, and a-^c^bi 
.-.b^ + c'-a*^-2bc, a» + 6*-c»=:2a6, a' + c'-b* «^ac\ 
whence, coaJ'^-J =co8l80^, or-4=180* vcoaC=\«eo%^, 
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or C = ; and cos J5 = 1 = cos 0®, or B^O; 
and the triangle merges in a straight line. 

If a > 6 + c, then will a — 6 > c, and a — ob: 

which give each of the cosines > 1 , and therefore shew 
that the lines a, 6, c cannot form a triangle. 

Again, sin J -4 = ji/ j^ , and if a > 6 + c, 

2(« — 6) = a + c — 6>6 + c + c — 6>2c, or « — 6>c: 
2(« — c) = fl + 6 — c>6 + c + 6-c> 26, or « — c> 6 : 
whence, sin ^ ^ > 1, which is impossible. 

Also, 2(« — fl) = 6 + c — a being negative^ we shall 
likewise have sin ^ jB and sin ^ C imaginary. 

Lastly, be sin A=2,Js(s — a){s — b)(g-' c), can be rw/ 
only when « — a, * — 6, j — c are oW positive as hitherto ; 
or, when two of them as s-b and s — c are negative: 

but 2 (« — 6) < gives a + c — b <zO; 

and 2 (« — c) < gives a + 6 - c < : 

whence, by addition we have 2fl < 0; or one side of the 
triangle is negative, which is necessarily excluded. 

The circumstances here pointed out, are nothing more 
than what have all along been assumed, that any two 
sides of a triangle are together greater than the third: 
but it thus appears that the Algebraical Formulce are suf- 
ficient of themselves to determine the consistency of the 
data for the purpose, or otherwise. 

26. Given A, B and a ± 6, to solve the triangle. 
Tan|(^-J5) = ^Jtan^(/i + 5) = |^cotiC: 

which gives a — b^ox a + b: and thus a and b are found. 

27. If A, a and b + che given, we have 

from which be is known; axidxSwisb «xAcTSMc«j\i!^tjs»n4 
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28. Given the perimeter^ the area and the angle A 
)f a triangle^ to find the side a. 

Here, 4co8'i^ - (*±^'= (?iZi^', 

and 4^ = ^ 6c sin ^ : 

.'. a^s cot iA becomes known. 

s * 

29. To find a point in the plane of a triangle, at 
vrhich the sides shall subtend given angles. 

Let ABC be the triangle, O the required point : 
Iraw OA, OB, OC: then if zAOC = a, zB0C=^/3, 
OAC=d, and z OBC--<p, we shall have 

s,ma AC_ b sin (p _ OC OC 
'sme' OC^OC' sinfi^BC^T' 

sin a sin d) b . •.»•/>•/» 

••• -: n ' a = -■ > OT fl Sin a SlU = 6 SlU /j SlU 6 l 

sm fi Sin u a 
low, zy40J5 = 360"-o-/?, zOAB = A-e, ^OBA^B-tp, 
jrhence, 180° = 360"+i4 + jB-(a + /? + + 0); 

.-. = S6O*-(a + /3+(7+0)=7-^. suppose: 
and h sin /3 sin = a sin a sin (7 — Q) 
= a sin a sin 7 cos - a sin a cos 7 sin dy 

^ a sin a sin 7 

£nives tan d « 7 — ; — ^ ; : 

° 6 sin p + a sm a cos 7 

.nd thus, the lines OA, OB, OC may be determined. 

If a = /? = 120^ or the sides of the triangle subtend 
qual angles at the point 0, we have sin o = sin /? : 

^ - a sin 7 J . fl a sin 7 

.-. tan = 7 — and sin = . : 

6 + a cos 7 Ja^ + 2ab cos 7 + 6" 

, CO sin d ^^ Qab sin 7 

vhence, 7^-7 = - — — — , or CO = 



CA sin 120« ' J3{a^-h2ab cosy + 6') ' 

.^^o ^ i-r^ 2fl6sin(60«+(7) 

3ttt 7 = 120*- C, .'. CO = . ^ , ^ . — r- - • 

^3 (a»- 2a6 cos (60*4- C) + 6«) 

Similarly, AO and jBO become kiicww, axv^Ji \\. «:^* 
pears that sin^ff : sin ^ :: a : b i: am A ^ «ivxi B. 

H.T. ^ 



1 

1 
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This problem may be solved geometrically, by describ- 
ing on AC^ BC, two segments of circles containing angles 
equal to a, 13, respectively, and intersecting in 0. 

30. When o = /3 = 120^ let AO =p, BO = q, CO=r: 
then, 2S = ij3(j>q + pr + qr\ or -j=zt=pq-hpr + qr: 

but a*-q' + r'+qr, b' = p^ + r^ + pr, c^ = p^ + q^ + pq: 
... a'^b' + c' = 2(p^+(f + r') + ^ 

Js 

=2(p + q+ry''4ij3S: or, {p + q + ry=^{a:'+b^+c') + 2j3S. 

31. If CD meet the base of the triangle ABO in D; 
then if z BAC=A, l BCB^-i, AD =-h, and D5 = fc 
be given, the triangle may be solved. 

For, if z CDB:=e, we shall have CD== .^f^^i s- 

sm {6 - A) 

also, zC5D = 18O-(7+0): .'. CI) = i^HL(Z±^ : 
whence, k sin (6 — A) sin (7 + ^) = A sin J[ sin 7, 
which gives cos (20 + 7 — -4) = cos (-4 + 7) — -j- sin ^^ sin 7 : 

and thus all the parts of the triangle may be found. 

If a denote the least positive angle, whose cosine = 
the latter member, the values of 6 will be had from the 
two equalities, 

26'hy-A = a, or ^ = |(-4 + a — 7) : 

26 + 7-^ = 27r-o, or = ^(2ir + ^ -a-7). 

In cases of this kind, care must be taken to select 
only such values of the required angle as may consist 
with the nature of the problem, and the geometrical con- 
struction will here confirm the correctness of tlie choice. 

32. Through any point in the plane of a triangle 
ABCy let straight lines Aa, Bb, Cc be dra¥m to meet we 

sides in a, b, c respectWeVy •. xJasiv 
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Ab : AO :: sin ^06 : sin^^^O^ 
AO : Ac :: sin ^c?0 : sin -40c: 
.-. Ab : Ac :: sin .406 sinilcO : sin i(60 sin -40c: 
so^ Be : Ba :: sin BOc sin BaO : sin £cO sin BOa : 
Ca : Cb :: sin COa sin CbO : sin CaO sin C06 : 

.% Ab.Bc.Ca : Ac.Ba.Cb :: 1 : 1, 
by reason of vertical and supplemental angles : 
that is, Ab . Be , Ca— Ac . Ba . C6. 
^6 ^Bsin^J50 Be BC sin BCO 



Again, 



C6-^CsinC50' Ai^AC sinACO' 



, Ca AC sin CAO , , 

and ^5- = .^ . — i5-rj?v : whence we have 
Ba ABsmBAO 

sin ABO sin BCO sin CAO ^ 
" sin CBO sin ^CO sin BAO ' 

or, sin ABO sin J5C0 smCJO = sin CBO sin ACO sin J5ilO. 

33. Conversely, when either of these equalities is 
satisfied^ it follows that the three straight lines Aa, Bb, 
Cc pass through the same point* 

(1) When the sides of the triangle are bisected in 
a, 6, c, the theorem evidently holds good. 

(2) When Aa^ Bb, Cc are perpendicular to the sides 
of the triangle, we have 

Ab = ABcosA, Bc = BCcosB^ Ca = ACcosC: 

Ac^ACcosA, Ba = ABcosB, Cb^BCcosC: 

/. Ab.Bc.Ca = Ac.Ba.Cb: 

and the perpendiculars have therefore a common point. 

(3) If Aa, Bb^ Cc, bisect the corresponding angles, 

., Bb sin iB ^ Cc sin IC ^ Aa sin \A 
sm A sm B sm C 

. Cc sin iC „ Aa sin iA ^, 56 sin iB 

Ac^ ; — -f—, Ba'- . p^ , C/6« ; — -2—-. 

sin A sinB svtiC 

. '. ^^, Be ,Ca—Ac, Ba . C6, and the coiicVusvotv'WMa- 
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Similarly of other cases^ and the second condition 
may be used^ when convenient^ to establish the same. 

34. To find the greatest triangle described upon a 
given base, and haying a given perimeter. 

Let 2p be the given base, and 2q the sum of the 
remaining sides : then if g+ or be one of these sides, q-x 
will be the other : whence we shall have 

;S'=^*(*-a)(*-6)(*-c) 

which will be the greatest possible when x = 0, or when 
the two remaining sides are equal : that is, the isosceles 
triangle, whose sides are each = q^ and whose area 

= pjff—p*^ is the triangle required. 

35. If an angle of a triangle be bisected by a line 
cutting the opposite side, find the segments of Uie side 
and the bisecting line. 




sin ACE sin ACE sin BEC BC AE 
Here, - ^.^ ^^^ - ^.^ ^^^. ^.^ j^^^ - ^— . ^^ , 

AB AC , . — 6c -I nrt ^c 

••- trp^nri'' whence, AJS^ r, and ^^« r. 

BE BC a+b a + o 

Also, CE^ = AC + AE''2AC.AE cos A 

" (a + 6)« a^b\ Wc J"''^'^ {a-^-bf 
fl6(g-ff>4-c)(fl + &-c) 4fl'y aii^ 

or, ■» Y^ = ; 7^ cos'iC. 

(a + 6)* (a + 6)' ' 

Whence. «* - (^ * C^" = (^^ (^^CB- 
or, i4C-BC==ilE-EB^CEV 
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36. If a side of a triangle be bisected by a line 
drawn from the opposite angle, find the segments of 
the angle, and the bisecting line. 




Here, 



A F B 

sin ACF _AF _BF sin BCF 
sin CAF "FC "FC" sin CBF ' 



)r, the sines of the segments of the vertical angle are 
proportional to the sines of the corresponding angles at 
:he base : whence we have 

Un^jA + B ) _ tan^{ACF + BCF) 
tanl{A-:^)''ta,nl{ACF~-BCF)' 

Tom which ^ (ACF -BCF) is found: 

.-. ACF = i (ACF + BCF) + i (ACF -BCF), 
and BCF ^ i (ACF + BCF) --^ (ACF -BCF). 

Again, Cr =CA' + AF'--2AC. AF cos A 
= 6' + (^c)'- occos-4= . 

Since, 4C2^ = 2^' + 26« - c» = 2^C» + 2BC - AB", 
we have 4CF' + 4>AF'==2AC + 2J5(7, 
or, AC + BC=:2Ar + 2CF*. 

If the lengths of the three lines drawn from the 
mgles to bisect the opposite sides, be denoted by A, k, /, 
ve shall have 

4(h* + k' + l^) = 3 (fl» + 6* + c»), l6(k''k^ + h'P + k^l^ 

= 9(aW + a*c»+6V),andl6(A* + it* + /*) = 9(fl* + ** + c*): 

rom which it follows, by Article (76), that the area o£ \^<fc 
riangle whose sides are h^ Jcy I is equal to ^ o^ \N\«X ot 
he triangle, whose sides are a, 6, c. 
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37. To express a side of a triangle, in terms of the 
remaining sides and their opposite angles. 




AD y» 

Here, AB = AD + DB= AC cos A + BC cos B, 

or, c = b cos A + a cos B : 
similarly, 6 — a cos C-¥ c cos A : 
and a = b cos C-hc cos B. 

38. CoR. From these results we may easily derive 
some of the fundamental Propositions of the Science. 

Thus, - « - cos A + cos B : also, — = -: — 7 , 
a a a sm A 

and g ^ s'^ ^ _ sin {1 80" - (^ + B)} ^ sin (^ + B) , 
a sin A sin J. sin A 

, sin (^ + ^) sin J5 . „ 

whence, ^i — 5 — ^ =-; — -. cos ii + cos B : 

sin ^ sin A 

or, sin (^4 + B) = sin y4 cos J5 + cos A sin JB. 

Again, by multiplying both members of the three 
equations above given by c, b, a respectively, we obtain 

c' = be cos A + ac cos B : 
6* = «& cos C -hbc cos -4 : 
a* = ab cos C-\-ac cos J5 : 
.*. a* + 6' + c* = 2a6 cos C + 2flc cos -B + 2bc cos ^4 : 
also, 2a^ = 2a6 cos C + 2ac? cos JB : 

ft' + c^-g* . 
26c 



.•. 6* + c* - a' = 26c cos -4, and cos A = 
similarly, cos B = , and cos C = 



2a6 



These conclusions bem^lvere arrived at without re- 
ference to Geometry ^ we sutXV \)« «X. W^^t^^s \a uisa thai 
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n the establishment of any of its fundamental Propo- 
itions : and it hence appears that all the formulae of Tri- 
;onometry may be derived from one relation. 

Thus, let C = 90°, and .•. cos C = : and we have 
* = a' + b\ which is Prop. 47 of Euclid i. 

Again, if C = 60®, and .-. cos C = ^, we find c" = j- : 

if C = 120®, and .% cos C = - 1, we get c' = 7- . 

39. To find the segments of the sides of a triangle, 
nade by the points of contact of the inscribed circle. 

c 




Here, it is evident from the construction that 

Ac = Ah, Be = Ba, Ca^Cb: 

.\ 2s = 2Ac+2Bc-¥2Ca^2c + 2Ca: 

whence, we have Ca — S''C = Ch: 

similarly, Ba = S'-b = Bc : and Ac=^s — a=^ Ab. 

Hence, ^0*= ^if c* + co' = (* - aV + r* = 6(? { r ^). 

Also, r = (*-a)ten^y4 = (j-6) tan^JB = &c.: 
and S-Js{s — d)(js- 6) {s — c) 

Prom Article (32. -4p.), it therefore follows that the 
three straight lines joining the angular points with the 
points of contact of the inscribed circle, pass through the 
same point. 

40. To find the segments of the angles o^ a \x\UE^gL&.^ 
made by the radii of the circumscribed c^TC^ib. 
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Here, z OAB = ^{IS0' -JOB) ^gO' - C= ^ OBA: 

z OBC ^ ^(180' -- BOC) = 90'- J --^OCB. 

41. Hence we may find the magnitude of the angle 
contained between the radii of the inscribed and cir- 
cumscribed circles, of the same triangle. 

By referring to the preceding diagrams, we have, 

for the inscribed circle, z oAB = ^A : 

for the circumscribed circle, z OAB = 90* — C : 

and the difference of these, or OAo 

= 90»-C-^.4=90°-C-^(180^-jB-C) = i(JB-C}. 

42. To express the distance between the centres of 
the inscribed and circumscribed circles, in terms of their 
radii. 

Let and be the centres of the inscribed and cir- 
cumscribed circles : draw Ao, AOy and Oo: 

then, Oo^ = AO" -i-Ad'^ 9,A0 . Ao cos OAo 

-^ r* 222r cos OAo 
sin* ^A sin ^A 

but, cos OAo = cos (^B - |C), by the last article, 

= cos ^B cos ^C + sin ^B sin ^C 

a V oc a ^ 

cos OAo as - a a(« - a) , 
sm j^A a a 
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also, . , . . = ( J 6c, and Rr = — — : 

siJT ^A \ * / ' 4* 

whence, Oc^ - 12* + -^^ he ^— be - ^Rr 

9 s 

= i2* - 2Rr : and therefore Oo = JR'' - 2/2r. 

43. To find the radius of the circle touching one 
side of a triangle, and the two others produced. 




Let oa = ob ss oc drawn from the centre o perpen- 
licular to the side BC, and to the sides AC^ AB pro- 
luced, be denoted by r, : join oA, oB and oC : 

then, S = the area of the triangle ABC 

= the trapezium ABoC — the triangle BoC 
= A AoC + A AoB - A J5oC 

from which we find r. = j^-?^ ^ . 

Similarly, if r,, r,, denote the radii of the circles 
ouching AC^ AB^ and the other sides produced respec- 

ively, we shall have r- = y, and r. = . 

,, 1 1 1 *-fl + * — 6 + 5-c * 1 

Hence, — + — + —= = — = - : 

r, Tj Tj o or 

o* 

nd iTir^, = -7 r-r ^Y7 ^ = "^'j or S--^ Jrr^r^r^. 

s{s " a) {s — b) {s -- c) ' ^ 

44. Cor. From Ac = oc cot ^-/f , we have Ac — s—Abi 
md from Article (43. -^pOi ^^ appears that the distance 
)etween the points of contact of the circles whose radii 
fe r and r^, with either produced side, is equal to the 
ide of the triangle, which lies between them. 

Also, it may be shewn, nearly as in Ar^cle (^^^. Apl^* 
>«f ibe distances between the centres of t\ie otcW 'w>^o«fc 
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radii are r,, r,, r,, and the centre of the circumscribed 
circle whose radius is R, will be 

JWToRr,, JW+2Rr^ and JR* + 2/2r,. 

The circles forming the subject of these two articles, 
have been appropriately named the Escribed Circles of 
the triangle ABC: and the student is referred to the 
Appendix to the Ladies' Diary for 1835 and 1836^ where 
he will find many curious and interesting results^ in a 
series of papers entitled Horce Geomeirica:, by T. S, 
Daviesy F.R.S. Professor of Mathematics at Wboltvich, 

V. Mensuration of Heights and Distances. 
45. From a station D at the base of a mountain, a 

A 




person observes its summit J at an elevation of 60*: after 
walking one mile towards the summit, along a plane 
making SO** with the horizon, to another station JP, he 
finds the angle DFA to be 135® : determine the height 
of the mountain in yards. 

Let ABE be perpendicular to the horizontal line 
DB at B : draw FG parallel and FK perpendicular to 
it : then DF= 1 mile : 

z FDG « 30°, and .-. FG = DF sin 30° ^ ^ mile : 

now in the triangle DFAy we have DF = 1 mile : 

z ADF= z ADE - L FDG = 60°- 30°« 30°: 

z FAD = 180°- (ADF+AFD) = 180° - 165° = 15°: 

, AF sin 30° ^ , ,, ^r. ^ .^ 

whence, ^f^= . , ^p = 2 cos 15°, or AF = 2 cos 15*: 
FD sm 15 

also, zjP^^«zD^£-zDyii^-30°-15°«15°: 
whence, AK = AF cos 15° = 2 cos* 15° = ^ (2 + Js) miles- 
and .'.AF = AK^KE=AK^FG^\(3 + sJs) miles 
= 880 (3 + Js) yards ^ 4j\^^^ ^«^%»tv«k£^. 
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46. To find the height of an object standing upon 
a hill, contiguous to a horizontal plane. 

Keeping in view the same diagram, let AB be the 
object ; C, jD two stations in the horizontal plane in a 
line with it : produce AB to meet the plane in jfi^ : at 
C observe the angles ACB, BCE=C and C: suppose 
CD = a, and observe the angles ADE, BDE = D and Z>' : 

, AC sinD ,^ asinjD 

then^ 7>ri^ ' in fYv» ®^ -4C = 



CD sm iC'-Dy sin(C-2))' 

, BC sin D' ^^ a sin D' 

and -7^=r = -; — 77^, — =rr, : or BC= 



CD sin(C'-i>')' sin (67'- jD') • 

whence in the triangle ACB^ we have found the two 
sides AC^ BC ; and the included angle ACIB^C- C is 
given : and therefore the height AB may be determined 
by the ordinary process. 

Precisely in the same manner, the distance between 
two objects at A and B, which are inaccessible to the 
observer at C and D, and to each other, may be ascer- 
tained. 

47. From the top of an eminence of given height, 
the angles of depression of two objects on the horizon 
in the same vertical plane with it, are observed : to find 
the distance between them. 

The same diagram being retained, let AE he the 
given eminence =a; C, D the objects in the horizon : 
draw AH parallel to the horizon, and let the angles of 
depression HAC, HAD of the objects be called a, ft : 

, AC sin ABC ^ 1 .^ « 

then, -r^=-7— TTTrT-^iTrr; ovAC= 



AE sin ACE sin a' sin a* 

CD sin CAD sin (a - ft) 
CA " sin ADC sin ft '' 

... CJD^C^g?^"-#>== ^^^"^"^^ , is found. 

sm ft sm a sin ft 

Here also, the distances of the objects C, D from 
the point of observation A, are a cosec a, a cosec ft re- 
spectively. 

48. Given the distances between thiee 8\a^o\\% \tv «l 
straight Jiiie with an object, standing upon aVioTviowVA 



240 



MISCELLANEOUS QUESTIOMB 



plane^ and that the angles of its elevation at these stations 
are equal to 6, 90^ — and 26 in order, being unknown: 
to find its height. 




Let AB be the object, B^ D, C the stations in a 
straight line with it : ED = a, DC = b : then, 

^AEB^e, ADB^QO^'-d, sindACB^^e: 

.-. ^EAC=zACB''zAEB^d = zAEC, and EC =^A€: 

also, zEAD = ^ ADB - z AEB = 90«- 2^ : 



again, 



whence, 
AC 



AD sin 6 , ^T^ « sin 

, and .*. AD = 



AD sin 20 
a 



DE cos 2d 

cos 6 j^ 

, or AC 



cos 20 ' 
a sin cos ^ a 



cos 20 sin 20 2 cos 20' 

a 



= EC = a + 6, which gives cos 20 = 



" 2 cos 20 ° 2(a + 6) 

whence, AB = AC sin20 = ^ J^ (a + bf - a", the required 
height. 

49. To determine the height and distance of an 
object by means of its observed equal elevations, at two 
given points, and its observed elevation at the middle 
point between them. 

A 




IN PLANE TRIGONOMETRY. 241 

Let i^JB be the object, CB^a, CE^EB^\a: 
a^iACB = zADB, sLndfi = zAEB: 

tana AB AB BE . or-r^ 
^^^"' t^-BC^BE-BO^''''^^^'' 

.BE^CEtanBCE^la'^''^^^ "^"" 



cos BCE 2 ^un*/i^-tan«a ' 

^ *> v> «-t ^ fl tan a tan S 
whence, AB = BEta,ufi = — , ^ = 

2<ytan*/3 -tan'a 
, the height of the object ; 



2 ^sin (/^ -t- a) sin (Ji - a) 

1 r>/-» ATi i, a cos a sin/? ^^ 

also, JBC = yiJBcota« — , . ~ = BD : 

2 7(sin /5 + «) sin (/3 - a) 

1 D E^ J z> -. o a sin a cos /3 

and BE = AB cot p «= — . — . 

2 Vsin (/? + «) sin {fi - a) 

50. Given the elevations of an object above a hori- 
zontal plane at three points, at given distances from one 
another, in the same straight lihe, to find its height. 

In, the preceding diagram, let AB be the object, C, 
E, D the three stations : CE = a, ED = 6, AB = hi and 
let the observed elevations at (7, E, X) be a, /?, 7 : then, 

-BC = Acoto, BE=hcot/3, BD = hcoty: 

draw BF perpendicular to DC, and we shall have 

A« cot'a = a* + A' cot^/? + 2a , EF: 

K" cot»7 = 6» + A' cot'/? - 26 . jE'jP: 

.-. 6^' cot* a = a^b + 6A» cot'*/? + 2^6 . ^F: 

a¥ cot' 7 = fl6« + fl/t' cot'/? - 2fl6 . ^i?' : 

whence, {a cot* 7 - (a + 6) cot'/? + h cot'o} A* = a6 (a + 6) : 

« / ab(a + b) ^i_ 1. . 1 

/. n = ^/ i 7 Tv 57^ — 1 i— » the height : 

SJ a cot*7 -(a 4- b) cot'^* + 6 cot'a * ® 

and thus, the values of BC, BE, BD are also determined. 

The expression for h just found, though in a neat 
form as to algebraical symmetry, is not aAa^tft^X.o\o\5?i- 
Tithms: but its value may be computed ftom tJaa ^oTxax^^ 
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^ ^ sin {p + g) 8in (/g - a) 

"" a sin'a sin (/3 + 7) sin (/3 — 7) * 
6 sin^y sin (^ + a) sin (|(3 — a) 

with the use of a subsidiary angle. 

If we suppose h-a, and 7 = a^ the problem is re-t 
duced to the next preceding. 

51. Four objects situated at unequal but given dis- 
tances, in the same straight line, appear to a spectator 
in the same plane with them, to be at equal distances 
from each other : it is required to determine his position. 

In the diagram of Article (48. A-p,), let C, Z), -E, /"be 
the objects, A the place of the eye : draw AB perpen- 
dicular to FC, and let CD = a, DE^b, EF^c : 

also, let z CAD=JL DAE^ l EAF^<p, and z ACB=h 

- sin Sit> sin CAF CF 

then, 



and 



sin^CjP sin^Cf' AF' 
^iii ACD ^mACD AD 



sin « sin CAD CD * 
sin 3<p _ . . , . CF AD CF Ah 
.-. -^^-^-^^^^^^-jp'CD—CB'AF 
CF DE {a + h^c)b 
"CD'EF'' ac 

, . /. J • j^ /Sac — (a + 6 + c) 6 

whence is found, sm = . / ^ ^— : 

^ V 4ac 

again, sin^ = -— : and sin (^- 20) =— ^7: 
sin a AE ED h 



sin(0-2</)) AC DC a' 

and thence, tan % = -, ^— is determined : 

6 cos 2(p — a 

, ^a sin(a-.0) . ,^ asin(d-d)) 

*^«^> 777^ = — ^ gives AC=- .^ ^ ^ : 

C//> sm ° sm «/) 

p/7 _ ^ ^^^ ^ ^^'^ (^ ~ ^) . p fl sin ^ sin(0-^) ^ 
Sin ()> %\\\.<^ 
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80 that the position of the point ^^ at which the spec- 
tator is situated^ is completely determined. 

If (a + 6 + c) 6 be greater than Sac, the value of 
is imaginary, or the data are incongruous. 

If a^h — Cy we have sin = 0, and BC, AB inde- 
finitely great; which shews that equidistant objects in 
the same straight line^ can never subtend equal angles at 
the eye of a spectator, at k finite distance from them. 

52. Two ships are sailing in parallel directions, and 
9, person in one of them observes the bearing of the 
other to be a® from the north: p hours a^rwards its 
bearing was /3®, and q hours after that, it was 7® : find 
the course of the vessels. 

In the diagram of Article (4.9. Ap,), let SDN be the 
iirection of the north : Z), ^, C the three positions of 
:he observer; d, e, cthe contemporaneous positions of the 
>ther vessel : then, since the motions are supposed to 
}e uniform and in parallel directions^ it is evident that 
Dd, Ee, Cc produced will all meet in some point A : 
et FDN the required angle be denoted by 6 : 

.-. iFDA^e-a, zFEA^d-^13, z FCA^O-yi 

whence, i DAE^a-fi, and zEAC^/S-y: 

, BE DE EA sin DAE sin FCA 
EC EA'EC sin ADE' sin E AC 

Q^ P __ s>n (« " ^) sin (6 - 7) . 
' q sin (6 - a) sin (/3 - 7) * 

.-. tan g - ^ ^^" ° "" (/^" 7) - 9 sin 7 sin (« -^) 
p cos a sin (/3 — 7) - 5 cos 7 sin (a — /5) * 

If the observed vessel be stationary, the point A 
coincides with it, and the result will remain the same. 

53, A flagstaff of given length, standing upon the 
op of a tower of given height, subtends at the eye 
f a spectator on the horizon an angle = a^ : find his 
istance from the tower. 

^ In the diagram of Article (114. Ex. 3.), let BF=^a, the 
aight of the tower, and FA = 6, the length o? Xhe ^\aS \ 
^en^ iFD be the position of the spectator, l ADF =^ a v . 
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let iBDF = 0, and .•. £BDA = + a: 

.% BD = BFcotd^a cotO: 
also, BD = BA cot (0 + a) = (a + b) cot (^ + a) : 
whence, we have a tan (^ + a) = (a + b) tan : 

, . , . ^ 5 cot a =t Jb* cot* a - 4a (a + b) 
which gives tan = ^^^-r-7 t-t : 

and .'. 5Z)= . I 

^ cot a ± ^6* cot* a — 4a (a + ^) 

the required distance : and both the values will answer 
the conditions of the Problem. 

In order that there may be no incongruity in the datar 
and to ensure a possible solution, it is evident that 6* cot' a 
must not be less than 4a (a + 6) : and the exlreme case 
will therefore be, when 6* cot* a = 4a (a + 6), and con- 
sequently a the greatest possible, so that 

6 cot a = 2 fja {a + A), and tan *a/ r-: 

and therefore BB = J a {^a + b)== JBF. BA. 

This problem admits of a neat geometrical construc- 
tion: for, if upon AF, a segment of a circle be described 
containing an angle = a'', it will cut the horizontal line in 
trvo points corresponding to the trvo values of BD above 
found : and when these two values become equal to each 
other, BD becomes a tangent to the circle at D, where 
ADF is the greatest possible, and BD^ = BF. BA. 

54. A person flying a kite at noon when the wind 
was blowing a° from the south, observed the angular 
distance of its shadow from the north to be /3® : but the 
wind having suddenly/ changed to 0'° from the south, the 
shadow was found to be cast ^'® from the north, and the 
elevation of the kite to be as much above 45®, as it was 
before below it : required the angular heights of the sun 
and kite. 

Let j4 be the place of the spectator, K that of the 

kite, H that of its shadow on the horizon ; draw SAh 

to represent the meridian, join AK, AH : draw KLjp^' 

pendiculur to the lior\zox\, atvd ^ovcv LH", AL and HK: 

then, since the sbadow at. noon \ft ^^^^ x^ ^<t Wi 
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of the object, LH is parallel to SAN: also, since AK 




is the direction of the string, it is evident that the wind 
is blowing in the direction of the plane ALK, and 

.-. z LAN^z lAS^ai 

again, AH being the direction of the shadow from the 
spectator, we have z NAH = fi, and .•. z HAL ^a- jS : 

now, let the altitude of the sun, or z LHK= 6 : 

and the altitude of the kite, or z LAK^4!5^ — ^ : 

KL KL 

.-. tan^=-^y, and tan (45° - ^) = -^ ^ : 

- tan 6 ^ AL ^ sin AHL _ sin fi 

^ ^^^^' tan (45«- </)) "HL " sin HAL " sin(a-^/3) * 

. ., , , tan d sin /S' 

similarly, we have - — r-— r- = — — ^^, 77- , 

^ ' tan (45*> + (p) sin (a' - /i^') ' 

since the altitude of the sun remains the same, and 
45* — ^ is merely changed into 45° + : 

whence, tan'g = . ^^^^ ^!" f , — ^ , 

sin (a — /3) sm (a' — /3') 

which gives the angular altitude of the sun : 

and tan' (45°-^)= . ; , — ^J. . ^. , 
^ ^' sm(a'- /3) sm/S' 

which determines the angular altitude of the kite to the 
spectator, when in its first position. 

VI. Properties of Quadrilaterals, 

65. To express the angles, diagonals, area, &c. of 
a quadrilateral, in terms of its sides, the oppo^vX,e siw^^^ 
bein^ supplements to each other. 
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Let AB = a,BC~h,CD = e,DA = d.BD^k. AC~k: 




then, 2adcosA = a* + ^-h'', 2ficcosC-fc'-) 
butcoa C = cob(180»-^J = -cos^: 
. .„. 4 a'A-d'-b'-c' .__^. 



similarly, cos B = - -t—. -,^- = ~ cos U. 



Hence, sin A = -^Ji^s-a) {s~ b) (. - c) {, - d), 

where 2i = a + fi + c + (/. And similarly of the rest, (?) 

Also, sin iA = ^ r-' " "} '^\~-'^ = cos AC: 






> (i) 



■•»•■"■ Sorf sSi •6""' 

ad + bc " adWbc 

.ImiWr, i,.(?JiM)_(«^±fc). 

HencCj hk = ac + hd: or, in geometrical symholj, 
AC .BD = AB.CD+BC.AD: Euclid ti. Prop. D. 
A ab + cd BD AB. BC* CD. DA _ 
'k~ad-¥bc ''^'"aC" AB . AU-^iiCXU" 



Also. 
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that is, the diagonals are to each other as the sums of the 
rectangles of the conterminous sides, respectively meet- 
ing their extremities. 

The area of ABCD = a ABD + a BCD 
s: ^ad sin A + ^bc sin C = i (ad + be) sin A 

= ^/(*-fl)(*-A)(*-c)C*-(/). (5) 

If be the angle contained between the diagonals, 
ABCD = A ABD + A CBD = ;J BJD(^G + CH) 
=^^BD.ACsin0 = ^hksind: 

and .•. 8m^=-^-^ — -.-j — ^ ^- (o) 

ac-i-bd ^ ' 

If jB be the radius of the circle circumscribed about 
the triangle ABD^ we have 

had had h h 



22 = 



4iaABD 2 ad sin a 2 sin ^ 2sinC' 

k k 



also, s 



2 sin JB 2 sin D ' 



from which it appears that the circle, whose radius is 
R, will be circumscribed about the quadrilateral : and 

■n h h {ad + be) 

/t=— -2 = . —. - rrrriimr 



^sinA 4 J{s - a)is -b){s-^ c) (i - d) 

1 /(ab.+ cd)(ac + bd) (ad + bc) , 

Hence, with any four lines, each of which is less than 
the sum of the others, it is possible to construct a tra- 
pezium which may be inscribed in a circle : and though 
the area will always be the same in* whatever order the 
lines are taken, the angles, &c. will generally be different. 

If the side <f = 0, all these formulae become the same 
as those already established for a triangle. 

56. To find the relations between the sides of a 
quadrilateral, which is capable of being inscribed in one 
circle, and circumscribed about another. 

Let^P=fl, PQ-i, Q.K = c,jBA=d, AQ=K,PR=^ 
tben, because the quadrilateral is inscribed Vii a cVt^e, 
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S = J(s - fl) (j - b) {s - c) (j - d), where 2* = « + & + <?+ i: 

but since it may be circumscribed about a circle, y/e have 
likewise a + c = b + dy as in Article {Sg, Ap,) : whence, 

s —a^Cy and .•. j — c = a : s — b=d, and /. s-d^b: 

,\ S = J abed = Jab x Jed, or = ^^00 x Jbd : 

that is, the area of the quadrilateral is equal to the rect- 
angle contained by the two mean proportionals between 
the pairs of adjaeent, or opposite sides : 

now, S= Jab x Jed = Jae x Jbd^ 

comprises both the prescribed conditions, and it only 
remains to determine in what ways the equation a + c 
=:b -^d, can be satisfied : and this may evidently be done 
as follows. 

(1) When 6 = fl, and rf = c. 
Here, we have S « J abed = ac : 

sm^ = — , , = = 1: .-. z ^ = 90<*=z Q: 

ad + be ac -h ac ^ 

, , T^ 2S 2ac . „ 

also, sm P = —. J =— V = sin R. 

ab -hed a* + c^ 

(2) When d = a, and b =^c. 
Here, we have S= Jabcd = ac : 

^ ' A ^S 9,ac . ^ 

and sm^=— ^ — r- =-5 j = 8inQ: 

ad + be a" + c* 

a/so, sinP = -T ,^ =.\-. .\ lV^QC^^^B* 

ao + ca ac -V ac 
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And in both cases^ sin 6 = tj* 1, or = 00®, and 

ac + od 

the diagonals intersect each other at right angles. 

We conclude then that the quadrilateral must consist 
of two equal right-angled triangles having a common 
hypothenuse, which is therefore the diameter of the cir- 
cumscribed circle: and that it may also be divided into 
two isosceles triangles with a common base^ which cuts 
the diameter at right angles. 

The diameter of th^ circumscribed circle will evi- 
dently be = Ja' + cPy or Jb^ + tf ; 

and that of the inscribed circle will be = , or = j j : 

a+c b+d 

also^ hk = 2ad, or = Qbc, which is irvice the area. 

It need scarcely be mentioned that the same holds, 
when a = b ^ c ^ d, and the quadrilateral becomes a 
square. 

57. To express the area of any quadrilateral in terms 
of its sideS; and two of its opposite angles. 

Using the diagram and notation of Article (55. Ap.) 
and denoting the area by S, we have 

iS = I (ad sin A •¥ be sin C) : 

but, cos A^ — 5 , and cos C= —. : 

' 2ad ' 2bc 

.'. 2ad cos A — 2bc cos C=a' + d^ — b' — c* : 

whence, by the ordinary substitutions, we get 

(a + if)' - (^ - cf = 4ad cos'^A + 4^bc sin" ^Ct 

(b + cy - (a - J)" = 4arf sin' ^A + 4&c cos' i C : 

and by multiplying together the corresponding members 
of these equalities, and dividing by I6, we obtain 

(s — a)(s — b) (s-c)(s-d) 

= aV sin"^ A cos' ^ J. + abed cos' ^ A cos' J C 

+ 6'c'sin'JCcos«ja+ abcdsm^A sin'JC 

= (ad siniA cos } i4 + 6c sin ^ Ccos J C)* 

+ abed (cos J A cos J C — sin J J. sin J C)' 

« J (flrf sin A + be sin C)* + abed cos' ^^A -v C^ 

= S'+ abed cos* i (4 + C) : 
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.-. S'^(s-a){s-h)(s--c)(s-d)^aicdcos'i(A + q. 

Since A ■¥ B + C+ D^SGO", we have i(A + C) 

= 180*^-J(J? + D), and cos' J (.4 + (7)== cos* J (B + /)): 

and therefore the area is expressed in terms of the sides, 
and either pair of opposite angles, by the same formula. 

The diagonals and the remaining angles^ may easily 
Ibe expressed by means of the same data : 

also, if ^ + C= -B + D - 180\ 

we have cos*J(^ -f C) = cos' J(B + X)) = 0: 

and the result (5) of Article (55. A p.) is obtained. 

Hence, it appears that four given lines taken in any 
order will comprise the greatest area, when they form a 
trapezium capable of being inscribed in a circle. 

VII. General Properties of Polygons. 

58. Any side of a polygon, is equal to the sum of 
the products of each of the other sides and the cosine 
of its interior angle of inclination to that side. 

Draw any straight line AX, and let the sides of the 
polygon ABODE &c. taken in order from the point Ai 
and lying above AX be called a, b^ c, &c. and make the 
angles a, ft, 7, &c. with it: then, if or be the base of the 
polygon in the line AX, we shall evidently have 

j: *= a cos a + b cos ft + c cos 7 + &c. 

exactly as for the triangle in Article (37. Ap.). 

Hence, it will also appear that the perpendicular let 
fall from any angle of a polygon upon the base, is equal 
to the sum of the products of each side, comprised 
between that angle and the base, and the sine of its 
inclination to the base. 

59. The square of a side of any polygon, is equal 
to the sum of the squares of all the other sides, dimi- 
nished by twice the sum of the products of all these 
sides taken two and two together, and the cosines of 
their included angles. 

For, let the sides be a, 5, c, d, &c. taken in order: 
and let a make with the sides ihat follow it, the angles 
^19 a^, a^, &c, : h with iViose thaX. ^oWon? W.»\X\a wjt^'a^^vv \ 
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/^s, &c.: and so on for the rest: then by the last 
cle, we have 

a = 6 cos Oi + c cos a^ + d cos a^ + &c. : 
i =s a cos Oi-i-c cos /3, + rf cos /3a + &c. : 
c = a cos a^ + b cos/5, + rf cos 7, + &c. : 
d=^a cos 03 + 6 cos /^2 + c cos 7, + &c. : &c. 
.*. a' = ab cos a, + ac cos a, + flrf cos 03 + &c. : 
b^ = ab cos a, + 6c cos /3^ + 6rf cos /5j + &c. : 
c' = ac cos Oa + be cos /3i + erf cos 71 + &c. : 
d^ = ad cos 03 + bd cos (3^ + cd cos 7, + &c. : &c. 

?nce from the firsts subtracting all the rest and trans- 
ing, we obtain 

a» = 6« + c'+d" + &c. 

— 2 {be cos I3i + bd cos /S^ + &c. + cd cos 71 + &c.). 

'be principle of this process has already been applied 
triangle in Article (37. Ap.\ 

For other propositions connected with this subject, 
reader is referred to a treatise entitled PolygonomC' 
, ou de la mesure des Figures reetilignes, par Simon 
lilier : or, to an extract from it, contained in the third 
ime of Dr Hution*s Course of Mathematics. 

VIII, Problems on Regular Polygons. 

60. To find the perimeter and area of a polygon 
;"* sides, inscribed in a circle of given radius. 

From Article (82), we find the perimeter of the poly- 

««^i .180* 
to be = 2^ r sm — — : 

t, sin-^ =-7sj - 2 cos^ = ->/2 - 2 7l - sinM : 

8»n25^=2\/ 2-2A/l-sin'^^: &c: 
sin — il =|v 2 -2^1 - sin' -1-1 A; 
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180^ 
"whence^ by continued substitution, we obtain sin -^ 

wherein the radical sign occurs m — 1 times, because 

^l-sin''J(180*)=yr^=0: 
/. the perimeter of the polygon will be expressed by 

S60* 
Also, the area of the polygon = 2**"^ sin — ^-^ 

= 2"*rsin— ^^cos-— -, is readily found. 

In the same manner may be computed the perimet 
and area of the circumscribed polygon of 2"* sides, 1 
means of the formulae, 

2«+V tan ^^ , and 2 V tan i^ . 

2" ' 2*" 

61. If the radius of the circle be 1, we should ha^ 
the following results from these formulae. 



Number of 
Sides. 


Area of In- 
scribed Polygon. 


Area of Circnm- 
Bcribed Polygon. 


4 


2. 


4. 


8 

16 
32 
64 


2.8284271 
3.0614674 
3.1214451 
3.1365485 


3.3137085 

3.1825979 
5.1517249 

3.1441184 


128 


3.1403311 


3.1422236 


256 
512 


3.1412772 
3.1415138 


3.1417504 
3.1416321 


1024 


3.1415729 


3.1416025 


2048 

4096 

8192 

16384 

32768 


3.1415877 
3.1415914 

3.1415923 
3.1415925 


3.1415951 
3.1415933 . 
3.1415928 

3.1415927 
I 3,1415926 
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In this way it was that the ancient Mathematicians 
approximated to the value of the area of a circle, by 
continually doubling the number of sides of the inscribed 
and circumscribed regular polygons: and we perceive 
that the areas of the inscribed and circumscribed poly- 
gons of 32768 sides differ by no si^gpiificant figure in 
the first seven places of decimals, and consequently that 
the area of the circle, which is always intermediate in 
magnitude to these two quantities, is correctly expressed 
by S. 141 5926, to the same extent. 

Also, since the area of a circle = J circumference 
X radius, we shall have the circumference of a circle 
whose radius is 1, expressed by 6.2831852, nearly, and 
therefore ■«•=: 3.1415926, nearly. 

62. To find the numbers of regular figures of the 
same kinds which, by their summits meeting at a point, 
can fill up the angular space about it. 

Let n be the number of sides of each : then, at the 

27r 
centre of the figure, each side subtends an angle = ^^ : 

o ° n 

and therefore the angle at each summit 

2ir w-2 
n n 

ivhence, to answer the proposed condition, \£ m be the 
number of figures required, we must have 



(-)" 



m ( '- — '— ) TT = 27r, or m = 



n-2' 



4 

and .'. wi — 2 = , must be a whole number ; 

»--2 

tliat is, the only values which n admits of, are 3, 4 and 6 : 
a.xid therefore the only figures possessing the prescribed 
J>roperty, are Equilateral Triangles, Squares and Hex^ 
a^ons, whose numbers are 6, 4 and 3. 

63. Cor. If three equal plane spaces be divided 
into the same number of equal regular figures as above 
Clescribed, it is evident that the area of one figure of 
each kind, will be of the same magnitude : and that the 
sum of the dividing lines will, in each case, be Y^o^ot- 
tional to the length of a side of one of t\ie xegvAax ^^\«e^^ 
vla'phed by the number of its sides. 
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Let ^, J, h represent respectively a side of an equi- 
lateral triangle, square and hexagon, with the condition 
above given : T, S, H the sum of the dividing lines : 
then^ since, if a be the length of a side, the area A o(& 

' 180*^ 
regular polygon of n sides = ^na' cot , we have 

if » = 4, J = JA, and 5' = 4 ,JA : 

if 71 = 6, A = ^, SLndH^^yT^jA: 

Hence it appears that H is the least of the three 
quantities T^ S, H : and consequently that the sum of 
the dividing lines is the least possible, when the proposed 
area is divided into hexagons. 

Thus, for a piece of Net-work of given extent, the 
least quantity of material will be requisite, when the 
meshes are arranged in the forms of regular hexagons. 
The same will evidently hold with respect to the division 
of an indefinite solid space into right prisms, of a given 
height, the dividing surfaces being the least possible, 
when their bases are regular hexagons ; and this is pre- 
cisely the case in the structure of Honeycomb^ in which 
the cells are regular six-sided prisms, and are therefore so 
arranged that a given quantity of honey requires the 
least possible quantity of wax to contain it. 

64. Given the areas a. A, of the regular polygons o( 
n sides, inscribed in^ and circumscribed about, a circle ; 
to find those of the regular polygons of 2» sides, relative 
to the same circle. 

Let a', A' be the required areas : then, we have 

1 8 • S60« . ,^ 1800 
a :=^nr* sm , A=: nr^ tan 



n n 

a' = wr- sm , ^ =2«r*tan^-- 

n n 



to eliminate the quantities r and n : 

a .180® , a 180* 
now, -J = cos* ^ axvDL — , « c»% ; 
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.*. f — J = — , which gives a' = ^^fl : 



ISO** ^ 180*^ 



cos 2 cos 



and-r=* = ■ = — 

cos' — 1+cos 

n n 

2a 



, which gives A' — - ,- • 



jAa-¥a JA + Ja 

From the equality, a' = jAa^ we conclude that the 
area of a regular polygon of an even number of sides, 
inscribed in a circle, is a mean proportional between the 
areas of an inscribed and of a circumscribed regular 
polygon of half the number of sides : 

,« . ,.^ ., 2Aja 9,AJAa 2Aa' 

and from the equality. A' = ,_ ^ ,^ = ^^^7= = -. -, 

^ ^ JA + Ja A-i-jAa A-^a^' 

it appears that the area of a regular polygon of an even 
number of sides, circumscribed about a circle, is a har^ 
monic mean between the areas of an inscribed regular 
polygon of the same number of sides^ and of a circum- 
scribed regular polygon of half that number. 

IX. Properties of the Circle. 

65. The following property of the chords of a circle 
IS said to have been discovered by Vieta, a very cele- 
brated French Mathematician, born in the « year 1540: 
but it has sometimes been attributed to Dr, Waring, who 
was elected Lucasian Professor of Mathematics at Cam- 
bridge^ in the year I76O. 

E 
J) 




Let PA be the diameter of the circle, and let 
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then, if the chords PB, PC, PD, PE, &c. be drawn, and 
PB be assumed = j: + - : it is required to prove that 

PC=^x' + -i, PD^af'+^, PE = a;*+i, &c. 
Here, 

PJ5 = chd (tt - ^JB) = 2 sin (^TT -^^J5) =2 cos ii4J5=a;+-: 
PC= chd (tt - ^Q = 2 sin (^TT- ^^C) = 2 cos ^.4C 

= 2 cos 2 i^AB) = a:« + i by Article (122) : 

PZ>= chd (ir - ^D) = 2 sin (^TT - ^^D) = 2 cos i^D 

= 2 cos 3 (I AB) = x^ -\---^: and so on. 

66. The following is termed Demoivre's property 
of the circle. 




Let P be any point within or witljout the circle, 

-whose centre is 0, and radius OA = 1 ; and let BC = CD 

27r 
=s DE = &c. = — : and complete the construction: 

then, if OP = x. and z PO-B = — , we have 

n 

ar'" - 2 cos ao;^ + 1 = OP'''- 9,0P^ . 0B» cos n POB + OB*" 

^^-2 cos- a; + 1 = 0P-20P.05 cos P0jB + 05*=Pfi' 
n 

x^^9. cos ?^!i^j:+l=0P*-20P. OC cos POC+OC^PC 
n 

a:^-2cos^^!^a:+l=OP^- 20P.02)cosPOD+ OD'^Piy 

&C. =&C- =&C-' 
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whence, by Article (159), we shall obtain 
OP^-^OP'. OB" cos n POB + OB^ = PB". PC. PD". &c. 

to n factors. 

67. Cor. If P be in the circumference of the circle 
whose radius is r, we have OP = r: and the equality 
just investigated becomes 

2r» sini » POB = PB. PC. PD.&c. to n factors, 

which is the product of all the lines drawn to the angular 
points of a regular polygon, from any point in the cir- 
cumference of its circumscribed circle. 

68. If OP meet the circle in A, and AB=BC= CD 

= DE = &c = — : we have 

n 

x^-ZjT + I^ OP^ - 2 OP*. OA* + OA^* = {OP* ~ OA*y : 

a^'-^x + l=0P'^9.0P .OA-^-OA^ =P^^• 

ar«- 2 cos— or +1 = 0P»- 20P. OB cos POB-^OB^PB: 
n 

jr« - 2 cos — :r + 1 = OP"- 9.0P . OCcos POC+ OC=PC: 
n 

or*- 2 cos — ar + l« OP"- 20P. 0DcosP0Z)+0D'=P2)«: 
n 

&c. = &c. = &c. : 

whence, by the theorem above mentioned, we obtain 

OP*^ OA^^PA.PB.PC.PD.&c. to n factors. 

Again, if the arcs AB, BC^ CD, &c. be bisected in 
a, by Cy &c, and Pa, Pb, Pc, &c., Oo, Ob, Oc, &c., be 
drawn, we shall have, as before, 

OP^'-OA'*^PA.Pa.PB.Pb.PC.Pc.&c. to 2« factors, 

= (PA .PB.PC. &c.) {Pa . Pb . Pc.&c.) 

» {OP* -- OA*) {Pa .Pb.Pc. &c.) : 

whence, OP* + OA* = Pa .Pb.Pc. &c. to n factors. 

The discovery of these theorems is due to Roger 
Cotes^ who was elected Plumian Professor of Astronomy 
and Experimental Philosophy at Cambridge, in the year 
1707: and they are generally known by the name of 
Cotes' Theorems and Properties of the Circle. 

69. Cor. 1. Hence, if a circle be de&cxi\)^^^V^^^ 
centre O and radius OP, and straigVit '\iTve% Aa^ ^^stb. 
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from the point P> where it intersects anjr one of the radii 
from the centre of the circle ABCD &c., to die angular 
points of a regular polygon of n sides inscribed in it, 
the continued product of these lines is equal to the in- 
variable magnitude OA'-- OP*, 

Also, since PA = OA — OP^ we shall have 
PB.PCPB. &c to « - 1 factors = ^^^^^^^ 

= 0A'^'+ OP . 0A'^+ OP*. 0A'-*+ &c. to n terms: 

and therefore when OP = OA^ or P coincides with A^ we 
get AB .AC , AD . &c. to w - 1 factors = nOA''^ = nr^' : 
that is, the continued product of the lines drawn from 
any one angle of a regular inscribed pc^ygon of n sides, 
to each of the other angles, is equal to nr^^. 

Again, the equality, Aa .Ab .Ac , &c. to n factors 
= 2r", shews that, if straight lines be drawn from an 
angular point of any regular inscribed polygon of an even 
number 2n of sides, to every alternate angle, beginning 
with the nearest, their continued product is equal to 2r". 

70. Cor. 2. Since AB = chd ^^ = 2 sin - , 

n n 

2-71- ^^ 

AC= 2 sin — , AD = 2 sin ^ — , &c., we have 
n n 

IT 27r Sir 
2""* sin - sin — sin — &c. to w — 1 factors = »r*"* : 
n n n 

and .•. sin - sin ^^ sin — &c. to » — 1 factors = «(-) • 
n n n \2/ 

in IT ■ ■ 

Also, since Aa = chd - «= 2 sm -— , 

w 2» ' 

u!i^ = 2sin--, -4c=2sin--, &c., we find 
2« 2n ' 

sin — sin r— sin — - &c. to n factors = 2 ( - ) . 
2« 2« 2« \2/ 

Ex. If n = 18, we shall immediately obtain 

sin 5' sin 15'* &c. sin 95^ sin 105<» &c. sin 175* 

= (sin 5« sin 15** sin 25° &c. sin 85^ = -^ ' 
and ••• sin 5' sin 15^ am ^5^ &^i-%m^5?= — ?_r. 






m PLANE TRIGONOMETRY. 259 

X- Summation of Trigonometrical Series, 

71. To find the sum of the sines of a series of angles 
in arithmetical progression, 

sin a + sin (a + S) + sin (a + 2S) + &c. to n terms. 
Since, 2 sin ^ 8 sin a = cos (a — J B) — cos (a + 1^ S) : 
2 sin J S sin (a + S) = cos (a + J 2) — cos (a + f 8) : 
2 sin JB sin (a»+ 2S) = cos (a + f 3) - cos (a + J 8) : &c. : 

2 sin JS sin {a + (n — 1) 8} 
= cos {a + J(2» - 3) 8} -cos {a + |(2w - 1) 8} : 
if we denote the sum by s, we have, by addition, 
2 sin J8* = cos (a - J8) - cos {a + J(2« - 1)8} 
= 2 sin {a + J (n - 1) 8} sin j^nB : 

^ ^ sin{a + J(»- 1)8} sin J»8 
and .*• o — * . «k • 

sm^o 

If 8 be made equal to a, 2a, &c. in succession, we find 

. ^ o . sinj(w + l)asin Jwa 

sm a + sm 2a + &c. + sm na = ^^ — ; — ^ — : 

sm^a 

sin a + sin 3a + sin 5a + &c. + sin (2w — 1) a = ^— ; : &c. 



sm a 

If a = 8 = 10**, we have, by the same formula, 

sin ^iO^ 
sin 10' + sin 20' + sin 30® + &c. + sin 90' = 



^/2 sin 5' ' 

72. Cor. The series, sin a — sin (a =fc 8) + sin (a ± 28) 
^ &c. to n terms, may be summed in the same manner, 
by putting it into the form, 

{sin a + sin (a =*= 28) + &c.} - {sin (a^l) + sin (a ± 3^) + &c.}. 

73. To find the sum of n terms of the series, 

cos a + cos (a + Z)4' cos (a + 28) + &c. 
Here, 2 sin J8 cos a = sin (a + J 8) — sin (a — ^h) 
2 sin J8 cos (a + 8) = sin (a + f 8) - sin (a + J8) 
2sin J8 cos (a + 28) = sin (a + «8)- sin(a + f 8) : &c. : 
2 sin^8 cos {a + (n - 1) 8} 
= sin {a+l(2n-l)l}'- sin {a+i (2« - 3)h} : 
whence we have s = <^o« {« ->• K^ -y^Vti\ tO. ^ 
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^ ^ o COS J(» + l)a8inimi 

Cos a + cos 2a + &c. + cos na = ^-^ — :— 4 — : 

sm i a 

a . e . o /« ,v singna 
cos a + cos 3a + COS 5a + &C. + COS (2n — 1) a = ; — . 

^ ' 2 sm a 

As none of the preceding series converge throughout 
their whole extent, their sums, when continued in infi- 
niiumy cannot be expressed by any general formulse. 

74. Cor. 1. Since, 2 sin'a = 1 — cos 2a^ and 2 cos^o 
:= 1 + cos 2a, it follows that the series, 

sin* a + sin' (a + S) + sin" (a + 2h) + &c. to n terms, 

cos' a + cos' (a + S) + cos' (a + 2B) + &c. to n terms, 

may be summed by means of the formula above given. 

Also, by successive Differentiations and Integrations, 
it will be easy to ascertain the sums of such series as, 

sin a + 2 sin 2a + 3 sin 3a + &c : 

sina + 2'sin2a + 3'sinSa + &c: &c : 

sin a + ^ sin 2a + ^ sin 3a + &c : 

sin a + -5 sin 2a + -, sin 3a + &c : &c. 
2 3 

75. CoR. 2. It will readily appear that the series, 
hitherto considered, are recurring series, and they may 
therefore be summed by means of the algebraical for- 
mulae for that purpose : but if the formulae of Articles 
(122) or (131) be used, the same object will be attained 
by the summation of two geometrical progressions. 

76. To find the sum of n terms of a series of the form, 
sin a cos /3 + sin 2a cos 3/3 + &c. + sin na cos (2« - 1)^' 

Since, 2 sin na cos (2n — 1)13 

= sin {na + (2n - 1) /S} + sin {na — (2« - 1) /^}* 
we have, 2 sin a cos /3 = sin (a + /S) + sin (a — /3) : 
2 sin 2a cos 3/3 = sin (2a + 3/3) + sin (2a - 3/3) : &c. : 

and thus the series is resolved into two others, which 
belong to the preceding articles. 

77* To find the sum of n terms of the series, 

cosec a + cosec 2a + cosec 2'a + &c. 
Here, cosec a = cot -^a — cot a : 

cosec 9.0. « col a — CO\. *3La \ 
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cosec 2'a = cot 2a — cot 2*a : &c. : 
cosec 2"~^a = cot 2"""a — cot 2""*a : 
.'. s = cot ^a — cot 2""*a. 

78. To find the sum of w terms of the series, 

tan a + 2 tan 2a + 2' tan 2'a + &c. 
Here, tan a = cot a — 2 cot 2a : 

2 tan 2a « 2 cot2a - 2' cot 2"a : 
2" tan 2'a = 2' cot 2"a - 2' cot 2'a : &c. : 
2"-* tan 2"~* a = 2""* cot 2"-*a - 2* cot 2"a : 
/. J = cot a — 2" cot 2"a. 
By a similar process, the sum of n terms of the series^ 

1.1 1.1 1.1 c 

- tan- a + ^ tan-, a +^ tan -3 a + &c., 

5 -— cot — a— cot a ; which, when w =«, becomes — cot a. 
2" 2* ' a 

79. To find the sum of n terms of the series, 
^tan a + cot a) + (tan 2a + cot 2a) + (tan 3a + cot 3a) + &c. 

Here, tan a + cot a = 2 cot a— 2 cot 2a: 

tan 2a + cot 2a= 2 cot 2a- 2 cot 2*a : &c : 
tan 2*"^a + cot 2"~*a = 2 cot 2""^a - 2 cot 2"a : 

.•. J = 2 cot a - 2 cot 2"a. 

80. To find the sum of n terms of the series, 

tan'* - — ; — -5 + tan"* - — - — -5 + tan~' - — - — r-- + &c. 
1 + 1 + 1' 1 + 2 + 2' 1 + 3 + S' 



-1 1 ^ -1 1 . -1 1 
' * — tan * = tan ' , 

n n + 1 ' l + w + n' 



Since, tan"* - — tan"* z~r7 = ^^~^ , . « , 



* -1 1 ^ -, 1 ^ -1 1 

,*. tan - — ; — -« = tan ' - - tan * - : 

1 + 1 + 1' 1 2 

tan"* 7: = tan~* — tan"* — : 

1+2 + 2' -2 3 

tan"* -- — - — -, = tan"* - - tan"* - : &c. : 
1 + 3 + 3« 3 4 

tan-* i = tan"* tan-* 



1+11 + »' n » + l 

.*. s =s tan"* J — tan"* = — <ir — Xzxr^ 



n + 1 4» n -V- V 
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81. To find the sum of n terms of the series, 

or sin 6 + or* sin 26 + a?* sin 3d + &c. 
Here, 



eV^ ^-eV-i 



s = x 



2V 
i j?e 

27-u 



^=^r* I 2J-T 



+ or e + jre 



2 7^1 



-*^-^ + a?»c-^^' + «»c-'^^-^ 



+ &C 



&c.| 

+ &C.1 



to 71 terms, 



_^/^-^ ((^e'>^-^)--l) 



2^/^l xe'^-^-l J 



xe 



-ev-i 









) ) 



1 (oT^ (e(«+i)«>^=^ ,g-(n+l)gV-l)^ 



2>/-l| x»-(/^-"^4-e-^^-^)x + l J 



1 



^(e^>^-i-e-^^-^) 



_ j?"^ sin nd - j?"+^ sin (w + 1) 4- x sin 

"" js'-^x cosO + l 

If x be a proper fraction, and n be indefinitely great, 
we shall have 

X sin 6 

"" x* - 2ar cos 6 + l' 
Nearly in the same manner, if s be the sum of « 
terms of j? cos 6 + a:* cos 20 + x* cos 30 + &c, we find 

af*^^ cos nd - x"^^ cos (n + 1)6 +x cos6-a^ . 



.t = 



and <r = 



or* — 2x cos 6 + 1 
X cos d^x' 



jr* - 2.r cos 6 + 1 
If X be taken equal to ± 1, ±2, ±3, &c., the sums of 
the corresponding series will be obtained : and the same 

when the values of « aie a.^--^— =r^ &c. 
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By means of the operations of Differentiation and 
Integration with respect to either x or 6, the sums of 
/arious other trigonometrical series may be determined : 
>ut the almost entire absence of utility renders it un- 
lecessary to pursue the subject further at present. 

82. To find the sum of all the straight lines, drawn 
rom an angle of a regular polygon of n sides, inscribed 
n a circle, to each of the other angles. 

Here, we have from the simplest principles, 
J = r {chd 6 + chd 20 + chd SO + &c. to « - 1 terms} 
= 2r {sin a + sin 2a + sin 3a + &c to « — 1 terms} : 

but in this case, 6 = — , and .•. a = - : 

« ' n 

, ^ fsin inasin A(n- l)a) ^ ^ v 

whence, s = 2r{ — ^-^ — > = 2r cot -- . 

' t sm ^a J 2n 

It is evident also, that the sum of the squares of the 
aid lines may be ascertained by means of the series, 

sin'a + sin^2a + sin'Sa + &c. to « — 1 terms. 

83. To find the sum of the infinite series, 

1 1 1 1 « 

r ■*" 2* ■*" 3^ "*■ 4" "*" ' 

a* a® 

Since, a + — - — - — - — - — &c. in infinitum 

* 1.2.3 1.2.3.4.5 "^ 

= sin = 0^1-— 3 Vl- ^-a) ^c. in infinitum 

"'*~^'(p"*"2'"^3"""^^"^^^ *^ ««/?»«<«»») 
+ ^4 (pTgi + 1^2 + ^rj2 + &c. in infinitum^ - &c. ; 

re have, by equating the coefficients of a', in both sides, 

1 1 1 1 « . . ^ ., ^* 

p+gi + gi+Ji + ^c. tn tnfimtum^--^. 

Hence, also p--^, + p-j, + ^^j^ + ^r^s + ^c- 



w* 



in infinitum =s -— ; ^d similarly ot o\J\et^. 
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Precisely in the same manner^ by means of the 
expressions for cos a. it is found that 



1111 



a 



p + p + ^ + -5 + &c in infinitum = — : 

84. We have seen in Article (l60), that 
sin ra = 2'~* sin a sin f a + - j sin f a + — j &c. 
to r factors : whence, if a = 0, we have 

^» I • T . 2w" . Sir f. , - r» . 

r = 2'~* sin - sm — sm — &c. to r — 1 factors : 
r r r 

and thus any whole number whatever, may be expressed 
in the form of a continued product of trigonometrical 
functions combined with powers of the number 2. 

By taking the logarithms of both members^ and by 
the process of differentiation, we obtain 

r cot ra = cot a + cot fa + - J + cot (a +^^ J + &c. to r terms. 
Repeating the latter process, we arrive at 
r^ cosec'ra = cosec'a + cosec^ ( a + - j + cosec' f a +— j 

+ &c. to r terms : 
whence, r"cosec*ra — r = cot* a + cot^ (a+ -j + cot'f «+ - ) 

+ &c. to r terms. 

Similar conclusions may be drawn from the like treat- 
ment of the corresponding expression for cos ra : and it 
will not be difficult to shew that 

{^a^29r + a^49r + a^^ ^ ) 

tan - + tan + tan + &c. to r terms > 
r r r • ) 

f^a ^9,ir + a ^47r + a ^ ^ ^ ) 

cot - + cot + cot + &c. to r terms)* 
r r r } 

■» r' if r be any "whole ivuiobet Ilc^» ^vna^'iXyj ^» 
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XI. Various Theorems and Observations. 

85. If cos a » i ( « + -I, and /. sin a = — == (x — ) : 

'\ 'J 2^/-l\ */ 

also, ifcos^-i(j^ + -j, and .-. sin^ = — r=| ^j^--j: 
by substitution and reduction, we shall obtain 
cos(a + /3).i(«y + i),andcos(a-^)=i(%|): 

sin(a+/3).g--i=(*jf.i^^^ 

Also, if cos 7 = ifz + -), and .•. sinys — 7=(^ — )» 

we find cos (a + ^ + 7) » i (xi^z + — j , 

and sin (a + i3 + 7) = — j==,[xyz j : 

^ 2^-1 ^ '^^^ 

and thence by induction, whatever be the number of 
angles, we shall have 

co8(« + ^ + 7 + &c.) = i(«y^&c. + ^^), 

3in(«+^+r+&c.)=2-^(x5,z&c.-^^). 

Results analogous to these will be obtained, when 
one or more of the angles are negative, 

86. Hence, by the ordinary processes, we shall have 
pos (a + /3 + 7 + &c.) +^Am sin (& + /3 + 7 + &c,)=xifz &c. : 

COs(a+^ + 7+&C.)-yilsin(a+^ + 7 + &C.)-— ^: 

and if a = /5 = 7 = &c., and ••. a? =^ = 2 - &c, 

we recognize the results of Article (122). 

The simplest considerations will now conduct us to 
tlie Theorems estabh'shed in Article (63), and also to the 
t^roqfo( Demoivre's Theorem, when the index Va a Tpos\- 
live whifle number. 
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87* Retaining the same notation^ we shall have 
2cos(ma+n/3) = ary + — ,2cos(ma-«/3) = -; + ^: 

2y=Tsin(ma + n/3) = ^j^*- — , 

2^1 sin (^a - n/3) x=~ ^ |j . 

88. When tlie index is a positive integer^ it ap 
pears above that the process employed in establishing 
Dempivre's Theorem is the same as that generally used 
to prove Newton*s Binomial Theorem : and their results 
are the same except so far a s (a + 6)"* is influenced by 
the relation h = J- 1 J a* — 1, which produces in them 
a modification never contemplated in Arithmetic, 

Thus, from cos mQ = cos"* Q \ r. cos*^'^sin*^+&c, 

1.2 

andsin md=^m cos*^*^ sin6— ^ — 2 cT cos^'^d sin*^+ &c, 

1.2.3 

if we suppose 6 = 45®, and .•. cos 6 -sin 6= -^, we have 

\ 4/ 1.2 1.2.3.4 ' 

J «T • /wittX »i(»i~l)(m-2) ^ 

and 2* sin ( ---) = m ^- /^^ ^ + &c., 

\ 4/ 1.2.3 

which are analogous to the sums of the coefficients of 
the odd and even terms in the expansion of (1 st v)* as 
found in the Algebra, where ?n is a general symbol. 

m m 

Also, (a + 5)" = {a + ^ - 1 Ja' - l}" has » different 
values, which, though not immediately apparent by the 
binomial expansion, are at once made manifest by means 
of Demoivris Theorem, 

89. It is seen immediately that ^ = cos"*^ f «+-j 
= sin~* — 7=(* — ) ^s imaginary J when x is any red 

quantity whatever > ot <1 , because 4 (« +- ) is necessarify 
^J; but the correctnesa o^ \5^e cwv^xxi^sia ^^\«^ 
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xived at solely through the intervention of imaginary 
lantities being easily verified when m is a positive 
hole number, the principles of Symbolical Algebra leave 

> in no doubt as to their applicability whenever they 
m be rendered available for approximate arithmetical 
imputations. 

90. The expressions cos 6 ± ^— l sin 6, as used in 
le Jtfth chapter, involve an imaginary angle Q, though 
e have hitherto regarded cos Q and sin Q as symbols of 
iantity, and treated them according to the rules of 
rithmelical Algebra^ with the additional consideration 

r the effects of the symbol J— 1. 

As instruments of Analysis, they have already proved 

> be of great utility, by enabling us immediately to 

>mpare the quantities unaffected and affected by a/~1, 
I the two members of an equality : and it may now be 
iquired how far a real angle 6 may be anplied to 
Lplain the Geometrical meanings of the Algebraical 

qpressions a «*= 6 J — l, which have been treated of in 
rticle (121). 

In the diagram of Article (28), let A be joined with 
e points P : th en, if ^ Af = a, MP = fr, and z MAP = 6, 

B have AP = J a' + b'; and also, 

cos 6 «=-■ . - J sin 0=3 , =-, and tan 6 = -: 

Ja' + b' 4^F^' « 

whence, J a' + 6« {cos Q + J^ sin 0} = a + 6 J^ : 

at is, Ja^ + 6* the arithmetical magnitude of the line 
P being affected according to the rule of signs in 
^^ebra, with the quantity cos 6=fc^-l sin 6, which in- 
Ives its geometrical positi on^ lead s us to conclude that if 
P be represented by J a* + 6% when unaffected, or 
ing in the direction denoted by the sign +, it will be 
equately represented both in. magnitude and position 
r J a' +6^ {cos 6^ + J'^l sin 0}, when it makes an z 
ildi tbe primitive conventional direction. 

Hence, under such circumstances, we may regard 
s 0^ J^ sin 6 merely as signs of ajfcceion m \fefc 
tne way as + and - have been received iti KtXliA^ ^'*^''• 
us, if 
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6 = (f , we have 6 = 0, and /. AP = a : 
^ = 180*, ... 6 = 0, and.% ifP = -a: 

e^9(f, ... a = 0, and .-. i^P = 6 J^: 

e « 270*, ... fl * 0, and .% JP- - 6 J'^ : 

and these agree in all respects with what has been laid 
down in the same Article, and in the Appendix to the 
Author's Algebra. 

91. Hence the symbolical represe ntation s of the line 
AP whose arithmetical magnitude is J a* + b\ will be 

in the Jirst quadrant, AP « a + 6 \/--T : 

second.^ , AP^ — a -^h J— 1 : 

third , AP^-a-hJ'^: 

fourth , AP^a- h J— i. 

Also, the area of the a PAP formed in the Jirst and 
fourth quadrants will be 

= i^P.^PsinzP^P 

= i (a + 6 V^) (a - 6 y^ ) 2 sin ^ cos a 

as we know to be the case from common considerations. 

92. It now appears that every line in plane Geo- 
metry, when expressed so as to point out its position as 
well as its magnitud e, m ay be repres ented by a quantity 

of the Jbrm a + h J^ = (cos B + ^ITsin 0) JcfTV^ 

the magnitude being « Ja^ + 6", and the position being 

decided by the sign cos 6 + J— I sin B^ where B = tan'*-. 

On these grounds, the n roots of the equation 
«■- a" =fc 0, whose solution is found in Article (153), to be 



-{ 



2rir ; — - . 2rir) 

cos + J-. 1 sin )• a, 

n ^ n ) ^ 



will denote n straight lines each equal in length to a* 
which are inclined to the primitive direction at angles 
determined by assigning to r, the values 0, 1, 2, Si 
&c., »-l. 

These views and inteTi9>te!UXAoxA <^1 ^ao^^ a,. ^~i sin^ 
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considered as a Sign of Affection^ seem to have been 
suggested bj Mr Gomperlz^ President of the Mathe- 
matical Society in London : Xhey have been followed out 
by Mr Warren in his Treatise on the Geometrical Repre^ 
sentation of the Square Roots of Negative Quantities : and 
the student will find them amply developed in Professor 
Peacock's Algebra. They lead to the treatment of /wia- 
ginary. Angles^ as well as to the consideration of Imaginary 
Logarithms, which want of room here compels us to 
omit. See also the Cambridge Mathematical Journal. 

93. The base e of the Napierian Logarithms is an 

incommensurable quantity. 

m 
For, if possible^ let the rational fraction — = c 

-^■*" 1:2 "*■ 1.2.3 "*■ 1.2.3. &c.» ^ 1.2.3.&C. (n+l) "^ ^^^ • 

ivhence^ multiplying both sides by 1.2.3.&C. n, we have 
l.2.3.&c.(»-l)m=2.2.3.4.&c» + 3.4.5.&c. + &C. 

+ 1 7 + 7 7w ^ + &c. I : 

\« + 1 (« + 1) (ji + 2) J 

)at the fcNrmer member being integral, the latter must 
)e so too, which is impossible since the last line is less 
ihan 

1 1 I o •/. 1 

T + 7 7\i + 7 7^+ «;c. tn tnf. < - : 

hat is^ e cannot be expressed by a rational magnitude, 
ind is therefore incommensurable. 

Also, the error incurred by stopping after n terms 

SB i + 7 -T-7 ;;r + &c. in inf,\ 

1.2.3.&c.»\» + l (» + l)(» + 2) ■'/ 

1 (1\ ^ 1 

^ 1.2.3.&c.n W 1.2.3.&c.(«-l)»'* 

94. Since log. (1 + s:) = J5- is* + Jjs»-&c.: 
andlog.(l+l) = l-^+^-&c.: 

we shall have log.£r = log. (1 + 2) - log. ll + - j 
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an equality which can be arithmetically true only tvhen 
jsrs 1: but if we suppose z^J— 1, we shall have 

log.V^ = 2^{l-i + i-^. + &c.} = 2V^(H 
as appears from Article (135): 

whence^ ir= — ^'JzS — : 

or, 3.1415926 &c. is expressed by imaginary quantities^ 
consistently with the character of Symbolical Algebra, 
Also, from s* = e**<««% we shall have 

=^-i-*-i^T~TTlr3T-*-^^-==-^^7«79&c. 

The formulae are the discoveries of John BemouUu 

95. If in the series for logf^:^ we put z = e^^\ 
we shall have 

+ J(e'*V=i-.e-^>^i)-.&c.: 

from which is obtained by means of Article (13l)> 

^ ^ = sin 6 - ^ sin 2^ + ^ sin 3d - &c. in inj. : 

and to this the remark above may be applied. 

The converse of this may be established by finding 
the sum of the more general series, 

fl sin 6 - ^a* sin 2^ + Ja' sin 3d — &c. in inf. 
For, using the imaginary exponential forms, we have 

= (ax-K^» + 4aV-&c.)-g-i?-; + i^-&c.) 
= log,(l + aa:)-log,(l+^) = log.(J;^): 

whence, c'v-'^'s -, and .-. -^-j= 

a(x- JT^) 2a_y£Tsin^ gsin^ 
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If « = I, we have <r = tan"-'- 5 = tan-'tani^«i^. 

1 + cos 6 « 2 

z. 

If a^h sin 6^ we have <r = tan~* 



l+Acot6 + cot'6' 

which^ if / = cot 6, gives tan~* (t + h)- tarr^t 

= h8in6 sin d-^h* sin' 6 sin 20 + &c. m in/I : 

and by assigning to h different values, many curious ana- 
lytical expressions may be deduced. 

In a similar manner, it may be proved that 

• /I* 

1 + -7 cos ^ +-r--;r cos 2d + . ^ ^ COS 30 + &c. in inf. 
1 1.2 1.2.3 -^ 

- i (c" + e^) = e"««* COS (a sin 0). 

96. Since sin^ = 2sin^0cosi^: 

sin ^^ = 2 sin -5 ^ COS -5 : 

sin^a=2sin^^cos^d:&c.:sin— ,6=:2sin-6cos-i6: 

by multiplication of the corresponding members, we have 

sin 0-2* cos i cos -= cos-3 ^ &c. sin -16 cos - <? : 
2 2" 2* 2* 2* 

.-. 2* sin — ^ = sin ^ sec J ^ sec 35 ^ sec -5 &c. sec ~ 0, 

and this, by Article (86), when n is injinite^ gives 

^ s sin d sec \ sec ^ sec 1 6 &c. in infinitum, 

which is known by the name of Euler's Formula. 

97. It has been proved in Article (81. Ap,) that 

sin ^ + J? sin 20 + «' sin S0 + &c in inf. = -; s x 

'^ 1 - 0? (2 cos (^ - a:) 

« sin 6 {1 + dr (2 cos - x) + &c. + ar"-' (2 cos 6 - jr)"-^ + &c.} : 

whence, by equating the coefficients of a:"~* after expansion, 

we have ^-^ = (2 cos 6)"-' - ^ (2 cos 6)-» 
smO ^ 1 

■I . <« 
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In the same way^ from the sum of the series 
cos d + x cos 20 + 0^ cos SB + &c. in in/1 



l-4r(2cosd-x)' 
it may be shewn that 

5?i^=(2cosa)-'-2(2cosO)'^+?^^^(2cosa)--^ 
cos ^ ^ 1^ ' 1.2^ ^ 

and it is not difficult by means x)f their general termt, 
to transform the values of sin nS and cos n0 thus found, 
so as to comprise sines or cosines only, though our space 
will not allow of their insertion here. 

A system of Trigonometry depending upcKi the Area 
of a Hyperbolic Sector, has been drawn up, and as it 
satisfactorily explains several results in Analysis which 
appear to involve inconsistencies^ it will be the Author's 
endeavour to publish it in some other work, because the 
extent of this has already exceeded his expectations and 
wishes. 



CHAPTER II. 

MISCELLANEOUS THEOREMS AND PROBLEMS FOR PRACTICE. 



I. Functions of Simple Angles, 

1. The complement of 45° ± -4 is 45® =f A : and the 
complement of 90* * -4 is ^ -4« 

2. The supplement of 90° ±-4 is 90*=^ J: and the 
supplement of ISO^^A i» =pA. 

3. The difference of an angle and its complement, 
is equal to the complement of twice the angle. 

4. The supplement of an angle is equal to twice the 
complement of half the angle. 

5. If A and ^ be the magnitudes of an English and 
Foreign degree, then will A = S + - 8, and S = A — — A. 

6. Prove that the ratios of the lengths of a Foreign 
and English degree^ minute and second^ are expressed by 

the fractions --^ , ^"^ ^^^ ^ ^ x%ss^««.tlvely. 
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23 7 

7. Prove that w' = m^+^=m: and n" = S»" + ^ w". 

'27 81 

8. The sum of two angles in the English scale is 
75^ and their difference in the Foreign scale is 26^^: 
express them in both scales. 

Answers: 4^21', 25*39', and 54f', 28p. 

9. Shew that the circular measures' of 30® and 45* 
iure .523598 &c. and .785398 &c., respectively. 

10. The angles, whose circular measures are | and |, 
arc 28« 38' 52" 24'" &c., and 42^9718346 &c. 

1 1. Prove the truth of the following expressions : 

cos a tan a cos a sec a tan a cot a 

sin a = cos a tana = = = = : 

cot a sec a cosec a cosec a 

* sin a cot a sin a cosec a tan a cot a 

COSassmacotas » = = : 

tana cosec a sec a sec a 

tan o — sin a cosec a — cot a sec a — 1 

vers a = « as : 

tan a cosec a sec a 

sec a sin a cosec a cos a sec a cos a 

tana = 



cota = 



sec as 



cosec a cot a cot a sin a coi'a ' 

coset a _ sin a cosec a cos a sec a sin a 

sec a tan a tan a cos a tan'a ' 

tan a cosec a sin a cosec a tan a cot a 



cosec a = 



sin a cot a cos a cos a 

cot a sec a COS a sec a tan a cot a 



COS a tan a sin a sin a 

12. Shew that vers (180' - a) = 2 - vers a = 1 + cos a : 

and chd« (180® - a) = 4 - chd«a. 

13. Prove that chd'a = vers'a + sin'a » 2 - 2 cos a : 
chd'(180®-a)=2 + 2 COS a : and chd»(90®- a) = 2 - 2 sin a. 

14. Prove that sec'a cosec'a = sec'a + cosec'a : and 
cos'o cot'a = cot'a - cos'a : also, sin'a tan'a = tan'a - sin'a. . 

15. If S and s be the sines of two angles ; C and c 
their cosines: then will 

(5«- 5'«») (C» - CcO = (*' - 5«*») (c«- Cc'). 

16. If S and s be the secants of two angles ; T and 
i their tangents: then will 
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17. Prove that sin* Ocos*4> - cos'O sin*^= sin'O- an'^ : 
and cos'6 cos*4> - sin'O sin'^ = cos*^ - sin'0. 

18. Shew that ?2?!:^^^ = tau'a-tan«^: 

19. If iS and s be the sines or secants of two angles, 

T 

T and t their tangents : then will j be greater or less 

than — , according as T is greater or less than t 

s 

20. If C and c be the cosines or cosecants o£ two 

T 

less thjtfi — , according as T is greater or less than U 

21. If tan a = 2 ^^^ to the radius 2, it is required 

cosa 

to prove that tan a = 3 , to the radius 3, 

*^ cos a 

22. If sec^a := 16 + tan'o, to the radius i> : then will 
sec*a = IQO + tan^a, to the radius 10. 

«« T» ^ ^ tan a + tan iS tan a tan ^ , ^ 

2a. Prove that -— -^ = -^ — -, where 

cot a + cot p r* 

the radius of the arcs is r. 

24. Shew that chd" (QO^ + a) chd" (90<> - o) 
=*4r" vers (90^+ a) vers (90® — a), to the radius r. 

25. If sin 6 + cos <p=m, and cos 6' + sin ^ = « : prove 
that 2wi sin 0" + 2« cos ^ = wi' + n' = 2ot cos 0^ + 2» sin^. 

26. If sec ^ + sec<^ = p, and tand + tan <t> = q: prove 
that 2psecO-2grtan6=p*-5* = 2p sec^— 2g tan^. 

27. If fl* sin sin <^ + 6* cos cos ^ = ; prove that 
. ,^ 6*cos''0 , 2. a*8m^<p 

^ a* sin'^ + b* cos*d a* sm*^ + 6* cos"^ 

28. If / be the length of an arc of 45* of a ciide 
whose radius is r, and L be the length of an arc of 60*, 

of one whose radius is R i ^xoN^i \3aaX^TX» — ^KU 
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29. If am ^ =p, and tan d = q\ find tan 4>> when 
losec <p^s, the radius being unknown. 

Answer: Tan <fe = . ^ ^ 

IL Functions of Compound Angles. 

-,. 2 sin Xa 2 cos ia 2 sin" la 

1. Sina = p~= T-=-T r- 

sec ^a cosec ^a tan ^a 

2 cos* jg 2 tan ^a 2 cot |a 2 

cot ^a sec* ^a cosec' j[a tan ^a + cot ^a 

1 1 

tan ^a + cot a cot ^a - cot a 

an 4 1 -41 2cosia-sec4a 

2. Cos o = COS Aa — sin' *a = — -, 2_ 

* * sec fa 

cosec io — 2 sin ia cot ia — tan ia . ^ , 

= 2 ^ 2- rs f 5_ = sm a cot ia — 1 

cosec ^ cot^a + tan^a ^ 

1 

1 + tan a tan ^a * 

3 Tan a^ ^^"i« ^ ^ ^ J.??L^.« 

2 - sec* ^a cot ^ - tan ^o cot* |a - 1 

2 + 2tanatania . ^ , , •! /• ^ x 

* i —r-=(l+seca)tania=i sec* ia(8ina+ tana) 

tan|a + cot^a ^ y 2 ^ » \ / 

_ 1 — sec a + (1 + sec a) tan ^ 
~ 1 - tan ^a 

4. Sin g -. 2 vers|a-covers jg ^^ Ain'^a-cos^j^ 

sec^a ~ cosec ^a V tan*^a-cot*^ g* 

5 Ton ^g= ^^^ ^ sin 2g /2 sing- sin 2g 

^** l+cosa ^ l+cos2g'' V 2sing+sin2a* 

6. Sin a sin Sa = sin* 2a — sin* a, and sin a sin 5a 

= sin* 3a — sin* 2a : also, cos 3a cos 5a = cos* 4a — sin* a. 

>T m 1 ^ Q cos g — cos 2g . 

7. Ian i^g tan f g = , and tan a tan 3a 

cos g -h cos 2g 

" 7—1 — a ^ >o « also, chd |g chd ig = chd* a - chd* ig. 
1— tan*gtan*2g » » x s 

8. Tan j^a - tan a = 



5Scos*a— COSa GOB^a-V^Q^^x 
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9. Cos' 2a - sin' a = cos a cos 3a, and tan* 2a - tan' a 

sin a sin da , . . ., 1—4 cos* a 

: also^ cosec" 2a — cot* a = 



cos' tt cos* 2a * sin* 2a 

sin'2a - 4 sin* a cos*2a— 4 cos*a+S 



10. Tan*a 



8in*2a+4sin'a— 4 cos'2a + 4cos'o-l* 



,, Sin 2a 4- sm a ^ - sin 2a -sin a ^- 

11. stanfa, =-coti«, 

cos 2a + cos a ' cos 2a — cos a 

J 4.4 /^,.d 1 \ 2 cosec 2a — sec a 

and cot* (45* + la) . 

^ ' ' 2 cosec 2a + sec a 

--^ Secasec2a ^ ^ 1+sina , ,^ ^ , ., 

12. + sec2a = 2: = A (1 + tan io)". 

sec 3a 1+cosa *^ ' ' 

to A 2tana\l 2 1- sin 2a , 

13. (1-T zr-] = — TT 1 r-f n ryssCOS'a. 

\ tan 2ay cot^tt-tan^a (1-tana)' 

, . Cos 3a 1 — tan a tan 2a , tan a 4- sec « 
14. — ; — — — - , and 



cos a 1 + tan a tan 2a cot a + cosec a 

t ^ /^*o «\ 1 cosec a -2 cosec 3a '^ 

= tan^atan (45® + -] : also, =cot3o. 

\ <^/ sec o 

, - -, sin }a 4- sin Ja ^ ^ sin a + sin Sa 
15. Tanas 1 ^,tan2a = r-, 

COS*a + COsJa' COS a + COS 9a 

J ^ ^ sin a 4- sin 3a 4- sin 5a 

and tan 3a « — - . 

cos a + COS Sa + COS 5a 

,fi J I — COS 2a 1 J /l 4- sin 2a 

lo. ^^^ — ; — s -7^ sec a, and . / — ; — - — 

sm 2a ^2 V sm 2a 

= ^^ tan a 4- J^cota : also, tan Sa — tan a = 2 sec 3o sin «. 

17. 2 sin (45* ± a) = ^l+cos2a>b ^l-cos2a1 if « be 

. g Mess thin 

2 cos (4i&^^ a)^J l-^COS2a^ Jl''COs2a) 450^ 

,0 Sin2a + 2sin'a — 2 8ina ^ , , , ... 

1 o. ; = 4 cos la (cos ^a - sin ia). 

1 - COS a » \ » X / 

,^ Tan a 4- sec a — 1 . tan o 4- sina 

19. - — 7 = tan a 4- sec o, and tj 

1 + tan a — sec a vers a + end a 

^ cos ia ^ , tan o — sin a 1 

= 2 — tan a : also, r-: «= ; r. 

cos a sm' a cos a (1 4- cos a) 

_ Cosa4-sina — ^sin2a — sin'a 8ina4-C08a 

2cos2a+2sm''a-v«vtia— W\'a 3 sina 4-2cO0*a' 

21. Sin a 4- siu 2a + am 3a« wiv^aV^ - ^«Bi^V\* 
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22. Cos o + COS 3a + COS 5a « cos 3a (3 — 4^ sin* a). 

23, l+C0So + C0S2a + C083a=2C0Sa(2C0S*a+C0Sa— 1), 

24w Tan a + 2 tan 2a + 4 tan 4a =cota- 8 cot 8a. 

25. (Cosa + ^-l sina-l)(cosa-,y^l sina- 1) 

= 4 sin' ^o. 



1. Sin a « cos (S(f - a) - cos (30^ + o) 

= -i |sin (30* + a) - sin (30* - a)\ 

, -L/sin (45* + a) - sin (45* -- a)| = 2 sin' (45« + ^a) ^ 1 

_ 1 - tan* (45* - ja) _ tan (45° + ja) - tan (45^ - ^a) 
" 1 + tan* (45* - |a) ~ tan (45* + ^a) + tan (45« - |a) ' 

2. Cos a = sin (30° + a) + sin (30* - a) 

» 2 sin (45* + ^a) sin (45* - ^a) 

-4=(siii(60*+a)+sin(60*~a)U ^ . . ^ f^ ,^ , , ^ . 
Jsi ) tan(45*+^a)+cot(45*+-^a) 

3. Tan o « ^ tan (45« + ^a) - ^ tan (45* - ^a) 
1 ~ tan (45* - a) ^ tan (45* + ^) + cot (45* + ja) 

' l+tan(45*- a)"" tan^a + cot|a 

Vtan (45" + i^ - ^tan ( 45" - a ) 
" Jxsxi (45*+^ + ^/tan (45° - «) * 

4. 4 sin* (30* ± a) « 2 sin' a ±^3 sin 2 a + 1. 

5. 2 tam (30* - a) = cot (S0» + ^a) - tan (30* + Ja). 

6. 2 cot (60* - a) = tan (60* + la) - cot (60* + Ja). 

7. Tan(30* + ia)tan(30*-Ja)=|^^|Z_J. 

8. Tan(45*-a) = -^??^ = yi^5^ 

^ ^ 1 + sin 2a V 1 + sm 2a 

9. Sin Sa = 4 sin a sin (60* - a) sin (60* + a). 
10. Cos 3a = 4 cos a sin (30* - a) sin (30° + a). 
-, Sin3a4-cos3a /2sin2a + l\^ .^^ . 

sm 3a - cos 5a \2 sm 2a - 1 y ^ ' 

12. ^CO«^5a«COta-COt(60"-a) + COl(6tf*'Vcr^- 
Jff. T. ^A 
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13. 2 vers (90° + Ja) vers (90° - Ja) = vers (1 80* - a). 

14. Sin P = sin (a + /3) cos a — cos (a +)S) sin o. 

15. Cos a + cos (a + 2/3) = 2 cos (a + ft) (2 cos' J/3 - 1). 

16. Sin (a+/3) sin 3(a--ft) = sin' (2a- /3) - sin* (2/3- a). 

1 7. Sin'/3 + sin* (a - /S) + 2 sin /S sin (o — ft) cos a = sin'o. 

1 8. Sec a sec 2a + sec 2a sec 3a= (tan 3a — tan a) cosec a. 

-i^ rw^ , />N sin' a — sin* ft 

19. Tan (a + /S) = -. r—^- ^ . 

^ sin a cos a — sin /o cos p 

20. 1 + cos 2a cos 2ft « cos* {a + ft)+ COS* (o - ft). 

21. Cos* (a + /3) - sin* a « cos /3 cos (2a + /?). 

22. Sin* (a + /3) = sin'a + sin'/S + 2 sin a sin/3 cos(a+/3). 

23. Tan a - tan^ = tan a tan (a — /3) (cot a + tan /3). 

24. Tan*a - tan* /3 = sin (a + /3) sin (a - /3) sec* a sec*/?. 

25. Sin a + cos /3 = {sin |^(a + /S) + cos J(a + /3)} 

X {sin J(a - ^) + cos |^(a - /3)}. 

26. 1 - cos 2a cos 2/3 = 2 (sin* a cos' /S + cos* a sin* jS). 

27. 1 + cos 2a cos 2/3 = 2 (sin* a sin' ft + cos* a cos* j3). 

28. Cos ^ - sm a ^^^ {45°-j^(a+/3)}tan {45°-J(a-^)}. 
cos /3+ sin a ^ '^^ '^'^ ^ 2v ' /J 

^Q I 4 cosec* a tan* _ 1 + cot* a sin*^ 
1 + cosec* ft tan*^ "" 1 + cot* ft sin* 6 ' 

30. Cos (a - 6) sin (/3 - 7) + cos (7 - a) sin (a - ft) 

= cos (/S — 6) sin (a — 7). 

31. Sin(a+^)sin(/3+7)=sinasin7+sin/3sin(a+)3+7). 

32. Sin (a + ft) sin (/3 + 7 + S) 

« sin a sin (7 + S) + sin ft sin(ct + ft ^y + 1), 

33. Sin (a -ft) sin 7 -sin (a - 7) sin ft = sin (7 -ft) sin a. 

34. Sin* (a - /S) + sin' (a - 7) + sin* {ft - 7) 

= 2 {1 - cos (a - /3) cos (a - 7) cos (J3 - 7)}. 

35. Sin a + sin /S 4- sin 7 

= 4 sin ^ (a + ft) sin ^(a + 7) sin ^ (/S + 7) + sin (a + /J + ?)• 

#96. Cos a -V CO^ P -V COS ♦t 

= 4cos^ (a + /3) co8^(a-V'f)eos\(^-vi^-^'c»Va>r^>t'^« 
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37- 2 8in(o+/? + 7) = cos a s\n(fi +7) + cos/3 sin(a+7) 
+ cos 7 sin (a + /3) — 2 sin a sin /S sin 7. 

38. 2 cos (a + )3+7)=2cosa COS yd COS 7— sina sin {/3 + y) 

— sin /3 sin (« + 7) — sin 7 sin (a + )S). 

39. Tan a + ten )S + tan 7 

* * os, 8in(a + /3 + 7) 

= ten a ten 3 ten 7 + ^^ -y^ — -^— . 

cos a cos p cos 7 

40. Cota + cot/3 + cot7 

4. X /> .. cos (a + ^ + 7) 

= cot a cot a coty ; — . n - • 

sin a sin p sm 7 

41. 1 + sin o sin/3 + sina 8in7+ sin/? sin7— cos a cosydcosy 
■= 2 {sin i (rt + yS) cos ^7 + cos ^ (a - yS) sin ^7}^ 

42. Sin (a + /3 - 27) cos /3 - sin (a + 7 - 2/3) cos 7 
«:sin (yS-7) {cos(a +/3-7) + cos(a +7-/3) + cos(/S + 7-a)}. 

43. (SinasinyS— sin7sinB)*— (sina+siny3-sin7-8in8) 
X {sin a sin /3 (sin 7 + sin 8) — sin 7 sin S (sin a + sin yS)} 
■5 16 sin ^ (a - 7) cos i (a + 7) sin ^ (a ~ 8) cos ^ (« + 8) 

X sin i (/3 - 7) cos ^ (/3 + 7) sin ^ (/3 - S) cos ^ (yS + B). 

44. Cos (a + /3 + 7) + cos (o + /3 - 7) + cos (a - yS + 7) 

+ cos (y3 + 7 — a) = 4 cos a cos /3 cos 7. 

45. In the series, cot a + cosec a + ^ cot |a + j cosec ^ a 

111 1 o 

"*" 2^ i "* "*" 2^ cosec - a + &c. : 

shew that the terms, beginning with the third, are 
alternately an Arithmetic and Geometric mean, between 
the two preceding terms. 

1. If a + j3 + y = 180®, it is required to prove that 

(1 ) Sin a — sin yS + sin 7 = 4 sin ^a cos ^yS sin ^7. 

(2) Sin 2a + sin 2/3 + sin 27 = 4 sin a sin yS sin 7. 

(3) Sin' ^a + sin' ^/3 + sin'^ 7 + 2 sin ^a sin ^yS sin ^7 « 1 . 

(4) Sin (a + yS) sin (y3 + 7) = sin a sin 7. 

(5) Cos a + cos /3 + cos 7 = 1 + 4 sin ^a sin^/3 sin ^7. 

(6) Cot a cot /3 + cot o cot 7 + cot /3 cot 7 = 1. 

(7) Tan ^a tan iJ3 + ten ^a tan ^7 + taxi \P Xaxi Vt ^^- 
(SJ Cot 4a cot i/3 cotiy = cot ia -V COt ^(^ A- eo\. Vc- 
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2. If o +/3 + 7 = 90", it is required to prove that 

(1) Cos 2a + cos 9,^ + cos 27 = 1 + 4 sin a sin ^ sin 7. 

(2) Tan a + tan yd + tan 7 » tan a tan /? tan 7 

+ sec o -sec /3 sec 7. 

(3) Tan \a + tan ^/3 + tan ^7 - tan ^a tan^/? tan ^7 
= 1 - tan \a tan ^)S - tan \a tan ^7 — tan |/3 tan ^7. 

. . Cos a + sin 7 — sin /3 1+tan^a 
cos y3 + sin 7 — sin a "~ 1 4- tan ^/5 * 

3. If a, P, 7 be in arithmetical progression : prove that 

(1) Sin a — sin 7 = 2 sin (o — /?) cos ^. 

/^N m X /IN cos a — cos 7 sin a — sin 7 

(2) Tan(a-/3)=-, .— ^ = ^. 

^ '^ sin a + sm 7 cos a + cos 7 

.V Tan P __ sin a + sin 7 _ tan ^ (o + 7) 
tan (/3 — 7) "" sin a - sin 7 " tan i (a — 7) ' 

(4) Sin a sin 7 = {sin /3 + sin (a — /3)} {sin /S — sin (a - /3)}. 

(5) (Sin a — sin 7) sin fi =: (cos 7 — cos o) cos /?. 
1 1 ^ 1 1_ 

tan a + tan 7 2 tan /? ~ cot a + cot 7 2cot)3* 

4. If a + ^ + 7 = 180", and the sines and cosines of 
a, /3, 7 be in arithmetical progression : prove respectively 
that 

(1) Sin \a sin \ ()S - 7) = sin ^7 sin i (a — /3). 

(2) 2 cos ^a sin ^/3 cos ^7 = cos^^jS. 

5. If cos (a — 7) cos /5 = cos (o — /3 + 7) : prove that 
the tangents of a, yd, 7 are in harmonical proportion. 

a Ti»*. /] A sin a , ^ , ^. a sin a 

o. If tan ^= -. : then, tan (a- ^)« 7 . 

^i+6cosa ^ ' 6+acosa 

7. If itana = 7w(m + l): then, tan ^6 = ,y/--^ . 

8. If sinrf)=msin(26+0): then, tan (6+0^^^ tan ^. 

^ ^' 1— m 

10. If co8a = coaP coa*i\ \V.\^T^^\Ted to prove that 
tan ^ (tt + p^\aTv \l^a - p^^\ax?\t* 



(6-) 
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11 . If sin (a + yS) COS 7 = 2 COS (/? - 7) sin a : then will 

cot a - cot /3 « 2 tan 7. 

12. If cos /? (wi + cos a) = 1 + cos o : then will 
tan'Ja + tan* J/3 = m {tan' Ja - tan* J)S}. 

13. If tan J/3 == - — - — j- : it is required to prove that 

2 cot 2a = ^sec /3 + tan - ^sec /3 - tan 0, 

-^ cos ^ •" sin ^ sin C cos D - sin jB sin F 
cos B cos C cos E cos ^ 

, .„ cos B cos C vers A - vers (B - C) 

then will Fi Fi = ts 7e5 — EiT • 

cos -fc cos r vers X> — vers (^ — i* ) 

15. If cos ^ = sin ^ sin a + cos^ cos a cos a*, and sin } 3 
= cos fp cos J (^ + a) : it is required to shew that 

. cosjx 1 ^ 

sm = TT-s ; J cos A cos a. 

COSJ(i^ + a)^ 

1 6. Prove that 4 sin 5" sinC^S^ - A) sin {S - B) sin {S - C) 
= 1 — cos*-4 — cos*-B — cos'C + 2 cos A cos B cos C, where 
>5 = ^ + -B+C. 

/2 k/s + /^2 

17. If cos = . / - , and cos d> = ^^^ >-_^ : it is 

equired to shew that d + <p = 60\ 

18. If sin0 = -7=, and cos0 = -7= + — 7^=: it is 

^/s ^2 2^3 

equired to prove that — ^ = 30^ 

19. If tan 6 =—1= , and tan d> = —7= : then will 

J 3 ^ Jl5 

in (^ - 0) = sin 60^ cos 36\ 

20. If tan = ^.^ "^ ^ , and tan rf» = -?= : ^ - = 45\ 

V2-I ^ ^2 

21 . If tan ^ = J, and tan <^ = ^ : then will 26 + <^ = 45^ 

22. If tan 6 = cos a tan ^ : then will 

-. /^ n\ tan*iasin2rf» 
tan (<b-d) = \- 1- — . 

^^ ^ 1 +tan''iacos20 

23. If = o+/3: prove that p' + q*-v^pqco%^ 
=^(pcosa + q C08/3)* -i- (p sin a — q s\w PY- 



282 



EXAMPLES FOR FRACnOS. 



24. If tan a tan ^ = 3, and asinfi^b mn a, and we 
assume tan 20 «= -rr-i — Fix ; t^©** ''^*^1 tan'a « -r- cot 6, 

3& 
and tan*/3 = — tan^. 

25. If cot 2a e: — tan /9 : then will tan (a — ./3) s cot a. 

26. If tan^:=tan'}/9, and tan/?=2tan0: then will 

27. If a COS (a? + a) + J cos (x +y3)^ c cos (a? 4- 7): then 

•11 / /ix c^^a^^b^ ,^ 41 sina + 5siniS 

will cos {o—y3)=- — J -. — 



^ab 



, and tan 7 = j 5. 

acosa+ocosp 



in. Trigonometrical Equations and Elwumition. 

5t 2 1 

1. If sin^ co8^ = -: then 8in^ = sfc— ==, or =*-=: 

5' Js J5 



1 2 

-=, or =*-=. 

^/5 ^/5 



and cos 6 « 

2. If 8 sin d » 3 cos'O ; then sinO »= ^ and cos 6-^lJi 

3. If 9n sin + » cosd—p ; tlien will 

4. If 6tana+12cotO = 5738ec^,- then will 
tan^ = «fc^3, and sec ^ = ^2; or, ^=ifc(60', &C. 

5. If 25 sin (sin - cos ^) == 4 ; then will 

4 1 /- S 7 I" 

sin = =*=-, or=±-- V2; cosd-*-, or =sf — V2. 

6. If cos30=sinasin2^: sin^^tfe^^S, cosB^^iJsO. 

7. If tan2^ = Wi; 8m*^ = ^^— ==:-,<508*d«^^— ^==r. 

2^TO«+1 2,ym*+l 

8. If tan ^ « sec a — tan a ; then ^ = ^ (gO* — a). 

9. If tan0Bcosec2O; shew tbalt ^ -* 4S*, or^SCf. 

/5*1 

10. If tan ^e » cos«iC 6 - «ai« ^^3^^ «u:i^«.*^^-^« 

*i\* 
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11. If sin (0 - a) = cos(e + a) ; prove that 6 = 45». 

12. If8ing=8ina8inGg+0);thentang= ,T°""^^ . 

^ "^ 1—sina 006/0 

13. If tan = sin a tan (J3 + 6); it is required to prove 
hat 8in(2« + /?) = cot*(45'-|a)sin/9. 

14. If sin (o + 6) sin 6 = cos' Ja ; then ^ = 90* - Ja. 

15. If ift sin20 B It cos 20 + m ; it is required to prove 

:hat sin6«»fc— 7=, or == «»= -7====== . 

^2' ^2(m« + fi*) 



). If yi +sin0-l}yi-8in0 + l}«tanjasin0; 
J that d « 0®, or = 2a, or » 360® + 2a, &c 



16. 
prove 

17* If cos 20 = 4 cos a cos ; it is required to prove 

1 /— 

iat cos = -^ tan (J/9 ±45®), where tan /9 = ^2 cos a» 

s/2 

18. If cosfiO + cos(ii— 2)0=co80; prove that Os — -. 

1 9. If tan (a + 0) s It cosec 2a — cot 2a ; it is required 

fi -» 1 

to prove that tanO» coto. 

*^ it + 1 

20. If cos 3d + cos 20 + cos ■> ; it is required to 
prove that 6 = 45^ or = 120% or = 1S5«, &c 

21. If 4 sin sin 30 = 1; prove that = 18% &c 

22. If cosec' JO - sec* JO = 2^8ec*0; prove that 
nni^ = ifc(^-.l). 

cos'O 

23. If 2 cos a sin (a - 0)= , . ^ ; then, O=2a-.90«. 

^ ' l + smO' 

124. If cos (41-^0) = cos a sin + sin y^ ; prove that 

,- ^v sin/3 . t ^ ^ 4nn(45* + a) 

cos (0 + 0) = — ^ cos irf>, where tan 4> = \-=^ . 

^ ^^ cos a ^ ^ cos 45* cos a 

25. If vers(2a - 0)— vers(a - 0) = m{versO -vers(a— 0)} ; 

COS fa — fit COS fa 

26. If sin09 + x) + 8in(2a-/3 + 4?) 

B(€O8'/9~C0s'a)8]n(a + 2«^-»8inal^sil\^^<-&xfa^\ ^«Ci 
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27 If tan a tan 4? « tan'(a + ^) ~ tan*(a - x) ; then will 

cosx = =t (1 +C08a). ^ 

28. If tan a + 2 cot 20 = sin (1 + tan JO tanO) ; then 
will a = ± 45^ or = (4r ± 1) 4>5^ 

29. If sin 30-2 sin 2d + sin'O + 4 sin'O = ; then will 

cos = ^(12 ±272). 

30. If sin20cos20 + 3sin0cosS0 = O; then will = 0", 

or =90*; or, cos0 = ±iVll- 

31. If sin 40 + 4 sin^30 cos = ; then will = 0", or 
-90%- or, sind ^^^J6. 

32. If cos (a - )S) sin (y - 0) = cos (a + /3) sin (7 + e) ; 
then will tan = tan a tan /? tan 7. 

33. If cos = cos'g - sin'a Jl- c' sin'0 ; then will 
tan |0 = ± tan a Ji -c^sin'a. 

34. If 1+tana cos0 = sin0; = 90**, or = 90» ± 2o. 

35. If sin 71 4- tan«a tan*/^ + cos ^l - tan'o tan'/^ 
= tan a + tan ^, and cos 2^ = tan'a tan*/3 ; then will 

' f. ^ nx sin (g + ^) 
sin (0 + 0) = -p= . 

>^2 cos a cos p 

36. If 3 + cos 40 = 4 cos 20 + 2« cos'0 sin ; then will 
0=0^, or tan0 = J^2«. 

37. If sin (20 + a) - sin (20 - a) = sin (0 + a) - sin a 

-sin(0-a); then will sin = ± 1^10 =^2/^5. 

38. If tan +2 tan (a - 0) = tan (0 + /5 - 0) ; then will 

a _ sin /3 ~ sin a cos (a + yg) 
sin a sm (a + /3) 

39. If tan (a + 0) tan (a- 0)= 1:1^^?^. then will 

^ 1+2 cos 2a' 

= 30^ or =150°: &c. 

40. If tan + cot = 4; then « (« + 1 db ^) ISO^. 

41 . If tan»0 = tan (0 - a) ; = 1 {a + sin"* (3 sin a)], 

42. If {1 + a cos (0 + a)} sin ^ = (1 + « cos a) sin (0 +/?) 
prove that tan J0 = cot yS + a cos (a - /?) cosec ^. 

43. If tan'e+urf<l)^\^, «jmL ^oa*0 + cos*rf>r:li; 
then will 6 = 30*, oT=^5^ •. ^ = ^^^, ot^^*^ .%u^ 
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44. If cos(O-0) = 8in(O + ^), and ^''?'^,7 ^^"f 

= cot(O-0); then will 6 = 45', and = -45»:&a 

A5. If sin (0 - 0) = cos(a + ^) = J; then will = 45', 
nd = 15«: &c 

46. If cos ^ + cos ^ ^\{J^ + is/3), and cos S6 + cos 30 
-.^lj2; then will ^ = 30% and 0«45": &c. 

47. If + « a, and sin ^ : sin ^ :: m : 1 ; then will 

911 — 1 

tan ^(^ — 4>) = r tan Ja. 

48. If ^ + == a, and cos : cos ^ :: m : 1 ; then will 

•» •— f 
tan J (0 — ^) = =- cot Ja. 

49. If 6 + = 0, and vers : vers :: iw : 1 ; then 

nil tan i (0-0) = ^^^^ tan la. 

Jm + l 

50. If + = a, and chd d : chd :: m : 1 ; then 
irill tanl(O-.0) = ^^tanla. 

51. If + = a, and tan B : tan :: m : 1 ; then 

7H •"• 1 

^ill sin (6 — 0) « sin a. 

52. If 1 5(1 -cos 20 cos 20) = 1? sin 20 sin 20, and 
in(0-0)+J^sin(a + 0)sin(O-0)=(tanO-l)cosOcos0; 
hen will tan = 5, or = 1, and tan = 3, or = f . 

53. If cot-* X - cot-* (x + 2) = 15', then will the 
values of ;? be tjs, and -{2 + Js). 

54. If vers"* — vers-* — = vers"* (l-b); then will 

a a \ /> 



X I 2b 



X X 

55. If 8ec-*fl + sec"* - = sec"*^ + sec"* t ; * = =*= «^. 

a 

S6, IftanSass- — : tlien ClEie Tad\u%->\. 

1-4 tan'a 
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4 

4 
tan $ tan (p + tan 6 tan \fr + tan ^ tan ^ ^ 1 + — , 

is/3 
and tan 6 tan ^ tan \l/=:l: 
then will 6 = 30*, ^ = 45*, and yj/' = 60** : &c. 

58. In the equation sin 6 sin (2a + 0) + n'cos'a = 0, 

prove that 6 is real only when cos a < • 

V»+ 1 

59. If sin» e = sin (a - a) sin (y3 - 6) sin (7 - 6), where 
o, /3, 7, are the angles of a triangle : then will 

cot 6 = cota + cot/3 + coty ; cosec'0 = cosec''a+cosec*^+cosec*7. 

60. If u represent ani/ root of the equation j" - 1 = 0: 
it is required to prove that two roots of the equation 

X*" — 2x" cosec 2a + 1 = 0, are represented by u (tan o)*«. 



IV. Problems on Triangles. 

1. In a triangle ABC^ right-angled at C: 

sin*A-4 = , cos^A^^-::: — , andtan*A^ = r. 

2. Sm 2A = -= — 7», cos 2-4 = 7= %, tan 2^« ji — f 

a^ + b* h^ + a* b*-a^ 

3. Sin (45<> ± ^) = -^ , and tan (45° ± .4) = ^. 

4. Sin(^-JS)=^5^, and tan(^-^) = ^^*. 

5. The area = i c* sin 2^4 =« | a' tan -B = ^ 6* tan A, 

6. If a', 6', be the segments of the hypotbenuse, 
made by a line bisecting' the right angle : then will 

a'b\a + by = ab (a« + by. 

7. The area = * (* - c) = (* - a) (* - 6) « ^flr6 : 



8. Prove that r = ^~c = ^^-^^^^"^^ = 



ab 



a -k-b+c 



n o,bc abc . ^ .-rx V 1 

4j(*-c) 4(«-a^<^«-b^ ^^ ^ * 
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9. In an equilateral triangle whose side is a : 
smA^^JSy S = \a^Js, r = \ajs, and R^^ajs. 

10. In an isosceles triangle, wherein 6 = a : 



c ^ c 



t 



^^«^ = ^» versC = — „ 5=icV4a«-c«, 



2fl' 2a 



^ V 2a^c V4a*- 



11. If 2 cos JS sin C «^ sin ^ : then will the triangle 
»e isosceles. 

12. If tan A sin" 5 = tan JB sin' A : then will the 
riangle be isosceles/ or right-angled at C. 

13- In any triangle, it is required to prove that 
ers A _^a(s — b) . vers (A + B) ^ 8(s — c) 
ers B b(s — d)' vers C " (* — a) (^ — 6) * 

14. TanA^tanA5 = -"-: tan A^ cotiJ5 = ^^-^: 

• 1 >* 1 r> *-^ 1 i^ J cotJ-^ + cot JC 6 

in i -4 cos l-o = cos J C, and ^ ; „ -^-^ = - . 

* * c cotjU + cot^C a 

, ^ Tan J^ — tan IB a^h , 1 + tan 4^ tan \B 

I^» ^z — "Tn — I — iSi = i and f—j ^-y, 

tanJJ + tanJ5 c ' 1-tanJJtanJfi 

= ; also, cos ^A cos \B sec J (^ + -B) = — . 

16. c« sin (^ - B) - (a« - 6«) sin (^ + JB), and 
c' cos (.i - JB) = %ah + (a* + 6») cos {A + 5). 

17. Cos A + cos JB = 2 sin' JC, and cot C — cot J 

c 

= cosec JB : also, cos JB + sin J? cot C = - . 

ac c 

19. Tani(J + JB-C): tani(^-JB+C)=6cosC:cco8-B 

and (c - 6) tan (^/i + 5) = (c + ft) tan ^^, 

20. Prove that c« = (a + ft)« sin* ^C + (a - 6)« cos* i C 
\{a -f ft) sin I Cy ~ {(fl - 6) cos \CV 
cos (^ - B) 
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21. The perpendicular, from the angle C upon the 
opposite side c, will be 

ab , ^ _ II + 6 + c _ a* sin 5 + ft* sin il 
"" c " cot \A + cot 4 1? "~ a + A 

ccos(^-JB)~ccos(^ + JB) / %S \i 
" 2 sin C "" \cot A + cot -B/ * 

22. The distance of the foot of the same perpen- 
dicular from the middle of the base, will be 

^ c 8in(i^-g) _ c ftsLXiA-tBCti B \ ^ (a'- ft') sin (A-^-B) 
* 2 sin C ""2 Vian J + taniJ/ " 2c sin C 

23. The area S of the triangle will be expressed by 
^aftsin C— Js{9 — a) be sin ^A = J{8 -- b){s—c)bccas^d 

, . . . , sin ^ sin (7 , , sin J5 sin C 
= *(* - a) tan * ^ = ifl' . ,^ — 7^ = yr -. — 5 — 

QnJbc 

= i Ua^b^c^ sin A sin B sin C= r — cos ^ ^cos JBcos^C 

U "t* O T C 

1 / « z«N sin ^ sin B abc* , , . ^ 

'^ ''sm(J-J5) 2(fl*-ft*) ^ ^ 

_,, , ^, sin ^ sin 1? sin C o'ft*(coti^+co tg) 

-2(« + ^ + c) (sin J + sin 5 + sin C)*"" 2c''cosec»C 
_ (a + ft-fcy(cosi^+cosJB + cosC-l) __ a* + ft* - c^ 

4 (sin ^ + sin J5 + sin C) 4tan^(il+£-C) 



_ 1 /4 (gVftVO~(a^+ft' '-fc^/ ^ 
■"4 V "cotM + cot*-B+cot»C 



a'+ft'+c* 



4(cot-4+coLB+cot(?) 
(a + ft + c)' ab + ac+bc 



4(cot ^ /4 + cot 5 i5 + cot 5 C 2 (cosec -4+ cosec -S + cosec C'J 

24. The radius of the inscribed circle is expressed 

, > . % -n 1 i^ c sin j4 sin jB 
r = * tani^tanijB tan \C^—. — 5 : — =5 7—7; 

^ * "* sm ^ -f sm i? + sm C 

__ dbc (sin -<4+ sin jB + sin C) tja*b^c^ sin -4 sin jB sin C 
"" (a + ft + cy ^ « + ft + c 

25. The radius of the circumscribed circle is 

-, a-<-b-Vc I aftc 

2 (sin A + sin B + am C^"" Nl ^V^\xi iliv^J^^i^sA 
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ab sin C abc . . vt r\ 

r ~" 4^— a)(*— 6)(*-c) "2 bin //sin i^sin C* 

27- If any two sides of a triangle be bisected by 
lines from the opposite angles : prove thnt the distance 

of their intersection from ^ = J ^a* + ^bc cos A. 

28. If / be the length of the line bisecting the angle 
C,and meeting the opposite side in E\ then will 

tan AEC^ , tan J C, cos ACE = ^ r-^, 

S = J(/*-ic*JtenC, co«JB-cosy< = 2co8^Cco8i^7sC. 

29. If straight lines be drawn bisecting the angles : 
and if a, y^, y be the distances of their intersection from 
A, Bj C respectively : then will 

••a-i)*^G-i);'-a-i)-«- 

30. If P, p be the perpendiculars from the extre- 
mities of the base of a triangle upon the line bisecting 
the vertical angle, at distances D, d from it : then will 

Pp = (*-.tf)(*-6): Dd = g{s-c): S^Pd^pD. 

31. The square described upon any side of a triangle, 
is equal to the sum of the rectangles contained by the 
two others, and their segments respectively cut off by 
perpendiculars let fall upon them, produced if necessary, 
from the opposite angles. 

32. If o, 13, 7 be the distances of the angles A^ B, C 
of a triangle from the point in which the lines bisect- 
ing the angles intersect, then will 

-COS*il+7;COSi jB + — C0SJC--+7+-. 

a'/j* y a o c 

33. If if be the point referred to in the last pro- 
blem, and CH produced meet ^^ in E: then 

Off : CE :: a-i-b : a + b +c. 

34. If o be the centre of the circle iusetxb^d vevXJci^ 
triangle A BC, and Co he produced to meeX. AB vc\ I> x 
then Co : oD :: a +6 : c. 
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35. The rectangles of the segments of the perpendi- 
culars, from the angles of a triangle upon the opposite 
sides, are equal for all the angles. 

36. The area of any triangle is to the area t>f the 
triangle formed by joining the points where the lines 
bisecting the angles meet the opposite sides, as 

(a + b){a + c){b-hc) ; 2abc. 

37* The area of any triangle is to the area of the 
triangle formed by joining the points where the perpen- 
diculars from the angles meet the opposite sides, as 

1 to 2 cos A cos B cos C» 

38. If perpendiculars from the angles of a triangle 
be let fall upon the opposite sides, the products of Uie 
alternate segments of the sides thus made will be 

ahc cos A cos B cos C 

39. The products of the alternate segments of the 
sides of a triangle made by lines bisecting the opposite 
angles = a*6*c* -r- (a + 6) (a + c) (b + c). 

40. Three indefinite straight lines intersect in A, B, 
V: and any other straight line cuts AB in C\ BC in A\ 
and ^C in B': prove that 

AW . BC' . CA'^ A'B . BV. C'A : 
and that the product of the areas of the triangles 

A'BC\ BCA\ CAB' 
{A'B' . BV . (7 A' sin A' sin B' sin CQ' 
"" 8 sin ^ sin JB sin C7 

41. Three circles whose radii are r„ r,, r^ respec- 
tively, touch each other externally, prove that the area of 
the triangle formed by joining their centres is 

42. In any triangle a = r(cot ^B-h cot^ C) « 2 /? sin J : 
S^^r^cot^A cot i JB cot ^ C = 2/2' sin A sin 5sin C. 

43. If AD, BE and CF be perpendiculars upon the 

sides of a triangle ABC, and D, E, Fbe joined, the tri- 

an^Jes DEC, DBF and AFB are similar to ABC: and 

DEF is the triangVe o? \ea^\. ^ervxsi'feNjet \iLait can be 

inscribed in ABC 
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44. In the triangle DBF just mentioned, prove that 
^ =3 a cos A + b cos jB + c cos C: 
S = he sin A cos A cos B cos C : 

r^h cos A cot B cos C : 
ah sin C 



jK = 



4c sin AsmB' 



45. If ^', 5', C be the angles which the sides of a 
triangle subtend at the centre of the inscribed circle^ then 
will 4 sin A' sin B' sin C = sin ^ + sin B + sin C, 

46. The radius of the circle described through any 
three of the centres of the four circles that can be drawn 
to touch the sides of a triangle, is equal to the diameter 
of the circumscribed circle. 

47. If be the centre of the circle inscribed in any 
triangle, and oA, oB be joined, then will 



cot^^ H-cot^J?' 9.cos^C' 

where r' and R' are the radii of the circles inscribed in 
and circumscribed about the triangle AoB. 

48. Ifb^a sin C, and c^a cos B, prove that 

^=9(y>, and-B=C=45^. 

49. If the sides of a triangle be a cos A, h cos B, and 
ccos C, then will its angles be the supplements of 2^, 
^B and 2C, when ^ + JB-f C= 180°. 

50. In a triangle ABC, if m = a+b, shew that the 
two sides a and b are = m cos' ^ ^ and m sin' ^ ^, 

where sin d) = ± —Jm^ — c^ sec | C. 

51. If the middle points of the sides of a triangle be 
joined with the opposite angles, and i2|, R<^ &c. be the 
radii of the circles described about the six triangles so 
formed; r„ r^ &c. the radii of the circles inscribed in 
the same : then will 

Ti Tq 7-5 Ta 7-4 r^ 

52. In any triangle^ if 6 — a = wic, xYieTi V^ 

cos (A+iC)=^tnQoi\ C^ 



292 EXA3IPLBB FOR PRACTICE. 

m sill JS 

53. If </i, d^y rfg, d^ be the distances^ of the centres of 
the four circles which touch the sides of a triangle^ from 
that of the circumscribed circle, then 

rf,* + rfj* + ^3^ + rf,* = 4ft' + 2^(r| + rj + r3- r) = 12/?. 

54. If three circular arcs whose radii are 3, 2, 1, at 
their centres subtend angles of 609, QO^^ 120', and inter- 
sect each other at their extremities : prove that the sides 
of the triangle formed by their chords are 

3, 2^2, J 3 : and its area^^J^S. 

55. If the tangents of ^, B^ C, in a triangle be in 
arithmetical and geometrical proportion, prove that 

tan A tan C= 3, and sin 2 ii = the ratio x sin 2 C» 

56. If circles be inscribed in an isosceles triangle, 
each touching the one above, the one below, and the sides 
of the triangle, whose vertical angle is a; prove that 
their radii are in a geometrical progression whose ratio 
is tan' (45" + i a). 

57. When three circles are inscribed in a triangle, so 
as to touch one another, prove that the radius of the 
circle contiguous to the angle A 

_ r J (l +tan jB) Q+tanjC) ) 

""2I l+tain^A h 

where r is the radius of the inscribed circle. 

58. If p,, p^ p3 denote the radii of these Aree 
circles, it is required to prove that 

Jrir^ + r^r^ + r^z '*> '*« ''» 

where r„ r^ r, are the radii of the escribed circles. 

59. The sides of a triangle are in arithmetical pro- 
gression, and its area is to that of an equilateral triangle 
of the same perimeter as 3 : 5; prove that the sides are as 
3, 5, 7i and the greatest angle = 12(f. 

GO. In a triangle, the rectangle of the perpendicalars 
from the angles at the base to the line bisecting the ver- 
tical angle, is equal to tVic TecXati^^ o*C vW se^meiits of 
the bascy made by the contact o^ lWVMcr&ife^^saiStfu 
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61 . In any right-angled triangle, the distance between 
the middle of the hypothenuse, and the point of contact 
of the inscribed circle, is equal to half the difference of 
the base and perpendicular. 

62. If lines be drawn from the three angles of an 
equilateral triangle inscribed in a circle, to any point 
in its circumference, the longest of these lines is always 
equal to the sum of the two others. 

63. - In any plane triangle, the excess of the square 
of half the sum of the sides above the square of the 
line bisecting the base, is equal to the rectangle of the 
radii of the inscribed circle, and of the circle which 
touches the base and the sides produced. 

64. If the sides of a triangle be bisected, and from 
the points of bisection, perpendiculars be drawn from the 
triangle to the circumscribed circle : the sum of the lines 
so drawn, with the radius of the inscribed circle, will be 
equal to the diameter of the circumscribed circle. 

65. Prove that the sum of the squares of the ten 
lines joining the centres of the five circles, four of which 
touch the sides of the triangle, and the remaining one 
is the circumscribed circle, is equal to fifteen times the 
square of the diameter of the circumscribed circle, 

66. The sum of the squares of the distances of the 
centre of the inscribed circle, from the angles of the 

trianfi^le, is equal to ab + ac + bc 7 — . 

® ^ a+b+c 

67. If Pif P29 Pz be the lengths of the perpendi- 
culars drawn from a point within a triangle, so a3 to 
bisect the sides a, 6, c respectively : then will 

,( a b c ) aba 

4<— + — +— >= . 

IPi Pa PsJ P1P2P3 

68. If pi, P29 ps be the perpendiculars from any 
point within a triangle, upon the sides : Pi, Pj, Pj the 
perpendiculars from the angular points upon the same 
sides respectively : then will 



Pi P2 P. 



%— ^ 
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69. If three lines drawn from the angular points to 
a point lYithin the triangle, trisect its area: prove that 
the square of the distance of that point from the an^ 

70. Through the point of intersection X), of two 
straight lines drawn from two angles of a triangle, to 
bisect the opposite sides, a straight line EDFG is made 
to pass, meeting two sides in E and jP, and the remaining 

side produced in G ; then will -j^z, - -jy^ = -=— . 

71. If J., ^, (7 be the angles of a triangle : a^h^c 

the sides respectively opposite to them: and a, p, 7 the 

lengths of the perpendiculars upon a, b, c from the angles 

J -n j^ ^7. Ml a sin J + iS sin B + 7 sin C 

Ay B, C; then will a= ^^Tn^^^Tr • 

sm i> sm C 

72. The angles of a plane triangle form a geometrical 
progression whose ratio is ^ : shew that the greatest side 
= 2 perimeter x sin 12®5I'25"|. 

73. The three sides of a triangle are in arithmetical 
progression, and one of the angles is a right angle; prove 
that the sides are as the numbers 3, 4, 5. 

74. The triangle ABC has its angles A, J3, C in the 
proportion of the numbers 2, 3, 4 respectively: prove 

that cosA J = -— P-, and ^ = —7; -. 

^ 26 ' 2a + f 

75. If from the angle A of a triangle ABCy there 
be drawn a perpendicular AD upon tlie side BCi and 
if from D there be drawn two perpendiculars DEy DF 
upon AB, AC: then will AE . EB cos^C^AF. FC cos* B, 

76. If flj, a^ be the sides of a right-angled triangle, 
and c/i, d^ the diameters of the circles inscribed in the 
triangles formed by joining the right angle and the 
middle point of the hypothenuse : then will 

;Tr+ ;7-= — + — + 2 -. /-^+ — 5, and-j--.-i- = . 

77« If the centre of the inscribed circle of a triangle 
hejixedy and a, /?, y represent the distances of its angles 
from any other fixed pomt-, \X\ct\. V^\ aa* ^ 6(?* + c/ he 
invariable for all sltuatiotv^ o^ \\iq^ \x\ax^^^« 
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78. If H; b^c he the middle points of the respective 
ides of the triangle ABC: S, s the sums of the squares 
if the three triangles whose bases are the sides of the 
riangles ABC, ahc, respectively, and common vertex 
ny point in the plane of the triangle ABC: then will 

45' - 1 6* = (area of the triangle ABCy. 

79. If a circle be described, touching the base of a 
riangle and the sides produced, and a s^ond circle be 
nscribed in the triangle: prove that the points where 
he circles touch the base, are equidistant from its ex- 
remities, and that the distance between the points, where 
hey touch either one of the sides, is equal to the base. 

80. If through any point O within a triangle, straight 
ines be drawn from the angles A^B, C to meet the oppo« 

lite sides in a, 6, c respectively; then -j- + -^ + ^ = 1. 

81. In any triangle, the differences of the segments 
>f a side, made by a perpendicular from the opposite 
mgle, by the contact of the inscribed circle, and by the 
ine bisecting the opposite angle, are in geometrical 
)rogression. 

82. If O be any point in a triangle ABC; D, E, F 

iny points in the sides BC, AC^ AB respectively : shew 

hat if OD, OB, OF be joined, and Aa, Bb, Cc be drawn 

„ , ^ OD OE OF , 
>arallel to them, —7- + -777 + 7^- = !• 

Aa Bb Cc 

83. Given the perimeter and angles of a triangle : 

jrove that a »= , „ ^ — r-p;, : s- a »« tan 4 -B tan iC : 

cos ^ B cos ^ C a 2 

^ — 6 = J tan ^ A tan ^ C, and *—(?=»* tan ^ A tan -^ B. 

84. In a plane triangle, O is the centre of the cir- 
cumscribed circle, P the intersection of the perpendi- 
culars from the angles upon the opposite sides: then, OP 
livJdes into parts in the ratio of 2 : 1, any line joining an 
mgle with the middle of its opposite side. 

85. Through any point within a triangle, let right 
ines be drawn parallel to the three sides: then they 
vill bound three parallelograms Pj, Pj, P^^ and three 
riangles T,, T^, 2V, respectively opposite lo \yvcai\ ^x^-h^ 
hatF,'=^4T^7'^ P/'^4>T^T^ and P^^=-A.TvT^ 
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86. If in the three edges of a rectangular parallelo* 
piped which meet in any angle, the distances of three 
points A, B, C from that angle be cUf b, c: then will the 

area of the triangle ABC he i JaV + a*c^ + b'c^. 

87. Three circles whose radii are a, b, c, touch each 
other externally: prove that the tangents at the points 
of contact meet in a point, whose distance from any one 

of them is ( — 7 — ) . 

88. Retaining the notation previously used, it is re- 
quired to prove that^ 



_ 8 __ ^vy*s 



• 



(1) r»r, + rir3 + rar3 = *»= ^ 

(2) Ac . cB + Ba . aC + Cb . bA = r(ri + r, +rs). 

.. I 1 1 1 

^^^ Ac.cB^ Ba.aC"" Ch.bA" f^' 

(4) 4fi = n4.r,^r3-r = ^"'^"'^^^'^^->("»-^^'\ 

89. If Pi, Pa, Pa be the perpendiculars from the 

angles upon the opposite sides; then^ 

/.N 1 1 1 1 I 1 

(1) —+—+—«—+ — + —. 

' Pi Pa P3 ^1 r^ '•a 

(2) R = ^^^^^'''^ ^''>''«''» 



PiPaPa P1P2 + PiPa + P^Pi 

(3) Pj=: ^. (4) —+— = — +—. 

»•« + ^3 Pi P» Ps ^s 

90. From the middle of the hypothenuse of a right- 
angled triangle, draw a line so as to be equally inclined 
to it and the base, and terminated in the base produced: 
and from the middle of this line draw a second, equally 
inclined to it and the base produced, and terminated in 
the base produced ; and so on : prove that the length of 

the »"• line so drawn is equal to — cosec — , and that the 

last line continually approximates to - , where a is the 
altitude of the triangle, and a \\\e oy^o€\\j& «si<^^ 
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V. Problems on Quadrilaterals and Polygons. 

1. If a^ 6 be two adjacent sides of a parallelogram^ 
and a their included angle; then will the diagonals be 

-expressed by {a* + 6' ± 2a6 cos ay. 

2. The side of an equilateral triangle inscribed in 
a circle : the side of a square inscribed in the same 

circle :: Js : J^ ; and the area of the triangle : area 

of the square :: (J~3>Y : {^Ji)\ 

3. In a quadrilateral A BCD, whose angles A^ C are 
right angles : prove that the area 

= (j - a)(* - (/) = (j - b) {s-c). 

4. The square of the side of a regular pentagon .in- 
scribed in a circle, is equal to the sum of the squares of 
the sides of a regular hexagon and decagon^ inscribed in 
the same circle. 

5. Compare the areas of two regular decagons, one 
inscribed in, and the other circumscribed about^ a circles 
and shew that they are in harmonic proportion with the 
area of a regular circumscribed pentagon. 

6. If from one of the angles of a rectangle, a per- 
pendicular be let fall on the diagonal d^ and from the 
point of intersection, perpendiculars p, q be let fall on 

the sides containing the opposite angle; then /)^ + 9^ = <F. 

7. The difference between the side and diagonal of 
a regular pentagon, is equal to the side of a regular 
pentagon, whose diagonal is equal to the side of the 
proposed pentagon. % 

8. If the diagonals of a quadrilateral intersect each 
-other at an angle of 30®: prove that the area of the 
rectangle contained by the diagonals is equal to four 
times the area of the quadrilateral. 

9. If r and R be the radii of the circles, inscribed 
in^ and circumscribed aboiit^ a regular polygon of n sides^ 
and a be the side of the polygon : then will 

B-hr^ha cot -— . 

10. In a regular pentagon, if chorda \>e dt«wft ^^aNv^ 
tending each of the angles : these by tVieir VaXfit^c^ass^ 
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will form an interior regular pentagon, whose side is 
equal to ^(3 — Jsi) x the side of the proposed figure. 

11. The area of a regular polygon of n sides in- 
scribed in a circle : the area of another regular polygon 
of Sn sides inscribed in the same circle :: 1 i k; prove 

that cos^=^^ — j^ f if be the angle which a side of 

the latter polygon subtends at the centre of the cirde. 

12. In any quadrilateral figure, the sum of the 
squares of the diagonals^ together with four, times the 
square of the line joining their middle points, is equal 
to the sura of the squares of all the sides. 

13. If a point be assumed within a regular polygon 
of n sides, from which perpendiculars are drawn to each 
of the sides, produced if necessary : the sum of these per- 
pendiculars : to the radius of the inscribed circle :: in : 1* 

14. If the diagonals of a supplemental quadrilateral, 
intersect at right angles: their segments are proportional 
to the rectangles of the sides which are terminated at 
their extremities. 

15. One regular figure has twice as many sides as 
another, and each of its angles greater than each of the 
angles of the other, in the ratio of 4 : 3; find the number 
of sides of each. Answer: 10 and 5 sides. 

16. The number of sides of one regular polygon 
exceeds the number of those of another by 1, and an 
angle of one exceeds an angle of the other by 4** : find 
the number of sides of each. Answer : 10 and 9 sides. 

17' The interior angles of a rectilineal figure are in 
arithmetical progression, the least angle being ] 20\ and 
the common difference 5° : find the number of sides, and 
explain the double answer. 

Answer : Q sides, and the incongruous value is l6. 

18. One regular polygon has two sides more than 
another : and their angles are in the ratio of 9 : 8 ; what 
are the polygons } Answer : Octagons and Hexagons. 

19. The numbers of sides of two regular polygons 
are as 3 : 4 ; and the difference of an angle of each is 
10^: what are the poVygoivs"^ 

Answer : Nonagona and \>ode<».\g^ow^. 
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^. The greater the number of sides of a regular 
polygon, the greater is the magnitude of each of its 
angles : and the angle of the polygon approximates to 
two right angles as its limit, when the number of sides 
18 indefinitely increased. 

21. Prove that, in a regular dodecagon, the distance 
of two opposite sides, is equal to the side of the figure, 
together with that of its inscribed square. 

22. If squares be described upon the sides of any 
triangle, and the angular points of the squares be joined : 
the sum of the squares of the sides of the hexagonal 
figure thus formed, is equal to four times the sum of 
the squares of the sides of the triangle. 

23. If all the angular points of a regular polygon 
be joined, and r be the radius of the circumscribed 
circle : prove that the sum of all the lines including the 

go® 
perimeter of the polygon, is equal to nr cot — . 

24. In any right-angled triangle, the difference be- 
tween the diameter of the inscribed circle and the side 
of the greatest inscribed square : the radius of the in- 
scribed circle :: the diameter of that circle : the sum oi 
the base and perpendicular. 

26. If from any point in the circumference of a 
circle, straight lines be drawn to the angular points of 
an inscribed regular polygon o^ n sides : then will the 
sum of the squares of these lines = 2n x (radius)^. 

26. The interior angles of a decagon are in arithme- 
tical progression, and the least angle is two-thirds of the 
greatest : find the least angle and the common difference. 

Answer: 112*>, and 6° 13' 20". 

27. If Si be the sum of the tangents of the angles 
of a polygon, s^ the sum of their products taken three 
together, &c. : then will *| — jg + *« ~ *r + &c. = 0. 

28. If p be the perpendicular from the centre of a 
circle whose radius is r, upon the side of the re^'vilax vcv- 
scribed pentagon, and d be the semiside o^ \Xv^ x^^xsXact 
inscribed decagoUy then r" s= 2 (p* — d''). 
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29. In any polygon* with n sides, A^ A^ A^ A^^kCy 
represented respectively by a,, a^, &c: prove that 

ai sin il - a, sin (il, + A^) + a^ sin (iij + >#, + >#,) - &c. 

sfc fl^i sin (vl| + Ai + Af + &C. + -^1^) = 0. 

30. If ABCDEF be a regular hexagon, and AC, 
BDj CB^ DF, EA^ FB be joined, meeting in the points 
a, by Cy d, e^f\ shew that abcdef is a regular hexagon, 
whose area is equal to one third of the area of the ori- 
ginal hexagon ABCDEF. 

31. If a straight line bisect at right angles, any side 
AB of a regular polygon of 2a + 1 sides : shew that it 
must pass through the point of intersection of the two 
sides of the polygon, which are most remote from AB'. 
and prove that the length of the part of the bisecting 

hne within the polygon is equal to ^ AB cot . 

32. If S be any point in the diameter ABo£a circle, 
whose circumference is divided into 2n equal parts ; and 
lines be drawn from 5 to all the points of section: then 
will the sum of their squares be equal to n(^SA* + SE^). 

33. If <7,.| , a„ and a^^ be the areas of regular po- 
lygons of 2""\ 2" and 2"** sides, inscribed in a circle 
whose radius is r: then will 2flr,aVi = 2*^V*(flr,-fl^,). 

34. If i^i, A^y i^3, &c*, A^ he the angles of a poly- 
gon of 2n sides, inscribed in a circle : then will 

Ai + A^-h &c. + A^^i = A^+A^ + &c. + Aa^ 

35. If in a regular polygon of n sides, straight lines 
be drawn from the extremities of a side a, to those of 
any other side, so as to cross each other : then will the 
distance of each point of intersection, from the centre of 

the polygon, be a cot . 

36. If Z2, r be the radii of the circumscribed and 
inscribed circles of a regular polygon of n sides, and 
22', r' the corresponding radii for a regular polygon of 
2» sides, and of the same perimeter as the former : then 
will Rr' = ir, and JR + r = 2r'. 

37« If Pi P V)e tV\e pwmeX«^ oJl \5ci^ voacribed and 
circumscribed poVygona o^ n «vOi<t^\ "p'*^ ^wr ^'^ 
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iscribed and circumscribed polygons of 2n sides^ of any 
ircle : then will 

38. In a regular polygon of n sides described about 
, circle whose radius is r, if c be the distance of any 
K>int from the centre^ and perpendiculars be drawn from 
his point to all the sides of the polygon : the area of 
he figure^ formed by joining the feet of the adjacent 
perpendiculars, is expressed by in{r* sin a-\' ^c* sin 2a}, 
rhere a is the angle at the centre subtended by each side. 

39. If two circles have the same centre, and a re- 
gular polygon be described about the outer circle : and 
rom any point in the circumference of the inner, per- 
)endiculars be drawn to all the sides of the polygon : 
he figure formed by joining the feet of every pair of 
contiguous perpendiculars will be of an invariable mag- 
litude. 



VI. Miscellaneous Theorems and Problems. 

1. Ifa + /3 + 7 + &c. + A = 7W7r, and the notation of 
\rticle {65) be retained : then will 

Si + *6 + &c. = ^, + *7 + &c. 

2. If a + /3 + 7 + &c. + \«(2»i-l)|: then will 

1 + ^4 + &C. = *, + ^g + &C. 

3. If tan 6 = ~ — : it is required to shew that 

1 + » cos (p ^ 

^ « w sin ^ — ^n* sin 2^ + ^n® sin Stp - &c. 

4. From the equation, sin p = sin P sin (z+p) : prove 
hat p = sin P sui ^ + ^ sin* P sin 2^: + ^ sin" P sin Ss + &c. 

5. If tan d^n tan ^ ; then we shall have 

^ = + (^^) sin 2(p+i (^^) sin 40 + &c. : 

H. T. ^^ 



e» + e-* 
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6« If tan » cos a tan <^ : then will 

d = <t)- tan' ^a sin 2^ + ^ tan^^a sin 40 — &c. 

7. If sin ^ = sin a sin (/? + ^) : then will 

^ = sin a sin /3 + ^sin'a sin 2/? + ^ sin' a sin 3/? + &c. 

8. It is required to prove that 

e--^ = 2*(l+J)(l+^.)&c. 

9* It is required to shew that 
2 sin {a^pj^l) s= (e^ + gnP) gin a * (c^- c^^) ^/^ cos a 
2 cos (a*/3^-l) = (e^ + r^) cos a =F(e^ - €rfi)J~^ sin a. 

10. Prove that 2 sin Ja sin' ^i + 2* sin -5 sin* -5 + &c. 
to n terms = J f 2" sin — — sin a j . 

11. Shew that the sum of ft terms of the series, 
sec a sec 2a + sec 2a sec 3a ^ sec Sa sec 4a + &c. 

= cosec a {tan (it + 1) a — tan a}. 

12. Prove that the sum of it terms of the series, 
sec a sec 3a — sec 2a sec 4a + sec 3a sec 5a — && 

= i sec a {sec a sec 2a ^ sec (it + 1) a sec (» + 2) a}. 

13. Shew that the sum of it terms of the series, 
(2 sec 2a)" + (2* sec 2' a)' + (2" sec 2'a)' + &c. 

« (2"+* cosec 2"+'a)' - (2 cosec 2a)'. 

14. Prove that the sum of n terms of the series, 
cosec a cosec 2a + cosec 2a cosec 3a + cosec 3a cosec 4a +&c 

= cosec a {cot a — cot (n + 1) a}. 

1*5. The sum of n terms of the series^ 
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16. The sum of n terms of the series, 

= (C0ta)'-g.C0t|^)%2(l-l). 

17. The sum of n terms of the series, 

= cos :;i ( 2" sin -- 1 — cos a cosec'a. 
2" \ 2V 

18. The sum of n terms of the series, 

2 tan|^tan|jj +2"tan^, ^tan^j + &c. 

= 2tan~2-+»tan-^. 

19. The sum of the infinite series, 

xcos(o +^) + -— 3 COS (o + 2/3)+--— — cos (a +S/3) + &c. 

— ejecoifi cos (a + 0? sin ^) - cos a, 

20. The sum of the infinite series, 

r sin(a + /?) + —— sin(a + 2/3)+ sin (a + S/3) + &c. 

— ^cos^ sin (a +a sin /3) — sin a. 

21. The sum of the infinite series, 

or cos (a + /S) + ^Y^"" ^ cos (a + 2/3) + &C 

= (2 cos J/3)' cos (a + ix/I) — cos a. 

22. The sum of the infinite series, 

a: sin (a + /3) + ^^^-^ sin (a + 2/3) + &c 

= (2 cos J/3)' sin (a + Ja?/3) — sin a. 

23. Prove that the roots of the equatiotk 

r'-^.r + JarO, are i^sinltf, 28in5Q^> and-^wsvlOT^ 
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24. Shew that the three roots of the equation, 

are 2 cos f ^, - 2 cos f w, and 2 cos fir. 

25. Prove that the five roots of x* — 1 = 0, are 1, 

cos f TT =i= ^ - 1 sin f ^, cos ^w^J—1 sin f w. 

26. Shew that tlie six roots of j:* — 1 =0, are ± 1, 
cos Jtt ± ^ — 1 sin Jtt, cos |7r * ^ — 1 sin fir. 

' 27. ^Q^ is a semicircle with its diameter horizontal, 
and ALP is a chord cutting the vertical radius CQ in L, 

so that CL ^ - CQ, : shew that the area of the triangle 

n'- 1 
CLP = —5 — r X the area of the trian^rle CLA. 

28. i^^C is a triangle inscribed in a circle, and a,, 
a^, as are the angles which radii drawn from the centre 
to the angular points A^ B^ C make with the sides AB^ 
BC, CA respectively, so related that tan ai = m tan a, : 

tan a, = m tan a^ : prove that tan a^ = . 

29. If i be the inclination of a plane to the horizon, 
and a the inclination of a line in it to the intersection of 
the plane with the horizontal plane : shew that the in- 
clination 6 of the line to the horizon, is found from the 
equation sin d <e sin a sin i, 

30. If a, 6, c be the lengths of the chords of three 
arcs of a circle which together make up a semicircum- 
ference, and r be the radius of the circle : then will 

4r8 - (a« + 6« + c") r - abc = 0. 

31. If the perimeter of a triangle be equal to four 
times the base c, and p be the distance of the centre of 
the inscribed circle from the angle A, making the angle 
(p with the base : then will p (1 + sin'^) = c cos <p. 

32. Let one side AC of a. triangle ABC be divided 

into any number of parts ; and let lines be drawn through 

the points of division respectively parallel to AB, BC, 

an^ forming triangles -wYvo^e axe^^ «t^ a^ (5, y, Sic: then 

will the area of the c. ABC = (^J a ^t- J"^ -v Jfn ^^^ ^ 
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33. If in the arc AB o£ a. circle, whose centre is O, 
the arc AC be made equal to the sine of AB, and the 
chord AB he drawn : then will the area of the sector 
BOC, be equal to the area of the segment ACB. 

34 The figure ABC is formed of three equal arcs 
of the same circle, whose sum is equal to the semicir- 
cumference : prove that the area of this figure : the area 
of the circle :: 1 : 6. 

35. The sides of a plane triangle are arcs of equal 
circles, radius = 1 : prove that the algebraical sum of its 
sides and angles is always equal to 180*^, those sides being 
considered negative which are concave towards the 
interior of the triangle. If the three angles of such a 
triangle be given, investigate a formula for the deter- 
mination of a, side, and adapt it to logarithmic calcu- 
lation. 

36. Of all triangles of a given altitude and vertical 
angle, the base of the isosceles triangle is the least. 

37. If a bathe shortest line drawn from points in 
ACf AB so as to bisecl the triangle ABC: and /?, 7 be 
corresponding lines drawn from the other sides; shew 
that g* tan I J g /y tan ^A : an d that the area of the 

triangle = J Ja'/S' + a V + /^V* 

38. If aj , a„ &c. be the arcs of a circle, whose radius 

s 1^ measured from the same point, each of which is 

1 ^ 

equal to its tangent : prove that a, + — = (2n + 1 ) ^ , 

nearly. 

39. If from the extremities of the base of a semi- 
circle, two chords be drawn crossing each other, and 
making angles a, /? with the base, and the extremities 
of the chords be joined : prove that the areas of the two 
triangles thus formed, will be as 1 : cos^ (a + 3), 

40. If through any point in the arc of a quadrant 
whose radius is 12, two circles be drawn touching the 
bounding radii of the quadrant, and r, r' be the radii 
of these circles : shew that rr'^ R\ 

41. A circle is inscribed in an equilateral triangle; 
an equilateral triangle in the circle : a circle again in tl\<^ 
latter triangle^ and so on : if r, r^yT^yT^^ ^e.^ Xjaa TijaSijk 
of the circles: prove that rs:irx-¥r^'\-r^'\^ &c* w \wjltwlum. 
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42. If a circle be inscribed in an equilateral triangle, 
and at the angular points^ other circles be described, and 
so on : prove that the sum of the areas of all these circles 
s H^a*, where a is a side of the triangle. 

43. If a circle be inscribed in a given square, and 
between this circle and the angular points of the square, 
four other circles be inscribed, and the operation be 
repeated in infinitum : prove that the sum of the areas of 

all these circles sfva* (22 ^2 — 31), where a is the side 
of the square. 

« 

44. If in either half of a rectangular parallelogram, a 
circle be described : prove that the straight lines drawn 
from its centre parallel to the sides, will cut off a gnomon 
equal to half the parallelogram. 

45. If on the three sides of the triangle ABCj 
triangles similar and equal to the original triangle be 
drawn, in such a manner that the angles with their vertei 
at A shall be equal, and the same at B and O: and if 
in the three triangles so formed, circles be inscribed, 
and their centres be joined so as to form a triangle abc : 
also, if 12, r be the radii of the circles circumscribed 

about ABC, abc, prove that t; — = — = — . 

*^ area of aoc r 

46. If the sides of a triangle be three consecutive 
numbers, and the greatest angle be double of the least: 
shew that the magnitudes of the sides are as 4, 5, 6. 

47. If p be the perpendicular upon the side c, from 
the opposite angle C : then will 

2a = Jc^ + 2pc cot iC^Jc' - 2j9C tan JC: 
26 = ^c* + 2pc cot |C =F Jc* - 2pc tan JC 

48. A person, wishing to determine the length of 
an inaccessible wall, places himself due south of one end, 
and then due west of the other, at such distances that 
each of the angles which the wall subtends at the two 
positions = a^: prove that the length of the walla a tan a, 
where a is the distance between the stations. 

49. The shadows of two walls, which are at right 
angles to each o\.\\er, and ^Vlo^^ \i^\^x& are ai,a^^ tn 
observed when the auxi \a dae ^ow^* Xa \»\>v«b^^\'®' 
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breadth : if a be the sun's altitude^ and /? the inclination 
of the first wall to the meridian : prove that 

cot'a = -^ + -^ , and cot a = — j- . 

50. l£ AB be produced to meet DCE in C: prove 
that the radii of the circles passing through A^ B and 

touchinir DCE, will be ^. ^ , where 

** sm2a 

AC=a, BC=b, saidz,ACD = a. 

51. If AB be the diameter of a circle, C the centre, 
FAG& tangent at j4, jlC/^one third of a right angle, 
and FG equal to three times the radius : then BG being 
joined, will be very nearly equal to the semicircum- 
ference of the circle. 

52. If one of the angles of a quadrilateral inscribed 
in a circle be a right angle, and if two opposite sides 
be produced to meet, the Theorem for the tangent of 
the sum of two angles, may be briefly deduced. 

53. If two points, each 10 feet above the earth's 
surface, cease to be visible to each other at the distance 
of 8 miles, prove that the earth's radius = 4224 miles, 
nearly. 

54. If the angle which the earth's radius r subtends 
at the sun be 8^^57116, prove that the distance of the 
earth from the suns=24074r, nearly. 

55. Prove that the angle which a flag-staff 5 yards 
long, on the top of a tower 200 yards high, subtends at 
a point on the horizon 100 yards from the foot of the 
tower is = 34'.22".64, nearly. 

^56. A flag- staff a feet long is placed on the top 
of a tower h f eet high : prove that at the distance of 

b ^ 7-^ feet between the observer's eye whose 

height is c feet, and the foot of the tower, the staff and 
tower subtend equal angles. 

57* A ship is approaching land, which is just visible 
from the mast-head, and after sailing x yards, land is just 

visible from the deck, prove that x — (^JK — JW^ 4^*^ » 
approximately; when h and h\ tVie he\^X.& o^ ^^\s^%s^ 
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J^y «s ^bose of imiee the number of sides : then -7^ — j is 



head nd de^^ are rerj small compared to r, the radius 
cf the eartii. 

58L a person in a balloon observed the angle be- 
tween two places A and B bearing north and south of 
eadi other and m miles apart, to be a : and that from B 
dme aaa^ of him to a point directly under bim to be /3 ; 
prore tlttft his akitnde was a cot & cos /9. 

59. If ^i« «! be the areas or perimeters of similar 
pohrgoos inscribed in and drcnmscribed about a circle ; 

Ipencnllr greater than 4^ but niiiwialely equal to it. 

60. If ai sin (^ 4 a cos ^—p cos a, W cos + n' sin <p 
^p'sintt, proTe that when $J^^^2a, we shall have 

ai p cos « cos 2a - mj/ sin a sin 2a = np' sin a, 
and ai p cos « sin So -i- aip' sin a cos 2a = =f n'p cos a. 

61. If si»6 + c» it is required to prove that 
f 1 -- cos am 1 — cos aieV Jsin ma sin mcY 

I |"«* -i- 6* + C^ ^ cos flM COS flll6 cos OTC'I 

'*aAc\ «^ *" « b c )' 

63. Bt means of the solution of j:^ — 1 « 0, prove 
that the values of C^ in the equation 

cos^ + cos^^ + cos3^ + &C. + cos (» - 1) ^ = 0, 

are expressed by — : and by means of that of 4:^*^*71=0, 

shew that the values of 9 in the equation 

cos^<i-co8 39'fco85^<i-&c + cos(2a-l)0sO, 

are expressed by ^ =77^ — r , or ^ = — v, 

'^ ^ 2« + l* 2a +1 

63w By means of subsidiary angles^ express 

ii + & + c + rf + &C., and «— 6 + c — rf + &c in the form, 
a sec*^ sec*^, secV, &c., and a coe^B sec'tf, cos^O, &c, re- 
spectively. 

64. Express (a^ + b^) (o, + b^ (o, + 6,) &c. in the/(»w, 
(if, — b^ &C. in tbe/orm, a^a^a^ It^ cfi^^v^:»^^%^^^>!^ ^ 
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65. If s^ denote the sum of n terms of the series 
a + b + 0-^(1 + &C. : prove that 

log^.^log^a + logTl +— j + log (l +— J + &C 

66. If 3t cos a + y sin a = a? cos 13 ■{■x' sin /? =^ cos 7 
+y sin 7=^ cos S+y sin B = 1, the value of (x +^)-j-(jf'+ yO 
will be the same, however a, /3, y, Z may be interchanged, 

67* If a, b, c, d be the sides of a quadrilateral^ 
whereof a is parallel to c : then will the distance be- 
tween these parallels be 

J2 (a - cf (6' + d')^(a- c)* - {b' - d^f 

2 (« - c) 

68. If the angle A of a. quadrilateral^ whose sides 
are a, 6, c, ^ be a right angle : then will its area be 

i fl<? + ^4(* - a) (j - b) {s - c) (^ - d) - ad{ad + 2bc). 

69. In any quadrilateral figure A BCD, prove that 

.„ CD sin 2) + J5C sin (C + D) 
AB^ ; — 2 ^^ ; 

A^ ATin CDsin C + ^D sin (C + D) 

BC + CD cos C-k-AD cos ((7+ X>) 

70« If upon one radius of a quadrant, a, semicircle 
be described, and a circle be drawn to touch the arcs of 
the quadrant and semicircle and the other radius : twice 
its area will be equal to that of the semicircle. 

71* If upon either radius of a quadrant, a semicircle 
be described, and another semicircle be drawn to touch 
this and the quadrantal arc at its extremity ; shew that 
twice the area of the circle, in the curvilinear space thus 
formed, is equal to the area of the latter semicircle. 

72. If two circles touch each other internally, and 
any circle be described touching both: prove that the 
sum of the distances of its centre from the centres of the 
two given circles, will be invariable. Also, if a series 
of such circles be described^ touching each of the given 
circles and one another, and a, b, r be respectively the 
radii of the given circles and of the first circle in the 
series: prove that the radius of the («+ 1)^^ circle will be 

ab (fl— 6)r 
a3r -h{n(a- b)Jr ^ Jab^a-b-^r^ 
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73. The radii of two circles, which intersect, are 
r, r'i and c is the distance of their centres; prove that 
the length of their common chord 

= - •{(r + r'+c)(r+r'-c)(r + c-r')(r' + c-r)> . 

74. The distance between the centres of two wheels 
= a^ and the sum of their radii = c: prove that the length 
of a string, which crosses between the wheels, and is 
just wrapped round them both 

= 2 [sR~^^ + c cos-* (-^)} • 

75. A person standing at a known distance from 
two towers, in the same straight line with them, observes 
their apparent altitudes to be the same : but after walking 
a given distance towards them, he finds the angle of 
elevation of one of them to be double that of the other: 
find their heights. 

76. ABCD is a square, whose side CD is produced 
to any point E: a person holding EC horizontal, sees 
the top of a tree in the direction EB^ and after 
moving through a given space, directly towards the 
tree, sees the top of it in the direction EA : required 
the height of the tree. 

77. Find the sum of n terms of the series, 

(cos a + ^ - 1 sin a) + (cos a + ^- 1 sin a)' + &C.: 
and thence deduce the sums of the series, 

sin a + sin 2a + sin Sa + &c. to n terms : 
cos a + cos 2a + cos 3a + &c. to n terms. 

78. If 17^ = TT, it is required to prove that 
cos 6 + cos 3d + cos 50 + &c. + cos 156 = ^ : 

cos 6 + cos 90 + cos 130 + cos 156= 1(1 + J if) : 

cosS^ + cos 50 + cos 76 + CO8 116 = J(l -JTY): 
and i£ s = cos0 + cos 136, t = cos 90 + cos 156, 

u = cos 30 + cos 50, V = cos 76 + cos 1 16 : 
then will st = wv = - ^. 

From these equations determine the values of j, /, «, »: 
and thence the side ot a Te^v\«t '^cJc^^yaw of 17 sidesi 
inscribed in a circVe Y»\voae t«lOl\u% \^ r. 
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ON SPHERICAL TRIGONOMETRY. 



CHAPTER I. 



MISCELLANEOUS THEOREMS AND PROBLEMS IN SPHERICAL 
TRIGONOMETRY, WITH THEIR SOLUTIONS. 



1. In the fundamental proposition of Article ^25), 
the proof has been confined to the case where each of the 
sides is less than ^ ?r : it may easily be extended so as to 
include sides of all magnitudes, but the Pei^manence of 
Equivalent Forms renders it altogether unnecessary to go 
through every variety that may occur. 

2. Since 8in«^=l-co8M = l-f^Hii::^^^Af^^' 

\ sm 6 sin c / 

( 1 — cos* 6) (1 - cos* c) - (cos a — cos h cos c)* , 

= ^ ^~ — - i— .-\ —9 we have 

sm' o sm c 

sin* A 1 — cos* a — cos* h - cos* c + 2 cos a cos h cos c 
sin* a " sin* a sin* h sin* c ' 

which, by reason of the stftntnetry of the latter member, 

sin* A sin* B __ sin* C 
^ ' sin*a "" sin* 6 "" sin*c ' 
the result of Article (29), by a much shorter process. . 
The same relations are easily obtained from 

. , ^ • , /cos A + cos B cos C\« 

sm* a =« 1 — cos' a = 1 - l -, — ^ » ry i • 

\ sm ^ sm C J 

3. From Article (25), we have immediately, 
1 + cos c = 1 + cos a cos 5 + sin a sin b cos C 

= {1 + cos {a^b)} cos* ^ C + {1 + cos (a + b)} sin*^ C, 
••. cos* i C = cos* i (a ~ 6) cos* ^ C + cos* 4 (a -v b^ «\x? i^C, 
^bicb M analogous to (3) of Article {\\\\ PI- Tr. 
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Also> sin* ^ c = sin* ^ (a — &) cos' ^ C + sin' ^ (a + 6) sin* J C; 
and these lead without much difficulty to the results of 
Article (43), by means of Napier's Analogies. 

4. Tani(A+B+C) = tan{i^ + gOP), by Article (74), 

, -, 1 + cos a + cos b + cos c 

= - cot 4 2 = . . . 

2^sin s sin (s — a) sin {s — 6) sin {s - c) 

5. Sin,i (a + 6 + c) = sin i {Sir - {A' + J5' + C)} 

T^cos S cos (JS- A) cos (^ - jg) cos jS-C) 
" 2 sin ^ i^ sin ^ J? sin \C 

* ^ ^ sm C 

1 — cos a - cos 5 + cos c 



J sin * sin {s - a) sin {s — 6) sin (^ — c) * 
Similarly^ tan ^ (o + 5 — c) is expressed by the angles. 

7. If CD be drawn perpendicular to AB^ then will 

sin CD = sin B sin 5C7 
2 



sm c 
2 



v^sin * sin {s — a) sin (s-h) sin (* — c) 



= -^^^-fJ- cos -S cos (-S- J) cos (iS - 5) cos (-S-C> 

8. To find the circular radius of the small circle 
which may be inscribed in a spherical triangle. 

Referring to the diagram of Article (79)* PI ^'"•^ 
and supposing all the lines employed to be arcs of great 
circles^ we have Ah=^ Ac, Ba = Bc^ Ca = Cb : 

.•. Ab -^ Ba -^ Ca == Ac + Be -^ Cb, which give 

2i46 + o = 6 + c, Ab^s — Oy Bc^s — b^ and Ca :=<-«: 

whence, from sin Ab = tan ob cot oAb^ we obtain 

. • / \4. lA /sin {s - a) (.» - b) sin {s - c) 

tan r - sm (s - a) tan kA-j./ ^^ '-^ — ' ^ ■' 

^ ' * V sm* 

P. To find the cVtcuW t^^v\% q€ the small cirde 
which may be ciTcumacTib^OL «XiwjX «w ^s<^<QstNK;^\xsisfiai^ 
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If O be the centre of the circumscribed circle, we have 

^ BAO = z ABO, L BCO^L CBO, z ACQ = z CAO : 

whence, 2 z BAO = A-^ B- C, and zBAO^S-C: 

similarly, zACO^S-B, and z CBO =S-A: 

.•, cos BAO = cot AO tan ^c, gives tan R 

2 sin l^a sin 1^ 6 sin Jc 
= sec(iy-C)tan^c=r , i n . . =^.' 

^sm*sin(*— a)sm(*-6)8m(j — c) 

From these two Articles, we have immediately 

sm^(a + 6 + c) 
which is analogous to the result of Article (80), PL Tr. 

10. Given two sides and the included angle, to find 
the rectilineal angle formed by the chords of these sides. 

Let a, /?, 7 be the chords of the sides a, 6, c : 
then, cos c ~ sin a sin b cos C + cos a cos 6, gives 
1 — 2 sin' ^ c = 4 sin ^\i cos ^a sin ^6 cos ^b cos C 
+ (1 - 2 sin» ia) (1-2 sin* ^ &) : 
... 1 - ^7« = a/3 cos ia cos ^6 cos C + 1 - |a* - ^^' + ^'(3* : 
whence, i («* + /?* - 7*) = a/3 cos ^ cos ^b cos C + ^a*/3^ ; 
but if C be the angle contained between a, /3, we have 

cos C = — ^-^ = cos ^a cos ^6 cos C + \a/3 

= cos ^a cos ^b cos C + sin ^a sin ^b. 

If C = C - 6, and be very small, we have 

cos C' = cos (C- 6) = cos C cos ^ + sin C sin ^ 

« cos C + ^ sin C, nearly : 

whence, cos C + ^ sin C = {cos' i(a + 6) - sin' i (a - &)} 

X cos C + sin' \(a + 6) - sin' ^(a - 6) ; 

.'. = sin* i(« + 6) tan ^C - sin' ^ (a - 5) cot ^C, nearly. 

Hence C is greater than C when it is an acute angle^ 
bat less when it is either an obtuse axi^e, ox ^ tv^x. 
ntgle, hath generally and approi^imateVy. 
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11. Given the chords of two sides of a spherical 
triangle and their included angle> to find the angle con- 
tained by the sides. 

Since, cos C = cos \a cos ^h cos C + sin ^a sin \h, 

, ^ cosC-siniasin A6 4cosC'— a/3 

we have cos C = i — , , ^ = , 

cos ^a COS ^6 ^(4 _ ««) (4-/3^ 

12. Given the oblique angle contained between two 
objects above the horizon, to find the corresponding hori- 
zontal angle. 

In the diagram of Article (8), let a and n be the 
objects whose angular distance aOn is observed from the 
point in the horizon : that is, if straight lines were 
drawn to from a and n, the z aOn would be the 
oblique angle, and the z AON the corresponding hori- 
zontal angle, which is the same as the spherical angle 
APN: let aOn = C, AOa = H, NOn^h, then by Ar- 
ticle (30), we have 

sin- i ^pV= smi(C.H-ynKC^^-fl)^ 
* COS H cos h 

and thus the horizontal an^le AON h determined. 

This is technically called the Reduction to the Hori- 
zon : and in practice, H and h are very small : 

whence, if z AON = ^ aOn + 6 = C + 6, we have 

/^ /IN cosC— sin/JTsinA cos C-Hh , 

COs(C+0) = rj T— =71 1 TJa^ /, — rUv'^^^V' 

^ ^ cos -n cos A (1 — Jii*) (1 — JA ) 

= (cos C - Hh) { I + ^ (if « + h% very nearly : 

that is, cos C-^sin C = cos C- UA + ^(H« + A*)C: 

which gives d = -X^ {HA - i (IP 4- A«) cos C} 

^ (H' + 2Hh 4- A^) sin^ ^C-jH'-^Hh + h') cos*|C 

4 sin ^ C cos ^ C 

= {^(H + A)}^taniC-{i(H-A)PcotiC, 

an approximate value of the difference between the cir- 
cular measures o£ tKe obliqtie axv^ km.^ou(a2 angles, whieb 
must be added to t\ie/ormer to ^^tBMi^<fe\«X\.«f , 



\ 
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13. The sides of a spherical triangle being small 
Mrith respect to the radius of the sphere, it is required 
to find the approximate values of the angles of a plane 
Tiangle whose sides are of the same magnitudes. 

If a, 6^ c be the magnitudes of the sides of a spherical 
triangle described on the surface of a sphere whose radius 

is r, their circular measures will be - , - , - ; 

r r r 

a be 

cos — cos - cos - 

T T T 

then^ cos A — . . 

o . c 

sm -sm - 

r r 

which, by substituting for cos -, cos -, &c., their values 

^ven in Article (128), PL Tr. and properly reducing, 
becomes 

b'^ + i^^a^ a* + 6* + c*-2(aV4.aV + i^V) 

cos A = -J + 7771— \ > 

2bc 2^cr* 

jy neglecting higher powers of - , &c., than the fourth : 

he 
hat is, cos A = cos A' - -^ sin' A', nearly, where A' de- 

lotes the plane angle corresponding to A : but if ^ = ^' + (?, 

he 
we have cos A' ^0 sin A' = cos A' - -73— sin' A', 

or 

be . 1 

which gives B = ^-5 sin A' = —-^ ^he sin A': 

whence, A'=A — 6 = A'- —^ area of the plane triangle : 
also, from 180* = ^' + jB' + C' = J + jB+C-3iy, 

we have -^S = the spherical excess = E : 

.'. ^' = 4- JE, S' = 5-iE, and C'=C-i£. 

Hence, a spherieal triangle under the above-mentioned 
ircumstances may be treated as a plane triangle having 
he same sides, and each of its angles less by one third of 
he spherical excess than the corresponding scq^^ o*?. \!cv^ 
proposed triangle, whenever those sides are su^cvaxvxX^ 
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small^ compared to the radius of the sphere^ to make the 
retention of higher powers a matter of no consequence in 
practical computations. 

These two theorems which have always been much 
esteemed for their Elegance^ as well as for the Accuracy 
of their results in Trigonometrical Surveys and Geo- 
detical Operations, were first given by M, Legendre : and 
the student may see to what extent tiiey have been used^ 
by referring to any treatise on the figure of the Earth, 
and more particularly to that contained in the Encyclo- 
pedia Metropolitana, by the present Astronomer Royal 

14. If we suppose the radius r of the sphere to be 
indefinitely increased so that any Jinite portion of its 
surface may be considered as a plane^ we shall have 

cos A =^ -T , the fundamental formula in plane 

triangles. 

Since the arc, its sine and tangent are all ultimate^ 
equal, by Article (86), PL Tr.^ it may be observed gene- 
rally that formulae for spherical triangles involving the 
sines and tangents only of the sides will be true for plane 
triangles, when for the sines and tangents of the sides 
are substituted the sides themselves. 

15. In a spherical triangle ABC^ if CD be drawn 
from the angle C to meet the opposite side AB in D, 

1 XV -^ cos CD — cos Jl (7 cos -4 D 

then, cos CAD = -. — .^ . — j^^ 

sm^C sm AD 

cos BC— cos AB cos AC 



sin AB sin AC 



whence we have 



r n-^^° ^DcosBC+cosA C{smABcosA D—co sABsmAU j 

cos C U— ■ ; ■T-= 

sinAB 

sin AD cos BC + cos AC sin (AB - AD) 

sin AB 
_ sin AD cos BC + sin BD cos AC 

s'm AB 
IfAB be bisected in D, or AD = BD = ^c, then 
ry-n^ ®^^ V ^^^ ^ "^ ^^^ 4c eos 6 cos a + cos b 

cos \^U — — ; » r SS. — r 

2 S\tV ^C <ioa ^C SL ^»» \fi 
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COS ^ffl + 6) COS 5 (a - 6) _ sin (A + B) , 

s= — I — ; 7^ COS *C. 

cos ^ sm C * 

If CD bisect the angle C, or z ACD = z j5C2> = ^C, 

• J T\ sin iC . ^r\ • r>r^ sin iC . ^r\ 
len, sin^Z> = . ^. sin C72>, sm BD = . ^^^ sm CD : 

8in A sin ij 

^ sin ^(7 sin CD Jcos jBC coSi4C| 
sin AB \ sin A sin jB J 

sin ^C sin CD Jcos a cos 61 __ sin (72) sin (a + b) 
sin (7 1 sin a sin b) 2 cos ^C sin a sin 6 ' 

-,_ 2sinasin5 , ^ sin Jl sin B sin c 

. tanC//>= -.— > Ti coshC= 



cos 



sin (a+6) - 2cos.J(J+5jcosKJ-J5)cosJ(7* 

Both these results may be expressed in other terms 
y substitution^ and the Student^ assisted by Article (14), 
ill be led immediately to the conclusions of Articles 
J5, 36, Ap. I.) 

16. If through any point in the surface of a 
)herical triangle^ great circles be drawn from the angles 
\ By C, to meet the opposite sides in a, b, c; it may be 
roved as in Article (32. Ap. I.), that 

sin Ab sin Be sin Ca = sin Ac sin Ba sin Cb : 

n ABO sm BCO sin CAO=^ sin CBO sin ACQ sin BAO : 

id the converse will hold good as in the same Article, 
hich may be applied to the same instances. 

17. The great circles drawn from the angles of any 
»herical triangle bisecting the angles, meet in the same 
)int O: and if h, k, I, be its circular distances from A, 
, d respectively, we have 

j^ ^ ArkT> \ A T^rr • 7 COS A — COS ^ COS C 

om triangle A OB, cos \ABC sm k = ; ; 

.._• 1 -orkn \ ATyn • 1 COS / — COS Ar cos a 
om triangle BOL^ cos \ABL sm k = ; : 

.-. cos A sin a + cos k sin (c — a) — cos / sin c = : 
imilarly^ cos k sin b + cos / sin (a - 6) — cos h sin a = ; 
and cos / sin c + cos h sin (6 - c) ~ cos k sin 6 = 0*. 
sin (b - c) cos h + sin (c - a) cos k + sm ^a — V^ co%\ — ^' 
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18. If the sides of a spherical triangle ABC be cut 
by a transversal great circle in a, by c ; then it is proved 
as in Article (l6. Ap. II.) that 

sin Ac sin Ba sin Cb = sin aC sin bA sin cB : 

and when this equality is satisfied^ it follows converselt/ 
that a, 5^ c lie in a great circle. 

19. If from a point A in the surface of a sphere 
great circles ADE, AFG be drawn to cut any circle of 
the sphere whose pole is P in D, ^ and F^ G : then 
if PD, PE, PF, PG be drawn, and PH, PK be per- 
pendicular to ADE, AFG : we have 

cos AH cos HP = cos AP — cos AK cos KP : 

cos EH cos HP = cos PE = cos GK cos KP : 

- cos AH— cos EH cos -4X — cos GK 

' cos ^H + cos EH cos -4X + cos GK ' 

or, tan ^AD tan ^^4^ = tan ^AF tsn^AG; 

which, by Article (14. Ap, II.), leads immediately to 
Euclid III. Prop. 35, and S6. 

When the points F and G coincide^ or AFG touches 
the circle, we have tan ^AD tan |^-4£ = tan* ^AF, 
analogous to Euclid iii.. Prop. 36 : and the further coin- 
cidence of E with Z), gives -4 D = AF, as in Euclid in., 
Prop. 37. 

Enquiries of this kind have led to very elegant and 
striking results ; and though the utility of many of them 
in any practical point of view may be questioned, their 
discovery nevertheless evinces great dexterity in the 
management of the symbols employed in this part of 
Mathematical Science: and the student is now referred to 
Leybourne's Mathematical Repository, the Ladies* and 
Gentleman's Diaries, the Appendix to Young's Trigo- 
nometry, &c., in which he will be gratified by many 
most elegant properties with their demonstrations from 
the hands of Messrs. Lowru, Whitley, Davies, Rutherford^ 
&c.: and the Annales des mathematiques, as well as other 
Foreign periodical journals of science, will shew the 
interest which such aub^ecte have generally excited among 
scientific men. 
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20. If the sides of the spherical triangle ABC^ be 
(reduced to meet again in Z), E, F respectively oppo- 
ite to A^ By C, it is manifest that three additional 




iriangles will thus be formed : and the four triangles 
:aken together have been very appropriately termed the 
Associated System of Triangles^ of which ABC is the 
Base or Fundamental Triangle. 

Hence of the triangle BCD, the sides are manifestly 
I, "T — 6, "T — c, and the angles are A, ir — B, tt — C : 
ind similarly of the others: thus^ the triangles^ BCD, 
ACE and A BF may be called the supplemental triangles 
if the associated system of triangles wnose base is ABC. 
See Article (19), of the Spherical Trigonometry. 

21. All the formulae investigated for the triangle 
iBC, will of course hold good for each of these, when 
he proper substitutions are made. 

Thus, to find the radius of the circle inscribed in 
he triangle BCD, we have 

;*j=a+7r— i+ir— c=27r-(6+c--a), and *i = 'n-— ^(6+c-o) : 

.'. 2 (*i - fli) = fir + TT - 6 + TT - c - 2a = Stt - (a + 6 + c), 

or, «i - «! = TT - ^ (fl + 6 + c) : 

2(*i-fti) = a + 7r-6 + 7r-(?-27r + 26 = a+6-c, 

or, *i — ^1 = ^ (fl + 6 — c) : 

2(*|-Ci) = a + «"-6 + w^-c-27r + 2c = a + c-6, 

or, J, -c, = 4(a + c~bV. 
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whence, if r, be the radius of its inscribed circle, we find 

tan r, = V s^" ^i s^" (^, ~ a,) sin (s^ - b^) sin (^^ - c,) 

sin ^1 

__ ijsin (s — a) sin s sin (* — c) sin (s — 6) 

sin (s — fl) 

^ <ysin s sin (j - a) sin (s — 6) sin (* — c) 

sin (* — a) 

If the numerator of. this expression, which is sym- 
metrical with respect to all the sides, be denoted by n, 

we have tan r, = — — 7 r : and if r^, r, be the corre- 

sm (s — a) 

sponding radii for the triangles ACE, ABF, we shall 

conclude that 

;2 ^ n 

tan 7*2 = -: — 7 > V- , and tan r^ = 



sin (s — b)' sin (« — c) ' 

all of which might have been obtained in the same way 
asr has been found in Article (8. Ap. II.): and we can 
scarcely fail to remark the similarity of these results to 
what were obtained in Article (43. Ap. I.) for a plane 
triangle. 

For the circumscribed triangle, of BCD we have 

sin ^ fltj = sin ^ a, sin'| ^, = cos ^ 6, and sin ^c, = cos ^c: 

2 sin ^ a, sin i 6, sin ^ c^ 

.'. tan jKi = .--- . . , . 

^sin Si sin (s^ — a,) sin (j, — o,) sin (*, - Ci) 

2 sin ^ a cos ^ 6 cos ^ c 
^sin s sin (* - a) sin (^ — 6) sin {s — c) 

c,. ., 1 ^ r> 2 cos A a sin A 6 cos ic 

Similarly, tan R^ = . — ^ ^ ^ ^ ^ 

^y sin s sin (j - a) sin {s — 6) sin (* - c) 

-.>-_,>_ gcosjacospsinlc 

^sin s sin (* - a) sin (* — 6) sin {s - c) 

22. From the last Article are readily obtained 
tan r, n sm « sin s 

X 



tanr 8\xv(^s — a^ u ivsvV? — d>^* 
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tanr,,__ n sin (s — b) ^ sin (s — b) ^ ^ 

tan r, " sin (s — a) n sin (s — a)' 

tan r tan rj tan Tj tan Tj = n* : 

tan/^i 2sin^acos^6cos^c n _cot^6^ 

tan A n 2sin^asin^6sin^c tan^c 

=r^ = tan A a cot i 6 : &c. 

tanBi 

23. By substitutions of little difficulty, we shall have 
cot /2 = cos (iS- C) cot ^ c 

J-cosScos (S-A) cos(5--^)cos (aS^- C) ^ A^ 

" — cos -S COS S 

N N N 

cot /?! « To jv > COt/^a = 7-=j — ^ , COtjBs = 



cos(-S-^)' ' co^i.S-BY ^ cos(S-C)' 

and .% cot /2 cot B^ cot l^a cot /ig = N^. 

24. From these are easily derived the following : 

sin* s = cot r tan r, tan rj tan r^ : 
sin^ (* — a) = tan r cot Tj tan r^ tan rg : &c. : 
cos* S = tan jR cot jRi cot i^a cot Rq : 
cos* (S-'A) = cot jR tan i?i cot jRj cot /^a : &c. : 

and a great variety of other elegant and remarkable 
Theorems may be deduced by algebraical combinations 
of the fundamental expressions above found, which can- 
not be admitted in this place. 

25. From tan r = sin (s - c) tan | C, we infer that 
if the vertical angle of a triangle and the difference be- 
tween the base and the sum of the other two sides be 
given, the radius of the circle inscribed in the triangle 
will be invariable and the centre 2^ fixed point : and a simi- 
lar conclusion will be derived from cot B = cos (iS — O) 
cot \ Cy with regard to the circumscribed circle. 

26. Since the spherical excess E = A + B+C- 180", 
we have sin J £ = - cos ^ (/^ + jB + C) 

= 8jn i (^ + B) sin ^ C — cos \{A -v B^cc»\C 
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= ^T^T^ {«» i (« -*)-">* H» + *)} sin C 

sin ^ a sin ^ 6 sin C, 
~ cos 5 c 

and this, by putting for sin C its value in terms of the 
sides, gives 

. . „ tjsin s sin (* — a) sin (s — b) sin (*— c) 

sin * Jij = — i f-^ ^ » 

^ 2 cos ^ a cos ^ 6 cos ^ c 

which is adapted to logarithms^ and known by the name 
of Cagnoli's Theorem. 

tfVT r. ^ 1 r? COtsflCOtift+COS C 

27. From cot i£== ? r-^^ , 

* smC 

, . , „ sin 4 a sin i 6 sin C 
and sm i £ = ^ r , 

* cos ^ c 

1-^ • J 1 r> cos* A fl + cos* 36 + cos* A c - 1 

IS obtained cos 4 £ = ^ -. — r-i i ? 

^ 2 cos ^ a COS 4 6 cos f c 

which is rational, but not adapted to logarithms. 

Hence, we shall also readily prove that 

cos ^ JS^ {cos I a cos ^ 6 + sin ^ a sin ^ 6 cos C} sec ^ c. 

go rp ,^_2sinl(^+^+ C~180°)cosK ^+^-C7-H80°) 
^o. 1 an^/!,- ^ ^^gi jT^,^^^ ^_ J 80^)cosl(^+i5-(7+l 80**j 

_ sin ^ (^ + 5) — cos 5 (7_ cos 5 (« — ft) — cos ^ c , ., 
cos ^ ( J[ + j5) + sin ^ C ~ cos ^ (fl + 6) + cos ^ c 

cos ^ * COS ^{s — c) ^ 

— Jtan ^ s tan ^ (* ~ a) tan ^ (* ~ ft) tan ^ (* — c) : 

which was discovered by Lhuilier, and is adapted to lo- 
garithmic computation 

29. Many other expressions of great elegance have 

been invented for determining the sphericid excess in 

terms of both the sides and angles of the triangle : and 

each of them may by t\\e pxo^et ^\3\)%\\lMt\Qns be used for 

the associated triangVea deactVb^^m Kx^^^ VJl^. K?^\V\ 
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Thus, if El denote the excess for the triangle BCD, 

tan ^ ^, =^cot ^ J cot ^ (* - a) tan i(s-b) tan i(s-c): &c.: 
and it will readily follow that 

ten ^ £ten iX tan listen J £3 

= cot ^ J tan ^ (« - a) tan ^ (* — ^) ten ^ (^ - c) : 

ten' ^ J = ten i jE* cot ^ -Ej cot \ E^ cot :J Eg : 

cot* \ {$^a)=^cot\Et8LXi\Ei cot\E^ cot ^ £3: &c. : 

cos5' = -sin^JE: cos(aS'— -4) = sin^ J^, : &c. : 

sin ^ jE'sin ^ Ei cot'' ^ a = sin | £3 sin ^ ^3 : &c. 

30. If S be the surface of a spherical triangle each 
of whose angles is 120°, and S' that of its polar triangle : 

then iS « 180® and .-. tan ^ ^ =. ,^3 : 

also, S' = A' + B' +C' - 180'' = 3 cos"' J - 180°, 

and J S' = cos-* i - 60° = tan"* 9,J^ - 60\ 

or,ten^^^= ^^"^ : 

whence tan \ S ^ Js{\ + 2^6) ^ Gj^ + Jj 
'ten^^' 2J2-J3 2j2^j3' 

31. If C be the right angle of the triangle ABC, we 
know that cos A = cos a sin B : whence, if a remain con- 
slant^ and §^, BjB be the corresponding small variations 
in JL and 5, we have cos (^4 + M) = cos a sin (5 + IB), or 
cos -^^ cos B^-sin^ sin I A = cos a (sin J? cos IB + cosJBsinB^), 
therein ^A, IB being considered very small, or cos SJ[=1, 
sin hA = Bi^, &c., it follows that 

cos A — sin Ah A = cos a (sin 5 + cos j5Sj5), 

, S^ _ cos a cos B _ cos ^ cos B _ cot 5 

" dB sin A ~ sin ^ sin -B ten A ' 

that is, the increment of .4 will be to the decrement of B 

very nearly^ in the ratio of cotjB to ten Jl, when the 

changes in the variable elements of the triangle are smalL 

Again, from cos c = cos a cos 6, 

we have cos (c + 8c) = cos a cos (b + S6), 
which from the considerations above, gives 
cose — smc^c= cosa (cos b — sin 686) = cos a coa b — coa tt«ai\>^\ 
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.*. sin c3c = COS a sin 636, and 

he _ cos a sin 6 _ cos c sin 6 tan 6 
36 sin c cos 6 sin c tan c * 

The same kinds of processes depending upon Articles 
(190)--(196) PI. Tr., will lead to the ratios of the small 
changes in any two parts of the triangle, when trvo of the 
other parts remain invariable, 

32. In any triangle^ whereof A and a remain constant, 

_ cos A + cos B cos C , „ , 

from cos a = -. — j^—. — 7^ , we shall have 

sm B sm C 

hB sin B cos C cos a + cos^ sin (7 cos 6 
2 C ~ cos ^ sin C cos a + sin B cos C cos c ' 

by eliminating -B and C 

,« . J „ . ^ ^ cos^ + cos^cosC 

If A and Jj remam constant, cos a = : — ^ft-^—^ — 

sinBsmC 

hC _ sin a sin B sin* C sin C 
^ Za cos jB + cos A cos C7 ~ cot 6 ' 

_ cos C + cos -^^ cos B , « , 

From cos c= ; — j— ^ — = , we shall have 

sm Asm B 

ZC sin ^ sin jB sin c . . „ 

T- = i — 7= = sm a sm B : 

6c sm C 

, Za tan « , Sa cos 6 sin A 

also, YT = :^ — 7- > and -r- = : — j^r- • 

do tan o cc sm C 

Let A and 6 remain constant ; then it will be found 
by the same process and on the same hypothesis, that 

ZB cos A + cos B cos C 



IC sin 5 sin C 

hB sin B cos a __ tan .5 

3a cos B sin a tan a 

3a cos 6 — cos a cos c 



= — cos a : 



3c sin a sin c 

3C tan B cos J5 __ sin J5 
3c ~ tanaco&a i\x\.a' 



= cos B: 
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If a and b remain unchanged^ we shall have 

lA tsLuA hC 1 

ZB tan B' 3c ~ sin a sin B ' 

I A __ cot B , B^ _ cos B sin a 
dc Sine dC sine 

These results are all derived from the formula 
eferred to in the last Article, which necessarily imply 
bat they are mere approximations: in their ultimate 
ondition^ they are absolutely correct^ to understand 
rhich^ a knowledge of the Differential Calculus or the 
doctrine of Limits will be required ; but their practical 
nportance in Astronomy and in other parts of science in 
;s present advanced state^ will scarcely fail to be recog- 
ized. 

This subject was first treated of by Roger Cotes, 
Humian Professor at Cambridge, in his tract entitled 
]stimaiio Errorum in mixta Matkesi, &c., which is the 
rst of his Opera Miscellanea, and may be found at the 
ad of the Harmonia Mensurarum, 



H, T. 



^S^ 



CHAPTER II. 

MISCELLANEOUS THEOREMS FOB PRACTICE. 



1 . In a right-angled spherical triangle, prove that 

sin (« - fc) _ tan ^(A + B) , , __ tan^(c4 6) 
sin (« + h) " i^i(A^B) '^^ *^ " cot ^(c - 6) • 

tan ^45 +i<^)''^^^B-by ^" ^*^ ^^"^^ tan|(i^-^) 

Sin(c-6) tani(^-h^^90T 

sm(c + 6) ~^'' ^'^^ ^ ^"""tanK^-^+por 

2 cos c = cos (a + ^) + cos (a — 6). 

3. In any spherical triangle, it is required to prove 
that cos* ^c sin {A + B) = cos i{a + b) C09 i (a — 6) sin C : 
and sin* | c sin (^A - B) = sin i (o + ft) sin ^(a - 6) sin C. 

A c* 2 _ (sin* a sin* 6 sin*c sin A sin 5 sin C)^ 

gtan^Jtan^Stan^C 

5 ^ (sin a sin 6 sin c sin* A sin* J5 sin* O^ 

cos* o = ^ ; — i- . 

2 cot ^a cot ^6 cot ^c 

5. If O be a point in a triangle, and Oa, 06, Of 
be at right angles to the sides BC, AC^ AB: then will 

cos Ac cos Ba cos Cb = cos Ab cos -Be cos Ca. 

6. If two great circles Pa A, PbB intersect two 
other great circles QBA^ Qba^ in the points A, B and a, b: 

am AQ, sin Aa sin Pft 



then wiW 



s\\\ BQ. %\Tv Bb «vtlP a' 



EXAMPLES FOR PRACTICE. 32? 

• 7. If two great circles ABC, abc be cut by three 
:liers which pass through the same point, in A^ B, C 
nd a,b,c: then will 

sin 56 . .^ sin y^a . „^ sin Cc . .„ 
— — =rTSinAC^- — Yz-8mBC+ .— „ sin AB. 
sin Po sm Pa sm Pc 

8. If be the pole of the circumscribed circle of 
le triangle ABC, then will 

cos ^AOB = cos I a cos ^b cos C + sin ^a sin ^b, 

9. In a spherical triangle ABC, i^ AB be bisected 
i2>, and C=A + B, then will CD = AD = BD. 

10. If in a right-angled triangle a, yS be the arcs 
rawn from the right angle respectively perpendicular 
J, and bisecting the hypothenuse c ; prove that 

sin ^ c = sin /3^Jm. sin^a. 

11. The arc of a great circle which joins the middle 
f the side of a triangle with its pole^ bisects the angle 
3rmed by the arcs, which join the pole with the poles of 
he other sides. 

12. If arcs drawn from the angles of a triangle 
brough any point O, meet the opposite sides in a, 6, c : 
nd P be the pole of the circumscribed circle, then 

sin Oa sin Ob sin Oc _ cos OP 
sin Aa sin Bb sin Cc cos R 

13. If ABC be an equilateral triangle, P the pole 
»f its circumscribed circle: then if Q be any point on 
he sphere, 

cos QA + cos QB + cos QC = 3 cos PA cos PQ. 

14. Retaining the notation before used, prove that 

cot r, + cot r J + cot r, — cot r = 2 tan jR. 

15. If D be the distance between the centres of the 
nscribed and circumscribed circles wYioae ta,d\\ «ce R^ t \ 
'^en sin'D = sin^ (R — r) — cos* B sin* r . 
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16. If D be the distance between the centres of the 
circles whose radii are R and r, : then 

sin* D = sin* (B + r,) — cos' R sin'rj. 

17. The sums of the opposite angles of a spherical 
quadrilateral inscribed in a circle^ are equal to each 
other. V 

18. In the same figure, the product of the sines of 
the semidiagonals is equal to the sum of the products of 
the sines of the halves of the opposite sides. 

19. If a, h, Cy d be the sides and D be the diagonal 
joining J and C, then will 



sm 



« 1 



^ (sin^asin^c^+sin^^sin^c) (sin^asin^c+ sin^6sin^ 
"" sin^asin ^6 + sin-^csin^(2 



20. If a,, a2, ^3, a^; d^, d^ be the sides and dia- 
gonals of any spherical quadrilateral : and if ^ be the arc 
joining the middle points of the diagonals, then will 

, _ cos «! + cos fla + cos-Os-f-ees «4 
~ 4 cos^c/jCos^c/a 
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CICERO'S ORATIONS AGAINST VERRES; being Vol 

I. of CICERO'S ORATIONS. Edited by GEORGE LONG, Eso, 
M.A., formerly Fellow of Trinity College, Cambridge, price 16«. doth, 
boards. 

'* It is an edition from a BMuster*! liKad, wffhonl a naster's caprieei. Ml 
Lode has been content to write for the reader without writiitf Cor hiBidL 
He has been content to give a good text withoat miHatelv desenUnj; how to 
settled it. He has addr^ed his eommeotary to points ox real obseority only, 
and has, as he arers, * passed over no uassa^ where he found a dimeB^r 
himself and very few where others found a difficulty,* He4ias commnwifliiw 
the necessary assistance in few and plain words, his purpose being * lot II 
say all that might be said, but all that required saying ;' and when (bs tflk 
culty is beyond absolute solution, he fairly says so. If were are any stdtaaiy 
teachers, or learners, who do not feel the fall value of such a rule of snnntitfnB, 
the generation must be quite a new one. In addition to the genenl uselrinHi 
of snch a work as this, Mr. Long has taken the opportunity of certain dipcs- 
■ions to eonrey, what nobody could convey more clearly, a coastderaMeisi^jbt 
into the forms and principles of procedure under the Roman law. Soim of 
these will be interesting only to the advanced scholar, but others comaraaieale 
a knowledge desirable even for ordinary classical studies, and whidi, sfls 
this publioatiou, ought to be no longer me/*— Hie ZVaua. 

THE WORKS OF HORACE, with a CommeDtaiy, bj the 
Rev. ARTHUR JOHN MACLEANE, M.A., Trinity CoDcga^ 
Cambridge. Price 18«. doth. 

"The second rolume of the 'Bibliotheca Claisica' is an edition of (ki 
whole works of Horace, by Mr. If acleane, one of the joint editon of dt 
collection. It is a new text, gathered by Mr. Maeleane from what he tblob 
the best MS. authorities. Bentley's cox^ectures he sedulously avoids. Tto 
notes are really valuable, partly mken up with verbal orittidrai, hotfiirflw 
most part exegetioal in 'the best sense, 4md theanuments and inlmdiiilioni at 
really important aids to the compreh^idon ox Horace. It is an eudlol 
edition."~G>ifardian. 
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moderate price, 

GRAMMAR SCHOOL CLASSICS; 

.8SBXJB3 OF GREEK AND LATIN AUTHOES, NEWLY 
EDITED, YnTR ENGLISH NOTES. 



HE ANABASIS OF XENOPHON, based upon the Text 

of BQHNSMANN: with Introduction, Geographical and other 
ITotea, iItuierai7,And Three Maps compiled from Recent Sunreys and 
«CherA«tbentic Documents. By the Re?. J. F. MACMICHAEL, 
B.A, Trinity College, Cambridge, Head Master of the Grammar 
School, Ripon. New Edition, revised, price 5«., cloth. 

''No soovoe has 'been neglected or overlooked from which light can be 
obtained ; and the book will be found equally inatruetive to young teachera 
aa to atadents. We have examined the notes in yarioua parta of the book, 
and hare throughout found them precise and accurate. . . . We can con- 
fidently recommend Mr. Macmichaera edition of the Anabaais as the best 
•ehool edition that exists In die English language, and we feel certain that it 
will aaki^ -erery reasonable demand tliat ean be made."— CJMfJeoi Museum, 

I. TULLII CICERONIS CATO MAJOR SIVE DE 

SENBCTUTE, LAELIUS SIVE DE AMICITIA, ET EPISTOLAB 
SBLECTAS. With English Notes and an Index. By GEORGE 
. LONG, Esq., M JL Brioe U. 6d. doth. 

"BTery pase aflbrda examples of aceurate knowledge aptly applied, and 
vroves that tne editor was tbmking about what the reader would be most 
likely to need* no.t about how he could display his own learning. Above all, 
Mr. Long has been careful to make his notes subordinate to what ought to be 
the chief object in studying any book— the perfect comprehension of the 
author'a meaning, without which it is manifest that a correct knowledge of 
tile rigniftcation of indi?idoal wotds or phrases is impossible.'*— £n^/iM 
Jimmal qf Bdueaiitm, 

**The notes are brief, clear, and instructive; the selections judiciously 
made ; the text carefully revised, and admirably punctuated ; and the entire 
volume is one which the schoolboy will find invaluable, and from which even 
tlie advanced scholar may learn something.'*— ^e«l:2y Nevt, 

CAESABIS COMMENTARII DE BELLO GALLICO. 

WMi Notes, PrefrMse, Introduction, &c. By GEORGE LONG, Esq., 
MJL. Price 5f . 6J. cloth. 

** Mr. Long's name stands deservedly so high, that those who feel any inte- 
rest in a work like this will need nothing more than the above brief announce^ 
ment to assure them that we are likely to have here an editioif of Cossar 
sorpaasing and superseding any one that haa previously appeared in this 
country. Mr. Long's connection with the work is something more than 
nominal. It is a bond fide production of his hand — not a mere make-up from 
iioreign and other sources, labelled with his name. From first to last it bears 
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■_— ^B^^^W^^^^Mi-^^ ■_■■■ _ __- ^- 

fhe ImpreM of his Tifforous and well-stored mind. We scareelv know whiidi 
more to admire. th« u>ility with which important matters are nandted, of the 
honest pains-taking care which has been bestowed on fhe minatest pointSt— 

goints which, though essential to accuracy, many an editor would eonsider 
eneath his notice. In the preparation of the text. Mr. Long— without com- 
promising his own independence of mind— has availed himself of the Uhonn 
of Schndder, Elberling, Henog, Oudendorp, Clarke, Oberlin, and othen. 
The preface contains some judicious remarks on Caesar and his Gommentazio. 
It is followed by an introduction intended to gire to both teacbeis sad 
students correct ideas of the physical character ana preyious history of Gallia. 
The notes are all that could be desired ; containing raluable critical obsem- 
tions on rarioux readings, explanations of difficulties, an abundance of ff^ 
matical information, illustrations from other authors, and whateTer geompaietl, 
historical, and archaDological knowledge is necessary for the compete elod-. 
dation of the text. And, what is often wanting in unch works, there is a Tcin 
of strong sense— the very reverse of twaddling pedantry — ranmng throng the 
whole, and displaying itself in the manly simplicity and force of the tfyle. 
The healthy moral tone in which Mr. Long writes— his freedom from erery 
approach to aflSrotation, and his f^ank confession of difficulty— are caknlatM 
to confer scarcely less benefit on the youthful reader than the vast aimoiiBt of 
knowledge contaiued in these ]p9,ge».-^jitkerunan. 

QUINTI HORATII FLACCI OPERA OMNIA. Vith 

English Notes, by the Rev. A. J. MACLEANE, M.A., Head Muter 

of King Edward's School, Bath. Price 6«. 6d. cloth. 

" An abridged or rathn a recast edition of Mr. Macleane's larger edJtloB of 
Horace. This volume is designed for schools, and contains the broadnt 
features of the previous edition, intended for deeper and more refined stady 
than schoolboys will or perhaps can give. So far as regards the olgect of the 
poet, the scope of particular pieces, or the explanation of jwrticnlar pssncn, 
this cheaper edition leaves nothing to be desired, as respects the understaMbff 
of Honce.**— Spectator, Sept. 10, ISftS. 

XENOPHONTIS CYROPiEDLA. With English Notes, 

by the Rev. 6. M. Gorham, Fellow of Trin. CoU., Camb. P i apuiaf ^ 

P. OVIDII NASONIS FASTORUM LIBRI SEX. mh 

English Notes. By F. A. PALEY, Editor of ".Sschtlus" sad 
*• Propertius." Price 5*. cloth. 

*' An excellent edition, founded on that of MerkeL though fhe editor bu 
also availed himself of Gierig's and Keightley's. There is a goodsnpptyof 
Notes, which abound in critical, explanatory, and illustrative observanoDSflf 
a very superior cast. Mr. Paley has a strong opinion of the importsnoe of 
Latin, and his mode of editing the Classical works in that language is vail 
calculated to promote the study of iU**—AlhentBum, 

THE NEW TESTAMENT IN GREEK ; hased on ftc 

Text of SCHOLZ. With EngUsh Notes and Plrefaoes ; a Syoopii 

of the Fonr Gospels; and Chronological Tables, illustrating theGoipd 

Narrative. EditedbytheRev. J.F.MACMICHA£L,B.A. Uniibim 

with the " Grammar School Classics.'' 730 pages. Price 7«. 6dLd0tt. 

** The text of Schols has been generally followed, and great eare hssbm 
taken to a^oid typographical errors. It is a nicely printed volume. 1^ 
Notes and Prefaces m English are short, and almost entiraly cx<ieticiL 
Controverted passages are, for the most part, left alone, but a great oeil ft 
real help is afforded towards the reading of the New Te8tament.''«-&iMr^ 
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AN ATLAS OF CLASSICAL GEOGRAPHY, containing 
22 Haps, EogriTed by W. HUGHES. Edited by GEORGE LONG. 
With an IndoE. Imperial 8to., half-bound, price 12«. 6<l. 

■* In the pie&ce to his edition of Cesar. Mr. Long has exhibited so complete 
a mastery of the eeograpby of his subject, that, on reading his author, we 
always wished for his own map of the scene of oneratlons, and our wish has 
nowoeen gratified by the present publication, wnlch, amongst others, con. 
tains of course a map of Ancient Gaul. We will not pretend that we have 
diligently examined every map ; but we hare examined quite enough to be 
folly jnstifled in declaring these maps what we are conscientiously persuaded 
of their being— the very best of the sort that hare been published in England. 
They are also beautifully executed, and published at a moderate price for so 
elaborate a woxIl . . . We very earnestly recommend this book of maps 
to every student who desires to study ancient literature with fuU advantage." 
— S qa a o r rf. 

■ 

A GRAMMAR SCHOOL ATLAS, adapted for Junior 
Boys, containing 10 Maps, selected from the above. Price 5«. 

THE WORKS OF VIRGIL, closely rendered into English 

Rhythm, and illostrated from British Poets of the 16th, 17th, and 
18th centuries. By the Rev. ROBERT CORBET SINGLETON, 
M.A., Late Warden of St. Peter's College, Radley. In Two Volumes. 
VoL I., just pnhlUhed, price 9«. 

•• For the scholastic uses, designed by Mr. Singleton, his translation is well 
adapted. Masters and tutors wiu find it useAil for reference, and as a ground. 
work for their comments and prelections. To tbe general reader the most 
acceptable part of the book will be found in the illustratiTe extracts of the 
EngUsh poets. There are in the first volome about ninety quotations from 
Bhakspeare, and above a hundred from Spenser and many others, from 
Chaneer down to Thomson."— Ziferary Oaxette, 

&1BRINAE COROLLA : a Volume of Classical Transla- 
tions and Original Compositions, contributed by Gentlemen educated 
at Shrewsbury School. With Nine Illustrations. 8vo., cloth, 15*. 
Also handsomely bound in various styles. 

'* We eannot close this article without congratulations to the lovers of Latin 
scholarship on tlie publication of that el^ant and tasteful volume, the 
'Sabrinae Corolla.* It has happily been the means of calling forth from 
privacy many of Dr. Kennedy's efftisions, a scholar In competition with whom 
no rpntemporary, we believe, will presume to enter the lists of classical com- 
position. We cannot, within our limited space, attempt to do justice to the 
manifold beauties of his style and his extraordinary command utriusgw 
UngutB,** — Blaek%DQod''t Magcimne, November. 

lELECTIONS FROM OVID 2 Amores, Tristia, Heroides, 

Metamorphoses ; with Prefatory Remarks. 12moM 2«. 6<2. cloth. 

This Selection is intended to afford an introduction, at once easy 
and unobjectionable, to a knowledge of the Latin language, after a 
boy has become well acquainted with the declension of nouns and 
pronouns^ and the ordinary forms of Terbs. 
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.E3CHTLI TBACMEDI^. Eecensuit, emendatit, ei- 

plnviit. rt WrnlMB Noiis inatnant P. A. PALSY, A^., olim ColL 
DiT. Jokan. Cm. t v«k. 810., U 4«. 
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EaMenUet^aiidiBdit.) . 4 



PnMnetheas Vinotes . .40 



AsvannoB :Sad BAu: .44. ^^ff"^ contn Thebu. et 
Chjepbori . .36 Fn^pomta . . .54 



aapp&M (2ad Edit.) . 4 6 



A SHORT LATIN GRAMMAR on the Sy^m of Gitide 

F6rM. By T. HEWITT KEY. ILA., P.C.P.S.; Uto ProfeMWof 
LttiB, now of CoapvmtiTe Gramanr, in UnrrenAtyColbge, London; 
Head Master of UuTenity College SchooL Small 8?o.^ 3«. 6d. 
doth. 

LATIN ACCIDENCE. Consisting of tlie Forms, and in- 
tended to prepare bora Amt KEY'S Short Latin Grammar. The 
simple arranfement of the Eton Grammar has been followed as itf ai 
ia oonsistent with the crade fona sjBlem. Snmll Sto^^ 2#.clo<h. 

RULES FOR OYIDI AN TERSE ; with some Hints on die 

Transition to the VirgtUan Hexameter, and an Introdaetory Fnfyee, 
Edited bj JAMES TATB, MJL, Master of the Ghrasamar SdMol, 
Richmond. Svo., 1*. 64L sewed. 



THE MASTER'S LATIN VERSE BOOK. Being t Sdeo- 

tion of Fables in Latin Prose ; to which is annexed a Version in Litiii 
Elegiac Verse, with an English Translation. Fcap. Sto., 4<. doth. 

This is intended aa a step between the ordinary VefK Books ssd 
Origind Compodtion. The Latin Fable is to be given ont as s ssb- 
ject to be turned into Latin Verse. The English may be used ooct- 
dondly where the origind presents any difficdty. 

IklATERIALS FOR LATIN PROSE. Being a Selection 

of Passares from the best English Authors, for Tranalatlon Into Idio* 
By the Rer. PERCIVAL FROST, late Fellow of St. John's College, 
Cambridge. Fcap. 8to., 2t. 6A 

*^* Masters and Tutors may procure a Key to this by Atct 
apptication to the Pnblishers, price 4«. 

REDDENDA; OR, PASSAGES WITH PARALLEL 

HINTS FOR TRANSLATION INTO LATIN PROSfi AND 
VERSE. The latter comprising Exerciaes in Elegiac, Hexamelffi 
and Alcaic Metre. By FRED. B. GRETTON, B.D., Head MsiHr 
of Stamford Free Grammar School, formerly Fellow of St. Joli^ 
College^ Cambridge. Post 8to., 4#. 6d. elo(h. 
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CIiiiSSIGAL PABALLELS. By FKEDEMC E. GEBT- 

TON, B.D., Head-Maiter of Stamford Grammar School; and late 
PeUow ol St JoWs CoUega Sro. 2i: 6tf. 

SELECTIONS FBOM HERRICK, fbr T]:aiifilation into 

Latin Vene, with a short Preface. Bythe Rev. A. J. MACLEANE, 

M.A.^TriBi«3r College, Cambridge. 12mo., 2s, 6d., cloth. 

'« TbJB degign of the eempiler of thh eollectioa apparently is, to tuffgest 
model of thought, and to supply the meant of legitimate appropriation of iBeas, 
to young stodenta of Latin verse composition. Of all our Engtish poets there 
is* peihaps* no one whose poetry i« so much imbued with the spirit of Horace 
ana his contemporaries a Berrwk. This is a Jadicious selection of the pieces 
best suited for the purpose in view, and It is prefkced with some remarks of a 
fsncral aatoze on ver«fieatlon, weli calculated to assist in fonning the taste 
sad style of a learner. "~i?sg<wA JourtuU qf EdvoaUon. 

FLORILEGIUM POETICUM ANGLICANUM ; or, Se- 

leetione from English Poetry, for the nse of Classical Schools, 12mo., 

pzioe 3i. 6dL elo£. 

" The appearance of thli rolume Is owing to the want, which has been often 
and vexanousljr fslt. of some eelieetlon of Classical English Poetry which 
might ftmiish me younger boys of oar Grammar Schools with subjects for 
MpstlttOB* and. the eldir onss with matsiials. fbr tsaaslatioa into Latin and 
Oicek Terse. ••—i'r^/Jwse. 

fIBST CLASSICAL MAPS ; with Chronological Tables 
of OrecSan and Roman History, and an Appendix of Sacred Oeo- 
fsaphy and Chconology.. Second Edition. By the Rev. JAMES 
TATE, M.A., Master of Richmond Grammar SchooL Imperial Qvo., 
Tm. M. cloth. 

QUUSTUS HORATIUS ELACCUS, the Text, with 60 

Ulnttntiona from the Antiqme, drawn by T. D. SCOTT, and en- 
grated on Wood. Fcap. 8vo. Nem^fy ready. 

The design of this Tolnme is to proride an edition of a favonrite 
author, with appropriate and suggestive embellishments. 

The Text is in the main OrelU's ; it is printed from the editions of 
Mr. Macleane, published in the ** BibKotiieea Classies." 

The lUaatrationa have mostly been suggested by Mr. Macleane, and 
they have been selected partly as affording explanations of obscure 
fllfaniona, paytlj- foe- their artistic exeeHenco. 

m ■ ' -— ■ 

CIUUHZCAXa TABIsSS. 

tABLES OF LATIN ACCIDENCE. By the Kev. P. 

FROST, M.A., late Fallov of St. John's CoUege, Cambridge. 
Price le. cloth. 

r^BLES OF GREEK ACCIBENCE. By the Rev. P. 

FROST, M.A., hite Fellow of St. John's College, Cambridge. 
Price If. doth. 

piBST STEPS TO LATIN VERSIFICATION. Scanaion 

and Structure of the Ovidian Ver^e. Folded on doth, U, 
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PRINCIPLES OF LATIN SYNTAX. Folded on Ooth, k 
THE PRINCIPAL TENSES OF IRREGULAR GREEK 

VERBS OF FREQUENT OCCURRENCE. Folded on dodi, U. 
THE HOMERIC DIALECT ; its leading forms and peeih 

liarities. By JAMES SKERRETT BAIRD, T.C.D., Author of i 
"Catalogue of Greek Verbs/' &c. 8to., doth, Ic 6<L 

A CATALOGUE OF GREEK VERBS, Irregalar ud 

Defective, their leading Formations, Tenses in nee, and Diibetk 
Inflexions, arranged in a Tabular form, with an Appendix, conttiuBg 
Paradigms for Conjugation, Rules fbr formation of Tenses, Remuto 
on Argument, &c. By J. S. BAIRD. * Royal 8yo., cloth, 3«. U. 



RULES FOR THE GENDER OF LATIN NOUNS AND 

THE PERFECTS AND SUPINES OF VERBS; with an Appei- 
dix containing Hints on Latin Construing, for the Use of S<^oolit 
By the Rev. HERBERT HAINES, M.A., of Exeter College OtM 
and Second Master of the College School, Gloueester. Pfioe U, Si 

DE. ROBINSON'S GREEK LEXICON TO THE NEW 

TESTAMENT ; condensed for Schools and Students ; wUh m Ptn^ 
Index f containing the Words which occur ^ and Bhowing their derm" 
tioni, 12ma., 573 pages, price 78, 6d, cloth. 

'* Making use of the well-directed labour and well-earned fiune tf Dr* 
Robinson's 'Lexicon,* an English editor preparea this condensed voik te 
the use of schools and students. Utility is the main object aimed at, M foM 
the youne scholar is concerned, and therefore those parts of the origiiuIwoK 
are most fully given which are most essential to those who are only kvnen* 
Thus the inflections of all verbst in any de^ee irregular, appear la i^ 
order ; and in an appendix a copious parsing mdex is given. For tliM^]'^ 
have only a slight knowledge of the Greek language, no lexicon will beftw 
more useful than Robinson's Lexicon Condensed. '^—JUtmify Owi^tt. 

A GREEK AND ENGLISH LEXICON TO THE NEV 

TESTAMENT. By JOHN PARKHURSTj edited by HUGH 
JAMES ROSE, B.D. New edition, carefnllj revued, with the 
addition of points to the Hebrew, and an Appendix of Proper Niaei 
to the New Testament. By J. R. MAJOR, D.D., King's CoUc|^ 
8yo., 21«. cloth. 

DOMTJS POETENTOSA; or. The Haunted House. Bf 

the late THOMAS HOOD. Literally rendered into Latin El^iie 
verse, by the Rev. PHILIP A. LONGMORE, M.A., late Scholirrf 
Emmanuel College, Cambridge; incumbent of Hermitsge, dM' 
Newbury, Berks. Post 8vo. 2«« 
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EEDIN6S OF THE PHILOLOGICAL SOCIETY, 

2 to 1853. 5 Tols. 8yo. 21, 10«. 

he ciroBlfttion of these proceedings has hitherto been limited to 
Societj* A few copies have t)een made complete by reprinting, 
they are now issned to the public at the above reduced price, 
f .contain papers by the most eminent philologists of tne day. 

ICTICAL TREATISE ON THE CONSTRUCTION 

THE OBLIQUE BRIDGE, WITH SPIRAL AND EQUILI- 
LT£D COURSES. By J. BASHFORTH, M.A., Fellow of St. 
&'• College, Cambridge. 8vo., cloth, 99, 

By the same Author. 

2NERAL TABLE FOR FACILITATING THE 

X^ULATION OF EARTHWORKS. 8vo., with a SUde Table 
¥oDd. Price 7s, 6d. 

By the same Author. 

;N£RAL sheet table for FACILITATING 

B CALCULATION OF EARTHWORKS. Price 2«. 6d. 

ELEMENTS OF EUCLID, BOOKS I— VI., XL 

-12), XII. (I, 2). A New Text, based on that of SIMSON. 
:ed by HENRY J. HOSE, B.A., late Scholar of Trinity College, 
ibridge, and Assistant Master of Westminster School. With an 
roved set of Figures, 12mo. price 4«., cloth ; or is, 6d, with a 
iumted series of Exercises. 

Hr. Hose has supplied all that was wanting in Simson's raluable work to 
er the propositions complete in every part— enunciation, construction, 
lustration, and corollary. All possible hypotheses are taken into account, 
y thing requiring proof is rigorously demonstrated, a full explanation is 
1 of each step, and the corollaries, instead of being bareljr stated, are 
'ully worked out Other good points about this edition are strict accuracy 
Lpression, and distinctness of arrangement — the seTcral parts of each pro- 
turn being clearly marked so as to facilitate the comprehension and 
Uection of the whole."— ^Mtfficvwm, 

%* The Exercises are sold separately, price Is, 
[JAL OF ASTRONOMY: a Popular Treatise on 

criptive, Physical, and Practical Astronomy ; with a familiar Ex- 
ation of Astronomical Instruments, and the best methods of 
g them. By JOHN DREW, F.R.A.S. With numerous illus- 
.ons, price 5«., cloth. 

i very good little manual, with a number of well-engraved maps and 
•ams, and written in a brief and clear style, yet with sufficient fulness to 
3r?e it from dryness." — Ouardian, 
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A MANUAIi OF HEBREW VERBS, to feoUitate the 

acquirement of the rarious Changes bk the different GonjugatioBB of 
Regular and Irrognlar Verba. For the Us* of Begiimers. 8vo.» 
price 3«» 

THEORY OF ELLIPTIC INTEGRALS, AND THE 

PROPERTIES OF SURFACES OF TH& SECOND ORDER, ai^ 

plied to the Investigation of the Mtytion of a Bodj roimd a Ftud 
Point. By the Re?. J. BOOTH, LL.D. 8to., te. M. 



ENUNCIATIONS AND COROLLARIES OF THE PRO- 
POSITIONS OF THE FIRST SIX BOOKS OF EUCUD; t^ 
gather with the Eleventh and Twelfth. ISmo., sewad, !«• 



ENUNCIATIONS AND FIGURES BELONGING TO 

THE PROPOSITIONS OF THE FIRST SIX AND PART Of 
THE ELEVENTH BOOK OF EUCUD'S ELEMENTS; nsatHj 
read in the Universities ; prepared fbr Students in Geometry. By tbf 
Rev. J. BRAS6E, D.D. Fifth edition, Ir., sewed. 



THE SAME. Printed on kose (kcds, for use in the Sdiool i 

or Lecture Room, in a Case. 5«.. M* 



A TABLE OF ANTI-LOGARITHMS; containing to Seren 

Places of Decimals, natural Numbers, answering to all Logaritlnu 
from 00001 to 99999 ; and an improved Table of Gauss's Logarithms, 
by which may be found the Logarithsi to the saaa or diffeftnaa of 
Two Quantities where Logarithms are given ; preceded by an latra* 
ductioui containing the History of Logarithmspt thair Constmetta; 
and the various Improvements made therein since tbtxt invsa- 
tion. ByHERSCHELLE.FILIPOWSKL Second edition, reviMl 
and corrected. 8VO.9 chxth, 15a. 



THE THEORY AND PRACTICE OF GREAT CIBCIE 

SAILING UNDER ONE GENERAL RULE. With Exsjaphi 
by the Rev. P. ROBERTSON, M.A., Examiner in Kavigatioa «»1 
Nautical Astronomy, Aberdeen. 8vo., 8ewed» It. 64. 
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THB DEVOTZOVAIi ZaZBRARY. 

by WALTBE FARQUHAR HOOK, D.D., Vfcar of Lee^i. 

es of Works, original, or selected from well-known Church of 
Dirines, which, from their practical character, as well as their 
B, are peculiarly useful to the Clergy for Parochial Distribution. 

TO SELF-EXAMINATION, ^. . . . Obioinal. 

FM OF CHRISTIANITY, Id. . . . A. Ellis. 

IONS FOR SPENDING ONE DAY WELL, ^d. Stnob. 

REFLECTIONS FOR MORNING AND ETENING, 2d. 

^ FOR A WEEK, 2d» . Sobocold. [SPDrcKEs. 

boo€ nuqf alio hi had, bound iogiikir ki cloth, m ** Helpi to 
Daily JDevotion,*' price %d, 

IT7CI7IED JESUS, 3<l. .... Horkbck. 

8T1RED CHRISTIAN, Zd. , . . . Kbn. 

THOUGHTS AND PRAYERS^ U, . . Origivajl. 

CK MAN VISITED, 3<f. . . . . Spemckbi. 

MEDITATIONS FOR EVERY DAY IN THB 

,, 2 yols. (1260 pp.)t cloth, 5«. ; calf, gilt edges, 9«. Obigmal. 

The separate Parte may be had, 

HRISTIAN TAUGHT BY THE CHURCH 

ICES. Cloth, 2«. 6<f. ; calf, gilt edges, U, 6d. Obigikal. 

The separate Parts may be had. 

INTIAL REFLECTIONS FOR DAYS OF 

[N6 AND ABSTINENCE. (Tracts for Lent.) 6d. Combed. 

FOR THE CONDUCT OF HUMAN LIFE, Id. Synge. 

iATORY PRAYERS, 2d. ... . A. Cook. 

LAL ADDRESS TO A YOUNG COMMUNICANT, ^d. 

ES FOR DOMESTIC USE, 2d. . . Compiled. 

r PRAYERS, ck)th, 6d. .... Obigimau 

NION TO THB ALTAR, chyth, 6A . . Unkkowm. 

> APHORISMS, cloth, 9d. . . . Bishop Hall. 

r MUSINGS ON THE PSALMS, VvltU 1. to 

oth. Is. each ; or 2 vols, cloth, bs. . . ObioiNal. 

/^ANGELICAL HISTORY OF OUR LORD 
SAVIOUR JESUS CHRIST, Part I., 4A; 
[., 9d. ; Part III., id. ; or complete in ck>th,2«»; 
i. . . Reading. 

H SCHOOL HYMN BOOK, cloth, Sd. . . Compiled. 

IS FOR THE YOUNG, id. ... . 

The smaller Tracts may be had in three Tols., under the titlei of 
a Holy Life," 2 vols., Zs. 6d. ; and ** De?otions for Domestic 
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SHORT MEDITATIONS FOR EVERY DAY IN TM 

TEAR. Edited by W. F. HOOK, D.D. Poor ToU.p fiap. BfOn 
large type, lit. cloth ; 30«. morocco. 

" Remarkable for the freshness and rigoar which are maintaiiwd tSmo^ 
out.** — Christian Remembrancer, 

'* All chnrch people will hail with heartfelt welcome this be«atifiilly printrd 
edition of a work, the Christian piety and spiritual powen of which btfCkCi 
already fully appreciated anddeephr felt by thousands of pious and intelUgon 
readers.*'— tSflturcA Sunday S^tool Magazine. 

THE CHRISTIAN TAUGHT BY THE CHURCffS 

SERVICES. Edited by W. F. HOOK, D.D., Vicar of L^ds. New 
Edition in two vols., fcap. 8vo., large type, fine paper, lOf. ; cdl(flU[ 
style, 14f. 

"The plan is exceedingly good; the seasons of the Christian year are sd- 
mirably marked by suitable contemplations."— CArM<tai» R em e m l n m cir . 

HOLY THOUGHTS AND PRAYERS, arranged for Daily 

Use on each Day of the Week, according to the stated Hoon of 
Prayer. New Edition, with Additions. 16mo., doA, 2f. ; oaU^ gilt 
edges, 3*. 

" Well arranged ; . . . and firom its ecclesiastical and deTotional toM !l 
a raluable companion, especially for those whose occupatton 0?cs thea 9jf- 
portunity for frequent religious exercises.** — Christian ISememmneer, 

VERSES FOR HOLY SEASONS. By C. F. H., Author 

of " Moral Songs," "The Baron's Littie Daughter," "The Lord rf \x 
the Forest and his Vassals/' &o. Edited by W. F. HOOK, Di^ 
Ticar of Leeds. Third Edition. Cloth, 3«. ; morocco, 6<. 6i* 

** An unpretending and highly useful book, suggestive of right thoogUi li 
the right season.*'— Sn^tuA J\mmal €f EditcaUon. 

THE CHURCH SUNDAY SCHOOL HYMN BOOR 

Edited by W. F. tiOOK, D.D. Large paper, cloth, Is. 61I.; eil(r 

\* For cheap editions of the abo?e five books, see List of the !)«*•■ 
tional Library. 



A LETTER TO HIS PARISHIONERS ON THE USE 

OF THE ATHANASIAN CREED. By W. F. HOOK, TM^ 
Vicar of Leeds. Sixth Edition. Price 6<f., or 4f. the doieB. 



SERMONS suggested by the Miracles of our Lord nil 
Saviour Jesus Christ. By W. F. HOOK, D.D., Viear of Laefcff l( 



Two vols. fcap. 8vo., 10«. cloth. VoL IL may be had separstdlf i> 
complete sets. 
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ONS ON THE DOCTRINES AND THE MEANS 

aHACB, AND ON THE SEVEN WORDS FROM THE 
»8S. By GEORGE TREVOR, M.A., Canon of York. 12mo., 

▼oluine of excellent, sound sennons, admlrablv rolted to answer the end 
hieb they were preached and are published, the promotion of practical 

.... The sermons are manly and earnest in their resolution to look 
uUi in the face, and to enforce it against a prejudiced resistance, of whieh 
riter evidently knows but too much ; and they shew, moreoTer, a true 

Jttion of the tone by which that resistaooe is to be mef'-HS^oltwA Epi$' 
aurmU, 

r SERMONS. By the kte Rev. EDWARD BLEN- 

TE. Three vols. fcap. 8vo., doth, 7s. 6d. Each told separately. 

Mir atrle is siinple ; the sentences are not artfully eonstmcted ; and there 
itter absence of^all attempt at rhetoric. The language is plain Saxon 
ige, from which * the men on the wall ' ean easily fBtner what it most 
ma them to know. 

fa&Df the range of thought is not high and difficult, but lerel and easy for 
ayfaring man to follow. It is quite evident that the author's mindTwas 
nd ealaTated,yet, as a teacher to men of low estate, he makes no display 
qoenctf or argument. 

the statements of Christian doctrine, the reality of Mr. Blencowe's 
is very striking. There is a strength and a warmth and a life in his 
on of the great truths of the Oospel, which shew that he spoke from the 
and that, like the Apostle of old, he could say,—' I belieTe, and Uierefort 
. spoken.' 

[s aiftetionateness too is no less conspicuous : this Is shewn in the gentle, 
(t. Und-hearted tone of ever^^ Sermon in the book. There is no scolding, 
lerity of language, no irritation of manner about them. At the same 
here is no orer-strained tenderness, nor affectation of endearment; but 
[a a eonsiderate, serious concern about the peculiar sins and temptations 
' people committed to his charge, and a hearty desire and determined 
Got tbehr saiTation."— Tbaofo^'on. 

ala, short, and aflGeationato diicoarsas.'*— J7n^2MA RevUw. 

RMONT OF THE SACRAMENTS AND OEDI- 

CES OF CHRIST. A Coarse of Sermons, shewing how the 
sdnets of the Christian life consists in imion with Christ through 
itinned use of the different means of Grace. By the Rev. C. D. 
BEL, B.A. 12mo. doth, 5«. 

3NS ON THE CHRISTIAN LIFE. Preached in 

ant's Chanel, Bath, by ARTHUR J. MACLEANS, M.A.r 
Master of King Edward's School, Bath. 8?o., cloth, 10«. 6<f. 

IONS AND ANSWERS OF THE PLAINEST 

[>, ON THE NEW TESTAMENT HISTORY. By A. S. M. 
Eidition, ISmo., price 4<f. 
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JOHN SELDEN. Table-talk, being the Disooorses of JOHIT 

SELDEN, or his Sense of ¥10:10118 Matters of weight and high eoaie- 
qnence, ndating especially to Religion and the State. Boyal d2mo^ 
cloth, 2i. ; morocco, 4«. 6<l. ; morocco extra, by Hayday, at Ttriooi 

prices. 

A SHORT EXPLANATION OF THE EPISTLES AND 

GOSPELS OF THE CHRISTIAN TEAR ; with QnestionB for 
the Use of Schools. Edited by the Rey. C. MILLER. Royal 32mo., 
cloth, 2s, 6d. ; calf, 4s, 6d, 

"The object of this small work is to give some assictance to tesdia^ is 
imparting to children a simple and practical explanation of the fipistisi tad 
Oospels of the Christian year. Haring been osed with adTantase in the sobool 
for which it was first drawn ap, ana having been approred by othen who 
have had experience in teaching, it is now published at the suggestion of soms, 
friends who are anxious to propagate ri^t yiews of education, and wbowiih' 
children, whether rich or poor, to he trained up in the principles of the Ghnreb. 
in order that they mav be * wise' unto salvation, and do tiieir datj in tint 
state of life unto which the providence of God may call them." — Pr^Mt* 

** A running commentary on the Epistles and Oospels, interspersed wUli 
short and searching questions, to bring home to the minds of the hearen tli». 
meaning of what has just been read. The whole, plain and practical, is pi^ 
lished as ' A short Explanation of the Epistles and Oospels oT the Chriftlsi 
Year, with Questions for the Use of Schools.' "— ^Hiortttan. 

PRAYERS FOR CHILDREN. Contains Short and simple 
Prayers for daily use, as also for Sandays, Holydays, and other ooei* 
sional times. The Preface contains some short and simple adfios oa 
the subject of Prayer. Part I. cloth, price 6<f. 

THE CHRISTIAN CHILD'S DAILY HELP. Bcii^ 

Part II. of Prayers for Children. Contains short and simple Rsli' 
gious Exercises in a form tending to lead to religious praetics. Then 
Exercises being adapted to the teaching of the Christian Tesr, itii 
hoped that they may awaken a love for the observance of those Holy* 
days and Seasons by which the Church so carefully seeks to tnin ap 
children for their heavenly inheritance. Cloth, price 6d. 



LYRA CHRISTIANA : Poems on Christianity and the 

Church, Original and Selected. From the Works of ROBEBT 
MONTGOMERY, M.A., Author of " The Christian Life," "CW 
and Man/' &c. 32mo., cloth, with a coloured Frontispiece, price it; 
morocco, 6s, 6d, 

PSALMS AND HYMNS for the Use of the Church rf 

England at Home and in the Colonies. Selected by the Right Bf^ 
J. W. COLENSO, D.D., Bishop of Natal. Three Editions, cfaA 
6J., Is.f and It. 6^. respectiyely. 
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THE CHURCH HYMNAL. A Book of HTmns, adapted 

Ibr the Ute of the Church of England and Ireland, arranged aa they 
■re to be snog in Chnrchei. 24mo., cloth, 1#. ; 18mo., cloth, 2«. : 
they may alao be had with select Plalms at the aame price. 

This collection has been sanctioned by the authority of a large 
nom her of other clergymen, to whom the proof sheets were submitted 
by the Editor previous to publication, for the salce of correction and 
•oggestion. It is now in use in several dioceses. 

SYMMETRICAL PSALMODY ; or, Portions of the Psalms 

. mad other Scriptures translated into Metrical Stanzas, with cor- 
- reepondmg Accents on corresponding Verses, for Musical Use. By 

the Rev. W. VERNON HARCOURT, Canon-residentiary of York 

Cathedral 18mo., cloth, U. 6d, 

** It will be obmrrd by a very slight Inspection of the TOlnine that Mr. Har- 
■ court baa profited by bks own work, for tbe verws are beaatlfally correct in 
their rhythm, and supply fine spedmens of versification.'* — Clerical Journal. 

A BOOK OE METEICAL HYMNS, arranged according 

to the Services of the Church of Elngland. By a Clergyman. ISmc, 
doth, 1#. 

LYRA MEMORIALIS : Original Epitaphs and Church- 

yard Thoughts. In Verse. By JOSEPH SNOW. With an Essay 
by WILLIAM WORDSWORTH (reprinted by his permission). A 
New Edition, remodelled and enlargied. 12mo., sewed. Is, 

** The object of Mr. Snow in the volume before us is to suggest a purer tasto 
and a more impressive style in our churchyard memorials, and by every 
word and thought to point through the shadow of the tomb to the brightness 
and light beyond it. His work is, in truth, a treasury of feeling, and we find 
In its simnlicity its highest merit. To the clergy this volume may be of signal 
%M»%.*'^TfieologiQn, 

THE HOUSEHOLDER'S MANUAL OF FAMILY 

PRAYER, accompanied by Short Forms of Devotion to be said in 
Private, intended ehiefly for the use of Persons who are engaged iu 
. the callings of Husbandry, Mechanical Arts, and Trade. By 
WILLUM THORNTON, Vicar of Dodford. 12mo., cloth, U. 

PSALMS, LESSONS, AND PRAYERS, FOR EVERY 

MORNING AND EVENING IN THE WEEK. Adapted to the 
Use of a Household. Compiled by the Rev. ERNEST HAWKINS, 
B.D. Price 9d,, or doth 1#. 

The plan of this little volume will be seen at a glance. A short Ser- 
vice—comprising a Psalm, a Lesson from Scripture, and Prayers witli 

B 



18 BOOK8 FUBLISRED BY 

Versicles, or a litany — ]» arranged for every Morning and Eveniagia' 
the Week. The principal Prayers an purposely repeated, but some 
Tariety is given to each Serrioe, by the introdnctioD of one or man 
suitable Collects; while at the end will be found other Foms of 
Prayer, and a large number of C!ollects, to be used at the discretbn of 
the master of the family. Those for the great Fasts and Festifib 
of the Church should be used during the teamnu to which th^ 
belong. 

"Mr. Ernest Hawkins has added to bis many other series the pabttatios 
of a very simple and intelligible collection of Family Prayers. Its object is to 
give a devotional manual which has no references or complications in it. lts< 
arrangement is one of continuous reading, and what we mnch like thoeBrr 
prayers and intercessions for special purposes. A Manual of Pray«n for 
working Men, from the same author and publishers, is among the most practical 
and intelligible which we have seen." 

MANUAL OF PRAYERS, for the Use more e^iecu^ 

of Working Men and theb Families. Compiled by the Rot. ER^GBST 
HAWKINS, B.D. Sewed 2d., doth, 4d. 

Ptiblithedfor the Society for the Propagation qf the Goepel m Fanipi 

Parte. 

Published Monthly, price One Hal^enny, 
THE GOSPEL MISSIONARY. A Magazine of Misaonary 

and Colonial Intelligence, addressed chiefly to the Humbler Members 
of our Congregations, and the Children of our Schools. 

Vols. I. to IV., containing Nos. i. to xWiii., cloth lettered, fiof 
ready, 1«. each. 

*^* Country Subscribers are requested to order it through their 

Booksellers. 

INDIAN MISSIONS IN GUIANA. By the Rev. W. E 

BRETT. Fcap. 8vo., with Wood Engra?ing8, price be, bound in 
cloth. 

'* There is an iramensity of interesting detail throughout this Tolume, vA 
we trust it may obtain a wide C}xc\x\BXxon7*'-Engltth JSteview. 

THE KAFIR, THE HOTTENTOT, AND THE FEON- 

TIER FARMER : Passages of Missionary Life from the Joarnslitf 
the Venerable Archdeacon MERRIMAN. Third Thousand, witk 
Engravings, cloth, 3«. 6<?. 

" We are glad to give our opinion that a more simple and yet effectire reeori 
of missiunary work in an English colony can hardly be found.*'— (ritordiSk 
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BE LAND OF THE VEDA: India briefly described in 
- loiiie of Ha Aspecte — Physical, Social, Intellectual, and Moral. By 

the RttT. PQTER PERCIVAL. Crown 8fo., 524 pages, with nearly 

Fiftj lUastrationt, price 10«. 6d. 

" The Land of the Veda is the title ffiVen to a series of sketches of Indian 
iMonera and literatare, originally deltTered in the form of lectures at St. 
Augostine's CoUeae, Canterbiu^, by the Rev. Peter Percival. It is a neatly 
gotttpTOlunie»witli many pleasing illustrations, and a very useful ethnological 
map, and contains a great amount uf compressed information un all kinds of 
miscellaneous topics, likely to be very serviceable to those who are training 
fi>r miaaionary work.**— Guareltaft. 



ARCHZTBCTURE An[D ARCHi&OZiOGY. 

BCHITECTURAL STUDIES IN FRANCE. By the 

ReT. J. L. PETIT : with numerons Illustrations from Drawings by 
P. H. DELAMOTTE and by the Author. ImpL 8to. 2/. 2#. 

.LUSTRATIONS OF ANCIENT ART; selected from 

Objects discoyered at Herculaneum and Pompeii. By the Rev. E. 
TROLLOPS. 4to. cloth, 25«. 

"A carefhl, erudite, and beautiful work, and will no doubt be warmly wel- 
coined by the students of our Universities."— ^<A«n<Pttm. 

"This elegant volume aims to supply a cheaper and more accessible substi- 
tute for such elaborate works as that published by the Neapolitan Govern- 
ment, or those of Mazois, Donaldson, & Oell.*' — Spectator, 

ROCEEDINGS OF THE ARCHAEOLOGICAL INSTI- 

TUTE, IN 1849. Communicated to the Annual Meeting of the 
Archaeological Institute, held at Salisbury in July, 1849. 8to. cloth, 
with 66 illustrationsi coloured and plain, 21«. 



Also, separately from the above, 

lARY OF A DEAN. Being au Account of Silbury Hill, 
and of various Barrows and other Earthworks on the Downs of North 
'Wilts, opened and investigated in the months of July and August, 
1849. By the late JOHN MEREWETHER, D.D., P.S.A. Dean of 
Hereford. Thirty-live illustrations, cloth, 78. 6(f. 

ttOCEEDINGS OF THE ARCHAEOLOGICAL INSTI- 
TUTE AT BRISTOL, IN 1851. With numerous lUustrations. 
8vo. 2U. 
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PROCEEDINGS OF THE AROHiEOLOGIOAL INSTl- 

TUTE, AT NEWCASTLE, IN 1853. With nomercmi Engratingt. 
2 vols. 8vo. Im ik9 Pmt* 

GOTHIC ORNAMENTS: being a Series of Examples of 

Enriched Details and Accesaories of the Architecture of Great 
Britain. Drawn from existing Anthoritiea. By JAMES K. COL- 
LING, Architect. Royal 4to., cloth, YoL I., price 3/. I3«. 6<f ; Tol 
II., price 3/. 16«. 6<f. 

The particular object of this work is " to exhibit sneli a Bumbff of 
examples of foliage, and other ornamental details of the different 
styles, as clearly to elacidate the characteristic features peoulisr io 
each period ; and drawn sufficiently large in scale to foe practicaUj 
usefal in facilitating the labours of the Architect and Artist." 

The first volume consists of 104 plates; nineteen of which are 
highly finished in gold and dolours. The second volume, of 105 
plates ; twenty-three of which are in gold and colours. 

DETAILS OF GOTHIC ARCHITECTURE; measured 

and drawn from existing Examples. By JAMES K. COLLING, 
Architect. Royal 4to., published in monthly Nos. at 2m, 6d. 
Vol. I. containing Nos. 1 to 24, 21. 12s. 6^. cloth. 

THE SEVEN PERIODS OF ENGLISH CHURCH 

ARCHITECTURE; defined and illustrated by EDMUND SHARP£. 
M.A., Architect, M.I.B.A. An Elementary Work showing at i 
single glance the different changes through which our National Archi- 
tecture passed, from the Heptarchy to the Reformation. Twehe 
Steel Engravings and Woodcuts. Royal 8vo. 10«. 

Each Period, except the first, is illustrated by portions of tiie In- 
terior aud the exterior of one of our Cathedral Churches of oorre- 
spondiiig date, beautifully engraved on steel; so presented as to en. 
able the Student to draw for himself a close comparison of the ebt- 
racteristic features which distinguish the Architecture of each of the 
Seven Periods, and which are of so striking and simple a nature is 
to prevent the possibility of mistake. 

The first, or Saxon Period, contains so few buildings of interest or 
importance, as to render its comparative illustration unnecessary, if 
not impossible. 

THE CHURCHES OF THE MIDDLE AGES ; or. Select 

Specimens of Early and Middle Pointed Structures ; with a few of the 
Purest Late Pointed Examples, illustrated by Geometric and Pe^ 
spective Drawings. By HENRY BOWMAN and J. S. CROW- 
THER» Architects, Manchester. 2 vols, folio, 102. lOt. } tinted, 
11/. 11«. ; large paper, 14/. 14«. 

** Wg can hardly conceive any thing more perfect. We heartily leooB* 
mend the Series tu all who arc able to patronise it." — ScclenologisL 
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PABISH CHURCHES : being Perspective Views of English 

Eoclesiastical Stmctares ; accompanied by Plans drawn to a Uniform 
Scale, and Letterpress Descriptions. By R. and J. A. BRANDON, 
AreliitactSk Containing 160 Plates, 3 tols. royal 8to. price 2/. 2«. 

* I alto stronf ly recommend Braadon's * Parish Charebes,' ' Open Umber 
Roob»' and * Aaiuysis of Oothio Arohiteotare.'*-'2%# Bul^p qf FredeHcion*t 
Charge^ IS4», 

AN ANALYSIS OP GOTHICK AECHITECTURE. 

niostrated by a Series of upwards of Seven Htindrtd Examples of 
Doorways, Windows, &e., accompanied with Remarks on the several 
Details of an Ecclesiastical Edifice. By R. and J. A. BRANDON, 
Architeots. Two volamet, royal 4to., price 51. 5«. 

THE OPEN TIMBER ROOFS OF THE MIDDLE 

AGES. Illustrated by Perspective and Working Drawings of some 
af the best varieties of Church Roofs, with Descriptive Letterpress. 
By R. and J. A. BRANDON, Architects. Royal 4to., uniform with 
the '* Analysis of Gothick Architecture.'' Price 3^ ^9. 

The work consists of perspective views (in some instances coloured) 
and geometrical drawings, showing the construction and the mould- 
ing^ of the various timbers, and is accompanied with descriptive 
' letterpress. 

LECTURES ON GOTHIC ARCHITECTURE, chiefly in 

relation to St. George's Church at Doncaster, delivered in the Town 
Hall there, at Christmas, 1854. By EDMUND BECKETT 
DENISON, M.A.) one of Her Majesty's Counsel. 12mo., sewed, 3«. 

ElICHMONDSHIRE ; its Ancient Lords and Edifices : a 

concise Guide to the Localities of Interest to the Tourist and Anti- 

2 nary; with Short Notices of Memorable Men. By W. HYLTON 
lONGSTAFFE. Small 8vo.«^ with Map, S«. 6(f. 

POCKET CHART OP BRITISH ARCHITECTURE, 

chronologically arranged; containing Seventy-five Figures, with 
a Descriptive Manual. By ARCHIBALD BARRINGTON, M.D. 
Price, on sheet, with Manual, 2«. In cloth, with Manuali 3s. 

POCKET CHART OF FOREIGN ARCHITECTURE; 

printed uniformly with the above, with a Descriptive Manual. 
By ARCHIBALD BARRINGTON, M.D. Price, on sheet, with 
Manualj 2#, In cloth case, with Manual, 3«. 
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CHRONOLOGICAL CHART OF BRITISH ARCHf- 

TECTURE ; with the Genealo^ and Armorial Bearings of the 
Sovereigns of England, and parallel Tables of the most important 
events in British and General History ; with an Explanatory Volnme. 
By ARCHIBALD BARRINGTON. Price, Four Sheets, in wrapper, 
15«. In French Case or on Roller, 2 Is. Roller, varnished, 26i, 
The Explanatory Vol. 48. in addition. 

** The purposes of the Volume, and of the Chart which it is intended ia 
accompany, Is to enabla the teacher to explain, and the learner to understand, 
the genealogy and succession of the Sovereigns of England, and the diffi^nt 
styles of Ecclesiastical Architecture— two suojects of great importance. The 
tables of events are printed in bold letters, which readily cat^ the eye, and 
thus obviate the objection to the generality of Cbarta. that they present a dense 
mass of type, that repels rather toan invites reference. The volume is written 
in a familiar style, and the information explicitly conveyed in the way of 
question and answer; so that, without the formality of set eonrersations, the 
pupil's observations and inquiries are simply anticipated and satisfied."— 
Spectator, 

TABULAR DISPLAY OF BRITISH ARCHITECTURE ; 

with a Manual for Beginners, by which the Dates of oar Cathedral 
and other Churches may be easily known. By ARCHIBALD 
BARRINGTON, M.D. Price, with the Manual, on sheet, 4t. In 
case, 5«« On roller, 7#. 6d» On roller. Tarnished, 9s. 6d, The 
Manual by itself, 1#. 



CHURCH XVBIO, BTC. 

THE ORDER OF DAILY SERVICE, with the Musical 

Notation, as used in the Abbey Church of St. Peter, Westminster. 
Edited by E. F. RIMBAULT, LL.D., F.S.A., &c. 16mo., half- 
bound, bs. 

Used at Ely Cathedral and the Temple Church. 

SELECT PSALM AND HYMN TUNES, ancient and 

modern, for Four Voices, with Accompaniment. By THOMAS 
INGRAM. Imperial 8vo, sewed, 28. 6d. 

**The selection is a judicioas one, comprising only such tunes as are oft 
solid and devotional character."— fi^/tM Journal qfJSducatum, 

PSALTER AND CANTICLES IN THE MORNING 

AND EVENING SERVICES OF THE CHURCH, divided and 
pointed for Chanting, according to the use at the Temple Church, 
with Prefatory Directions, and Remarks upon the use of the Grego- 
rian Tones in the English Church. By JOHN CALVERT. 12mo, 
cloth, 4«. ^d. ; or strongly sewed and plainly bound in cloth, for nie 
of choirs, I/. 10«. per dozen. 
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THIRTY-TWO SELECT CHANTS ; arranged for Four 

Voices, with Accompaniment. By T. INGRAM. Fcap. 8fO, 
sewed, 6d, 

These Chants are ]printed in small mnsie type. They may be 
separated and placed in a Psalter or Prayer Book, so as to be eonve- 
niently presented to the eye, along with the Psalm. 

THE CHORAL RESPONSES AND LITANIES OF 

THE UNITED CHURCH OF ENGLAND AND IRELAND, 
collected from authentic sources by the Rev. JOHN J EBB, A.M., 
Rector of Peterstow, Herefordshire. Folio, 30«. 

The present work contains a fall collection of the harmonised 
compositions of ancient date ; including nine sets of preces and re- 
sponses, and fifteen litanies, with a few of the more ancient Psalm 
Chants. They are given in full score, and in their proper cliffs. In 
the upper part, howe?er, the treble is substituted for the ** cantus " 
or ''medias'' cliff; and the whole work is so arranged as not only to 
suit the library of the musical student, but to be adapted for use iu 
the Choir. 

In the Preface the authorities for the 8e?eral documents are stated, 
the variations between the different copies noticed, and a succinct 
history given of this department of the English Choral Service since 
the Reformation. 

THE CHORAL CLASS BOOK ; or, Smger's Manual, for 

use in Churches, Families, Schools, and Choral Societies. By 
THOMAS INGRAM, of the Royal Academy of Music, late Con- 
ductor of the Motett Society, and Choral Master at the College, 
Brighton. 8vo, sewed, 2«. 6«l. ; cloth, 8#. 6(f. 

" An ably written manual for the study of those who wish to attain to the 
knowledge of takins a part in the psalmody and vocal musio of our church. 
A good book of this kind has long b«en wanting."— £n^2»^A Journal of 
JBMtcationt 

HYMNS AND THEIR TUNES, selected for public and 

Private Worship; containing 107 Hymns, with Music on the opposite 
page, so as to be presented to the eye simultaneously. 18mo, cloth, 
3#. 6d. 

PSALMS AND HYMNS for the Service of the Church. 

Being a collection of Tunes, adapted to the various measures of the 
several selections made for the Church, and more particularly to. that 
compiled for the use of St. Margaret's, Westminster. By the Rev. 
H. H. MILMAN ; to wMch are added Chants for the Services and 
Responses to the Commandments, with the words at length, and a 
concise system of chanting to enable all the congregation to join 
therein, selected by J. B. SALE. 4to, U. 5«. 
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MEMOIRS OF MUSIC. Bj the Hon. ROGER NORTH, 

Attorney-Greneral to James I. Now firat pritited from tbe oiigioal 
MS., and edited, with copioas Notes, by EDWARD F. RIMBAULT, 
LI1.D., F.S. A., &c. Sec. Haadsomelj printed in 4to, half bound in 
moroooo, with a portrait. The remaiidiig copies are raised in price 
to30«. 

Abounding with interesting Musical Anecdotes ; the Greek Fables 
respecting the origin of Music; the rise and progresa of Moswalla* 
struments ; the early Musical Drama ; the origin of our pmeot 
fashionable Concerts; the first performance of the Btffu't 
Opera, &c. 



MISOBZiXiANBOUS. 



EXAMPLES OF ORNAMENT. Selected chiefly from 

Works of Art in the British Museum, the Museum of EcooMiie 
Geolofiiy, Marlborough House, and the New Crystal Palace. Drawn by 
FRANCIS BEDFORD, THOMAS SCOTT, and THOMAS MAC- 
QUOID ; and edited by JOSEPH CUNDALL. Nearfy rtaif. 

This volume contains 220 different designs, 69 of which are elabo- 
rately coloured : they will be found useful for copying, and for mi- 
gestions to all classes of designers. DescriptiTe letter-press is attaobei 

HISTORY OF ENGLAND, from the INVASION of 

JULIUS C^SAR to tbe end of the REIGN of 6ROR6E 11. By 
HUME and SMOLLETT. With the Continuation from tbe Acces- 
sion of George III. to the Accession of Queen Victoria. By the Ker* 
T. S. HUGHES, B.D., late Canon of Peterborough. Also, Copiesi 
Notes, the Author's last Corrections, Improfement, and Enlargement. 
With Historical Illustrations, Autographs, and Portraits. To bs 
published in Crown Octavo, Weekly, in Seventy^two Parts, witb 
Illustrations at One Shilling each; and in 18 Monthly Volumes, priei 
48, each, bound in cloth. 

HISTORY OF ENGLAND, from the ACCESSION of 

GEORGE III., to the Accession of QUEEN VICTORIA. By tbe 
Rev. T. S. HUGHES, B.D., late Canon of Peterborough. Nev 
edition, 7 vols., 8vo., 3/. 13«. 6(2. 

AN HISTORICAL SKETCH OF THE CRIMEA. By 

ANTHONY GRANT, D.C.L., Archdeacon of St. Alban's, sad 
Vicar of Romford, Essex. Fcap> 8to.» doth, with a map, 3«. 6A 
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HTHER AND THITHER ; or* SKETCHES OF 

TRAVEL ON BOTH SIDES OF THE ATLANTIC, containing 
Notes of a Visit to Madeira, Lisbon, Gibraltar, Cadix, Malta, Rome, 
New York, Canada, Elingston, the Falls of Niagara, Bay of Quint^ 
and Montreal. By REGINALD FOWLER, Esq., Barristeruat-law. 
In 8to. price lO*. 6^. 

** A liberal and gentlemanly tone prevails ttuouxbont. We have not noticed 
a ttngie reprehensible sentiment. The views of American Society are distin- 
gaiabed by a quiet good sense and freedom ftt>m prejudice not often met 

^ Mr. Fowler's Sketches are not wanting in interesting details, and the 
narrative is the ftree outpouring of a steady and careful pen.*'— -Z^terary 
Gazette, 

)N THE STUDY OF LANGUAGE : An Exposition of 
Tooke's DiTerrions of Parley. By CHARLES RICHARDSON, 
LL.D., Author of " A New Dictionary of the English Language." 
12mo.9 cloth, price 4«. 6<f. 

** The judicious endeavour of a veta«n philologist to extend the philoso- 
i^ilcal study of langnage by popularising Horn Tooke's * Diversions of Purley.' 
Dr. Uiehardson has done guod service to the study of langnage in this very 
Judidoos and compaot recast, for the book is much more thau an abridgment." 
-— iS^ecfalor. 

. NEW DICTIONARY OF THE ENGLI5.H 

LANGUAGE. Combining Explanation with Etymology : and Ulus- 
tFBted by Qnotations from the best Authorities. By CHARLES 
RICHARDSON, LL.D. New edition, corrected, in the press. 2 
Tols« 4to., doth, boards. 

■. *' We have the various acceptations, In which every word has been used by 
approved wrlterSt collected by Dr. Richardson, in a Dictionary such as, perhaps, 
'no othtf language could ever boast i and we have a new guide for the theory and 
H«a of laognagea, exemplifying his (H. Tooks's) principles by applying them to 
Mr toagae.**— Quartor^r Remew. No. lxx. 

'^ It is * an admirable addition to our Lexicography,* supplying a great desi- 
4araUun, ss exhibiting tbe biography of each word, its birth, parentage, and 
cdncatlon, the changes that have befallen It, the company it has kept, and the 
•oMRsiOtts It has formed, by a rich series of quotations, all in chronological 
fi^ec**— teirtftfr/y Mteniew, Maieh, 1847. 

<* In most cases Richardson's Dictionary, the onlp one from which I can pro- 
mise you effectual help, for it is the onljf English one, In which Etymology 
assumes the dignity of a Science, will put you in the right position for Judging 
wky the Word has been suggested to yoa.'*— Trench on the Study cf fTordi, 

. NEW DICTIONARY OF THE ENGLISH 

LANGUAGE. Combining Explanations with Etymologies. By 
CHARLES RICHARDSON, LL.D. 8vo., new edition, in the press. 

..*'I shonld think a work of such merit and ntllity would find its way into 
pabUc schools. Ton have rendered a service to all young students and young 
readers, who wish to underacmd their own language, to which beyond all doubt 
nothing aid simile ant secundum ever existed before."— J%e late Bev. Cawm 
Tate to the Auikor, 
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A HISTORY OF llNGLISH RHYTHMS. By EDWIM 

GUBST, LL.D., F.$.A., Master of Cains Coll^^ Ctmbridsi. 2 
▼ols. 8to., 15#. 

REMINISCENCES OF THE UNIVERSITY, TOWN, 

and COUNTY of CAMBRIDGE, from the Year 1780. Bj tlielaM 
HENRY GUNNING, M.A., Senior Esquire Bedell. Second EditkMi, 
Two vols., post Svo., price 2 Is. 

** Some of the stories are extremely piqaant, and others are interestiof il 
pictures of manners and habits of our forefathers, and such as are not to bt 
procured from the ordinary leoords of information respectinc bygone tiMs' 
•^Cambridge Ckronicle* 

" We have preferred amusing extracts In such as we have taken from Mr. 
Gunning's * Reminiscences ; ' but let not the reader 8upi>08e that dw« ii 
not also grave information in them. The yolumes contain interestingnotkii 
of many very distinguistied characters connected with the period tbeydB* 

personally acqualmt«d.*'—.&aBsrisr. 



sciibe, and with whom the author was 

POETRY OF THE YEAR : Passages from the Poets, de- 
seriptive of the Seasons, with Twenty>Two Coloured lUostratioiis bm I 
Drawings by the following eminent Artists : — T. Creswick, R.A.; C. I 
Davidson; W. Lee; J. Mnller; E. Dancan; Birket Foster; D.Cn; 
H. Le Jeune ; W. Hemsley ; C. Branwhite; J. Wolf; C. We(giO; 
Harrison Weir; R. R. ; E. Y. B. ; Lucette £. Barker. Small 4taf 
* handsomely bound in cloth, 25s., morocco 35s., large paper 2^ t^ 
morocco 2/. 12s. 6d. 7 

** Trying the volume before us by its own pretensions, it may bs F^ 
nounced as excellent on the whole, — a welcome specimen of the yngMt 
made in coloured book-illustration, aod a tasteful evidence of w hat f 
English designers can do in illustration of Thomson, Bloomfteld, CovpSi 
Clare, Hemaus, Tennyson, and other of our poets/* — AtheiUBum, 



SHADES OF CHARACTER ; or, The Infant Pagrim. »f 

the late Mrs. WOODROOFFE. Sixth Edition. 2 vols. Itafti 
doth, 12s. 

By the same, 

THE HISTORY OF MICHAEL KEMP, THE HAPFI 

FARMER'S LAD. A Tale of Rustic Life. Seventh Editioft. It* 
cloth* 4s. 

MICHAEL THE MARRIED MAN. A Seqad to 

above. iVmv edUUm prep4ainff. 

COTTAOE DIALOGUES; or. Characters and Sceoei 

Rural Life. New edUUm preparing. 
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KIE WIDOWS EBSCUE; SELECT EULOGIES; 

^SCHOOLED OR FOOLED, a Tale ; with other Literary Reerea- 
dons. Collected and Recollected by Sir FORTUNATUS 
DWARRIS, Knt , B.A., F.R.S., F.S.A. 12mo, cloth, 5«. 

A l^qETRY BOOK FOR CHILDREN, Dlustrated with 

Thirty-three highly finished Engravinga, by C. W. Cope, R.A., A. 
Helmsley, S. Palmer, F. Skill, 6. Thomas, and H. Weir, price 2«. 6^. 

THE FAIRY GODMOTHERS AND OTHER TALES. 

By Mrs. ALFRED GATTY, with Illastrations. Small 8?o, cloth, 

IHE ENGLISH GENTLEMAN : his Principles, his Feel- 

ings, his manners, his Pursuits. 12mo, sewed, 1«. ; calf or morocco, 

49, ed, 

** We like him so well asto wish heartily we might meet many such."— 
2t«tk>gian, 

" The objeet of the first of the fbiir essays is to form the principles of a 

gentleman on a Christian standard. In the other three subjects, of feelings, 

• mannen, and pursuits, the Tiews, though strict, are of a more worldly kind." 

THE RICHES OF POVERTY. A Tale. By Mrs. 

ECCLES. In Fcap. 8to, Price 5«. 

*'A sound and intelligent book. We can conscientiously recommend it. 
We have gone through it with interes^ and are perfectly certain that those of 
our readers who may peruse it, especially such as have children, will thank 
us for drawing attention to a work so innocently amusing and pleasantly in- 
structive. We have no hesitation in pronouncing it one of the best works of 
- itB k!tad,**-^Cburchmian*t Maga»ine» 

THE HAYMAKERS' HISTORIES. Twelve Cantos in 

Terza Rima. By RUTHER. 12mo, price 4«. 

f ** This is a scholarlyjittle book, sweet as a meadow at hay time, and ftxil of 

aammer influences. We confess tiiis little volume excites our curiosity ; and 
as to the writer, the skill with which the metre is carried through, the almost 
immaculate correctness of the rhymes, and the equality of strength which 
pervades the whole, would indicate a poet of some standing, although the 
. . ' style resembles none that we remember. Really, an imitation of some of 
'" Crabbe's works becomes in his hands a poem as dainty and fanciful as the 
garden scenes of Queen Fiametta in the * Deoameroae.* ' — ^thentBtan, 

"Many a faithful miniature of healthy rustic \ite,**-—ff^eitmn8ter Beview. 

*• The bard often rises to the fervour and dignity of a true poet of nature 
and the heart."— Dublin jSdoeriuer. 

3LTEIC NOTES ON THE RUSSIAN WAR, by the same 

Author, l2mo., cloth, Is. 
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THE ENGLISH JOUBNAL OF EDUCATION, specuJIt 

designed is a Medium of Correspondeaoe among the Heads of TVain- 
ing Colleges, Parochial Clergymen, and all Promoters of sound Eda- 
cation, Parents, Sponsors, Schoolmasters, Pupil Teachers, Suaday 
Teachers, &e. Published Monthly, price 6d, ; Stamped, 7d. i or ia 
adYanoe, 6«. 6^. a year. A few sets have been made up, and ma^ be 
had in eight volumes, price JS3. May be ordered of all Boofcsellert 
or Newsmen, or will be sent direct by post on reoei?iiig a Poflt-offioe 
order, for a Year^ 6«. 6<f. A SpedoMn Number on reo^pt of sefeo 
stamps. 

%* This periodical has now been published during eight years, tiKl 
has a wide and increasing circulation amongst ClergymeB and 
Teachers. 



AN INDEX TO FAMILIAR QUOTATIONS. Selected 

principally from British Authors, with parallel passages from yariom 
Writers, Ancient and Modern. By J. C. GROCOTT, Attomey-at- 
Law. 12mo, cloth, 3«. 6<f. 

THE HOUSEKEEPING BOOK ; or, FAMILY LEDGER, 

on an improved principle, by which an exact account can be kept of 
income and expenditure, suitable for any year, and may be began it 
any time. By Mrs. HAMILTON. 8fo, cloth, 1«. 6if. 

**The simplest and shortest method of a weekly aeeooat of honseke^ing 
expenses that we have met with. The results are dearly ascertainable at any 
time. Some very sensible advice to young hoosekeepen is attasd."— 

A PEACTICAL SYNOPSIS OP ENGLISH HISTOBY; 

or, A General Summary of Dates and Events, for the nse of Schooli 
and Private Families. By ARTHUR BOWES. Second Edidon, 
8vo, cloth, 2#. 

THE MANUAL OP BOOK-KEEPING; or, Priotical 

Instructions to the Manufacturer, Wholesale Dealer, and Retsil 
Tradesman, for Keeping and Balandng their Booka in an easy and 
simple manner, with an Engraving illustrating the connection A the 
various books with each other. By an eiperienced Clerk. Kew edi- 
tion, 12mo, 4$, 

" Rather an ingenious attempt to attain a chief result of double entry, by as 
extension of the system of tingle entry, intended chiefly for retail dealers ssd 
those who do not or cannot employ a book-keeper. Bach person most, of 
course, apply the system for himself, modifying the theory to his own mk; 
and hy a close attention to the book, he may be able sufficiently to mutsf Itt 
principles to do to.**'- Spectator, 
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SETS OF ACCOUNT BOOKS, Euled according to this 

i' •jrttom, for Merchants and Retail Dealers, at yarioas prices from 
- 3/. 3#. opwards, may be had of the Pablishers. 

ME EXECUTOE'S ACCOUNT BOOK, with Short 

■liiPkvctical Instructiona for the guidance of Executors. By a Solicitor. 
< ' Folio, doth, 48. 

\* The Forms may be had without the InstructioBS, for the pur- 
pose of Probato. FHoe 2f . 6d. 

JUTLINE FROM OBJECTS. OB FROM THE ROUND. 

By JOHN BELL, Sculptor. With Sixty lilustrations, price is. 
Prepared at the request of the Society of Arts. 

*'Tbe rules for plumbins and the elements of perspective are Tery graphic, 
and are locldly given.*'— JtAen<9um. 

5UTLINE from OUTLINE ; or, from the Flat. By the 
same Author. Price 3«. 



:HB FIEST BOOK OF THE PIANOFORTE, with 

Eztfcises on Fingering and Questions. By £. F. RIMBAULT. 

**Aii admirable little raaDoal, embodying in as small a space as possible, 
eonsiiitent with completeness, a comprebeusiTe outline of all the elements of 
modem pianoforte-playing. The editor has shown good judgment in ex- 
cluding the question* and-answer form in which most of the treatises of the 
kind are written, fur the old method certainly tended to put that which ought 
to be an agreeable introduction to one of the most delightful arts too much in 
tine shape ot a task and a work of dry labour. A number of examination 
questions are,* however, added at the ena, with references to the page in the 
. . uody of the work where the subject will be found lully explained, which will 
. no doubt satisfy those who think diflerently, while it will enable those who 
are less accustomed to tuition to examine young beginners in a progressive 
and perspicuous manner.'*— Guordum. 

BBLBCTIONS FEOM PEECTS RJBLIQUES AND 

^ BYANS'S OLD BALLADS, suitable for committing to Memory, for 
*: Translation, and for -purposes of Criticism. By the Rev. HENRY 
<^ TRIPP, M.A., Fellow of Worcester College, Oxford. I2mo, cloth, 

1. a».6£f. 

**The selection has been made with good taste and judgment.**— CArt«/ia» 
:. JUmembr<mcer, 

"Tour particularly useftil little reprint has pleased me much. It is well 
■elected, well edited, well printed--just what was wanted.*'— uProm the Mev. 
" J, J>. ColUs, M.ji.t Head-MctHer of Aromsgrovt SchovL 
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^j^ HISTOIRE DE FRANCE, DEPTHS LES 

JUSQU'AU lER JANVIER, 1850. Ayec des Notes F 
duction en Anglaii. Ouvrage destine aaz Maisons d'Ei 
deux Sexes. Par A. R. DB MONTARCIS et S. A. 
Professeurs de Francais et D'Histoire. Crown 8vo, pi 
neatly boand in doth. 






A SHORT AND EASY ACCESS TO THE ] 

LANGUAGE, preceded by a Practical Treatise on Frencl 
tion, and combining all the' advantages of Grammars, £] 
Dialogues. For Self-Instruction and the use of Schools 
MURGBAUD, late Professor of French at Cheltenhi 
Third Edition, revised and enlarged, by S. A. MAYE 
Master of the Stepney Grammar School, in onion with Kii 
liOndou. Price 4«. 

THE YOUNG LADY'S SCHOOL RECORD. . 

of Studies and Conduct for Half a Year, on a new plan. 

A HAND-BOOK FOR WESTMINSTER ABE 

Fifty-six Embellishments on Wood, engraved by Ladies, fi 
by D. Cox, Jun., an Illuminated Title representing the Aj 
Chapter House, and a Specimen of the Encaustic Tiles. 
SUMMERLY. 12mo, cloth extra, 78, Boards, 6«. 
tions, &d, and 3(/. 

** A volume ^t up in excellent taste, and written in a right i 
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iAND-BOOK TO HAMPTON COURT PALACE. Being 

a Goide to the Architecture, Tapestries, Paintings, Grardens, and 
Grounds of Hampton Court; with numerous Embellishments on 
Wood, engraved by Ladies ; and Plans of the Palace and Grounds, 
from Official Surveys. By FELIX SUMMERLY. New Edition, 
numerous Illustrations, Is. 

** Decidedly the best poptdar guide to the picturesque beauties of Haraptoit 
Court of any extant. The writer possesses a diseriminating judgment in 
natters of art, and a keen relish for the beauties of nature ; and the eiroDla" 
tion of this pretty little book will contribute to the eigoyment of the yisitors, 
and the improvement of public taste."— ^S^pecto/or. 

AY'S EXCURSIONS TO ERITH, ROCHESTER, AND 

COB HAM, in Kent, with Illustrations and Map ; a Catalogue of the 
Fiotures at Cobham Hall, and an Appendix containing the Inscrip- 
tiogis on the Brasses in Cobham Church, taken from Weever, with 
additions and corrections. By FELIX SUMMERLY. 12mo, Is. 

A.ND-BOOK OF THE NATIONAL GALLERY. Bv 

FELIX SUMMERLY. With Fifty lUustrations drawn expressly 
£nom the originals by Messrs. John James and William LinneU. 12mo, 
sewed, cheap edition, 6^. 

The representations in this edition of the National Gallery have 
bean limited to the smallest practicable scale, varying somewhat ac- 
eording to the character of the pictures. The aim has been to give 
the general character and feeling of the originals, avoiding as of 
seeondary importance the '' finish" of modern engravings. They are 
essentially painters' woodcuts, and in that respect their merits are 
analogous to those of painters' etchings. They have been pro- 
nounced by the highest judges to he really excellent works of Art, 
of their class. 

A few copies of the early edition, best impressions. Price I#. 
sewed. 

STENTUEES DE TELEMAQUE, par FENELON, mth 

Notes by C. J. DELILLE, Professor at Christ's Hospital and the 
City of London School. 12mo, is. 6d, This is the first of a Series of 
Foreign Classics, uniform in size and plan with the Grammar School 
Classics. 

** It is quite a rarity to meet with notes on modem foreign authors convey- 
ing so much explanatory information in so tmail a space, and such excellent 
xenderings of idiomatic passages, which, e^en if easy to translate word for 
word, are not so easy to put into good English."— ^iMeiurum. 

• 

[STOIEE DE CHAELES XII., et Histoire de Riissie 

'Sons Pierre le Grand, par Voltaire. With English Notes, by 
L. DIREY. In the Prest, 
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'' Learned, chatty, nsefol.*' — Athenaum. 
Every Saturday, Foolscap 4to.y price 4d, ; or stamped, 5d. 

NOTES AND aXJEBIES; 

A MEDIUM OF INTBRCOMMVNICATIOK FOR LITRRART MEN, ARTIST!, 
ANTIQUARIES, GENEALOGISTS, PHOTOGRAPHERS, &C. 



Notes and Queries will, it is believed, be foand to bring beforOL 
the general reader every week a vast amount of corioaa and interesting 
information. It was established for the purpose of famishing to ill 
lovers of Literature a Commonplace-Book, in which they might, on ths 
one hand, record for their own use and the use of others those minote 
facts— those elucidations of a doubtful phrase, or disputed passage— 
those illustrations of an obsolete custom — those scattered biographiol 
anecdotes, or unrecorded dates-^which all who read occasionally stumble 
upon ; and, on the other, of supplying a medium through which they 
might address those Queries, by which the best informed are somedmefl 
arrested in the midst of their labours, in the hope of receiving solutions 
of them from some of their brethren. The success which has attended 
this endeavour to supply a want long felt by literary men is rendered 
manifest by the necessity of permanently enlarging the Paper from 16 to 
24 pages. 

%* For opinions of The Quarterly RevieWf AthetKBum, Examiner, 
Literary Gazette , Spectator, Dublin Review, &c., as to the utility, &c.i 
of Notes and Queries, see Prospectus ; which may be had of the 
publisher, and contains also a list of distinguished Contributors, and of 
the various popular subjeets treated by them. 

A Specimen Number sent on receipt qfjive postage stands. 



NOTES AND QTJEEIES 

is also issued in Monthly Parts, for the convenience of those who may 
either have a difficulty in procuring the unstamped Weekly Numbers, or 
may prefer receiving it monthly : and is also published in Half- Yearly 
Volumes, each with very copious Index. 

Price 10#. 6^. cloth boards. 



May 1865. 
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CAMBRIDGE. 



THEOLOGY. 



SERMONS, Explanatory and Practical. 

Preached at Cambridge and Lampeter, by R. WILLIAMS, B.D., 
Fellow of King's College, Cambridge, and Pro£e88or of Hebrew, 
Lampeter. 

The BENEFIT of CHRISTS DEATH : probably written 

by AoNio Paleabio: reprinted in Facsimile from the Itidian 
Edition of 1543 ; together with a French Translation printed in 
1551 ; from Copies m the Library of St. John's College, Cam« 
bridge. To which is added, an Bnglidi Version made in 1548» 
by Edwabd CoTtBTENAT, Earl of Devonshire* now fbmt edited 
from a MS. preserved in the Library of the University of Cam- 
bridge. With an Introduction, by CHURCHILL B ABINGTON, 
B.D., F.L.S., Fellow of St. John's College, Cambridge, and 
Member of the Royal Society of Literature. PfepaHng, 

An INTRODUCTION to the STUDY of the OLD 
TESTAMENT. By A. BARRY, M.A., Head Maatet o€ tii«. 
Grammar School, Leeds, and late "B^Uorw ^ "titec^ ^^^^ 
Cambridge, '^^f^ 
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By the Rev. H. GOODWIN, M.A., 

Late FMow of OoiwilU and Caitu College, Minister of 8t. EdwartPe, Cambridge, 

and ffulsean Lecturer. 

CHRIST IN THE WILDERNESS. Four Sermons 
Preached before the TJniyersity in the month of February 1855. 

12mo. 4«. 

FOUR SERMONS. Preached before the University of 
Cambridge in the month of November 1853. 12mo. is. 

CONTENTS. 

1. The Young Man cleansing his way. 

2. The Young Man in Religious Difficulties. 

3. The Young Man as a Churchman. 

4. The Young Man called by Christ. 

PARISH SERMONS. First Series. New Edition. 12mo. 65. 

Second Series. New Edition. 12mo. 6«. 

— Third Series (1855). i2mo. 7*. 

SHORT SERMONS at the Celebration of the Lord's 
Supper. 12mo. is, 

LECTURES upon THE CHURCH CATECHISM. 

12mo. 45. 

A GUIDE TO THE PARISH CHURCH. Second Edi- 

tion. 18mo. Ss. 6d, 



The GREEK TESTAMENT: with a Critically Revised 

Text; a Digest of yarious Headings; Marginal References to 
Verbal and idiomatic Usage ; Prolegomena ; and a Critical and 
Exegetical Commentary. For the use of Theological Students 
and Ministers. By H. ALFORD, M.A., late FeUow of Trinity 
College, Cambridge. In 3 yols. 

Vol. I., 2nd Edition, containing the Four Gospels, £1. I2s. 

Vol. II., 2nd Edition, containing the Acts of the Apostles, 
the Epistles to the 'Romvoa «kii^ CotYTithians^ £1. 4«. 

Vol. HI, preparing. 
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By the Rev. J. J. BLUNT, B.D. 

Margaret Professor of IHvinUy, 

FIVE SERMONS, Preached before the University of 
Cambridge. The first four in November 1845, the fifth on the 
General Fast-Day, Wednesday, March 24, 1847. 8vo. 5«. 6rf^ 

FOUR SERMONS, Preached before the University. 

1. The Church of England, Its Communion of Saints. 

2 Its Title and Descent. 

3 Its Text the Bible. 

4 Its Commentary the Prayer Book. 

8yo. ^. 

FIVE SERMONS, Preached before the University of 
Cambridge : the first four in November 1851 ; the fifth on March 
the 8th, 1849, being the Himdred and Fiftieth Anniversary of 
the Society for Promoting Christian Knowledge. 8vo. 5s, 6rf. 



BP. BUTLER'S THREE SERMONS on HUMAN NA- 
TURE, and Dissertation on Virtue. Edited by W. WHEWELL, 
D.D., Master of Trinity College, Cambridge. WiUi a Pre£Bice 
and a Syllabus of the Work. Third Edition. Fcp. 8vo. Zs, 6rf. 

BP. BUTLER'S SIX SERMONS on MORAL SUBJECTS. 

A Sequel to the *' Three Sermons on Human Nature." Edited 
by W. WHEWELL, D.D., with a Preface and a Syllabus of 
the Work. Fcp. 8vo, 3«. 6d, 

A TRANSLATION of the EPISTLES of CLEMENT 

of Rome, POLYCARP, and IGNATIUS; and of the Apologies 
of JUSTIN MARTYR and TERTULLIAN : with an Introduc- 
tion and Brief Notes illustrative of the Ecclesiastical History of 
the First Two Centuries. By the Rev. T. CHEVALLIER, B.D., 
late Fellow and Tutor of St. Catharine's Hall. New Edition. 

8vo. 12«. 

ACADEMIC NOTES on the HOLY SCRIPTURES. 

First Series, By J. R. CROWFOOT, B.D., Lecturer on Di- 
vinity in King's College, Cambridge ; late Fellow and Lecturer 
on Divinity in Gonville and Caius College. 8vo. 28, M 

A TREATISE on the EPISCOPATE of the ANTE- 
NICENE CHURCH, (with especial Reference to the Early 
Position of the Roman See). By the Rev. G.M.,CiQBSA3r 
M.A., Fellow of Trinity CoUege^ CwoterA^'^, «sA ^^^aji9MCkJ| 
versity Scholar. ^^^^, ^"Vi% J 
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A HISTORY of the ARTICLES of RELIGION. In- 
cluding, among other Documents, the X Articles (1536), the 
XIII Articles p538), the XUI Articles (1562), the XI Articles 
(1559), the XXXTX Articles (1562 and 1571), the Lambeth Ar- 
ticles (1595), the Irish Articles (1615), with Illustrations from 
the Symbolical Books of the Roman and Reformed Communions, 
and from other contemporary sources. By C. HARDWICK, 
M.A., Fellow and Chaplam of St. Catharine's Hall. 8yo. 10«. 6rf. 

ROMA RUIT: The Pillars of Rome Broken. Wherein 
all the seyeral Pleas of the Pope's Authority in England are 
Revised and Answered. By P. FtJLLWO()D. D.D., Arch- 
deacon of Totness in Devon. Edited, with additional matter, 
by C. HARDWICK, M.A., Fellow of St. Catharine's Hall, 
Cambridge. 8yo. 10«. 6d. 

The HISTORY and THEOLOGY of the "THREE 
CREEDS." By the Rey. W. W. HARVEY, M.A., Rector of 
Buckland, Herts. , and late Fellow of King's College, Cambridge. 
2 vols. Post 8yo. 14«. 



SERMONS FOR YOUNG MEN, preached before the 

XTniyersity of Cambridge during the month of February 1853, 
by the Rey. W. W. HARVEY, late Fellow of King's College, 
and Rector of Buckland, Herts. Svo. 4<. 



ECCLESIiE ANGLICANS VINDEX CATHOLICUS, 

siye Articulorum Ecclesise Anglicanse cum Scriptis SS. Patruin 
nova Collatio, cura Q. W. HARVEY, A.M., Coll. Regal. Socii. 

3 vols. 8yo« I2s. each. 



APOSTOLIC MISSIONS: Five Sermons preached before 
the XTniyersity of Cambridge in May 1862. By the Rev. W. B. 
HOPKINS, M.A., Fellow and Tutor of St. Catharine's Hall, 
and late Fellow of Caius College, Cambridge. Svo. o«. 

SOME POINTS of CHRISTIAN DOCTRINE, consi- 
sidered with reference to certain Theories recently put forth by 
the Right Honorable Sir J. STEPHEN, K.C.B., LL.D.. Pro- 
fessor of Modem History in the University of Cambridge. By 
W. B. HOPKINS, Fellow and Tutor of^St. Catharine^s Hall, 
Cambridge. 8vo. 3«. W. 

LECTURES IN DIVINITY. Delivered in the University 
of Cambridge. By J. HEY, "D.'D., ^a'^QTTu&vKft.'^xQKssjswt from 
1 780 to 1 795. Third Edition. "l nO^. %^^. W A^*. 
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An HISTORICAL and EXPLANATORY TREATISE 
on the BOOK of COMMON PRAYER. By the Rer. W. G. 
HUMPHRY, B.D., late FeUow of Trinity CoUege, Cambridge, 
'RyA^rainii^g Chaplain to the Lord Bishop of London. 

Post 8vo. Is. 6d, 

ANNOTATIONS on the ACTS of the APOSTLES. 
Designed principally for the use of Candidates for the Ordinary 
B.A. Degree, Students for Holy Orders, &c., with College and 
Senate-tfouse Examination Papers. By T. R. MASKEW, 
M.A., of Sidney Sussex College, Cambridge; Head-Master of 
the Grammar School, Dorchester. Second Edition, enlarged. 

l2mo. 58, 



By W. H. MILL, D.D. 

Late Eegim Professor of Hebrew in the University €f Cambridge. 

SERMONS preached in Lent 1845, and on several former 
occasions, before the TJniyersity of Cambridge. 8vo. 12«. 

FOUR SERMONS preached before the University of 
Cambridge, on the Fifth of November, and the three Sundays 
preceding Advent, in the year 1848. Svo. 5«. 6d, 

An ANALYSIS of the EXPOSITION of the CREED, 

written by the Right Reverend Father in God, J. PEARSON, 
D.D., late Lord Bishop of Chester. Compiled, with some ad- 
ditional matter occasionally interspersed, for the use of the 
Students of Bishop's College, Calcutta. Third Edition, revised 
and corrected. Svo. 6#. 



PALMER'S ORIGINES LITURGICiE, an Analysis of; 
or. Antiquities of the English Ritual, and of his Dissertation 
on Primitive Liturgies : for the use of Students at the Universities 
and Candidates for Holy Orders, who have read the Original 
Work. By W. BEAL, LL.D., F.S. A., Vicar of Brooke, Norfolk. 

12mo. 3«. 6d. 

BP. PEARSON'S FIVE LECTURES on the ACTS of 

the Apostles and Annals of St. Paul. Edited in English, with a 
few Notes, by J. R. CROWFOOT, B.D., Divinity Lecturer of 
King's College, Cambridge, late Fellow and Divinity Lecturer of 
Gonville and Caius College, &c. &c. Crown 8vo. 4t. 



PHRASEOLOGICAL and EXPLANATORY NOTES on 
the HEBREW TEXT of the Book of GENESIS. By 
T. PRBSTON, M.A., Fellow oi TtixaX.^ ^o\^fe%^^ ^i 



By^J^ 
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A DISCOURSE on the STUDIES of the UNIVERSITY 
of CAMBRIDGE. ByA. SEDGWICK, M.A.. F.R.S., FeUow of 
Trinity College, and Woodwardian Professor, Cambridge. The 
Fifth Edition, with Additions and a copious Preliminary Disser- 
tation. Svo. I2s, 

SERMONS preached in the Chapel of Trinity College, 
Cambridge. By W. WHEWELL, D.D., Master of the College. 

8vo. 10«. 6d. 

An ILLUSTRATION of the METHOD of EXPLAINING 

the NEW TESTAMENT by the early Opinions of the Jews and 
Christians concerning Christ. By the Rev. W. WILSON, M.A., 
late Fellow of St. John's Coll., Cambridge. New Edition. 8yo. 85. 

The APOLOGY of TERTULLIAN. With English Notes 
and a Preface, intended as an Introduction to the Study of 
Patristical and Ecclesiastical Latinity, Second Edition. By 
H. A. WOODHAM, LL.D., late FeUow of Jesus College, Cam- 
bridge. 8to. 85. Qd. 



CLASSICS. 

The POLITICS of ARISTOTLE; with Notes. By 
R. CONGREVE, M.A., Fellow and Tutor of Wadham College, 
Oxford. Preparing. 

The PROTAGORAS of PLATO. The Greek Text. 
Edited, with English Notes, by WILLIAM WAYTE, B.A., 
Fellow of King's College, Cambridge, and Assistant- Master at 
Eton. Svo. 5s. 6d. 

A TREATISE on HANNIBAL'S PASSAGE of the ALPS, 

In which his Route is traced over the Little Mont Cenis. With 
Maps By R. ELLIS, B.D., Fellow of St. John's College, 
Cambridge. Svo. 7s. 6rf. 

DISSERTATIONS on the EUMENIDES of iESCHYLUS : 

with Critical Remarks and an Appendix. Translated from the 
German of C. O. Mulleb. Second Edition. 6s, Qd. 

PASSAGES in PROSE and VERSE from ENGLISH 

AUTHORS for Translation into Greek and Latin ; together with 

selected Passages from Greek and Latin Authors for Translation 

into English. : forming a regular course of Exercises in Classical 

CompoBition. Bv the Rev. a. AliBO^Ti, l^.K,^ \ijX^ FeUow of 

Trinity College, Cambridge. '^^^^ ^^« 
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ARUNDINES CAML Sive Musarum Cantabrigiensium 
Lusus Canori; coUegit atque edidit H. DRURY, A.M. Editio 
quarta. 8yo. 128, 

DEMOSTHENES' SELECT PRIVATE ORATIONS, 

after the Text of Dindorp, with the various Readings of 
Reiske and Bekker. With English Notes, by the Rev, C. T, 
PENROSE M.A. For the use of Schools. Second Edition. 4«. 

DEMOSTHENES DE FALSA LEGATIONE. By R. 

SHILLETO, M.A., Trinity College, Cambridge, and Classical 
Lecturer at King's College. Second Edition, carefully revised. 

8vo. 8c. 6d. 

DEMOSTHENES, Translation of Select Speeches of; with 
Notes. By C. R. KENNEDY, M.A., Trinity CoUege, Cam- 
bridge. 12mo. 9«. 

YHEPIAHS KATA AHMOSeENOYS. The Oration of 

Hyperides against Demosthenes, respecting the Treasure of 
Harpalus. The Fragments of the Greek Text, now first Edited 
from the Facsimile of the MS. discovered at Egyptian Thebes 
in 1847; together with other Fragments of the same Oration 
cited in Ancient Writers. With a Preliminary Dissertation 
and Notes, and a Facsimile of a portion of the MS. By 
C. BABINGTON, M.A., Fellow of St. John's CoUege, Cam- 
bridge. 4to. 6«. 6rf. 

VARRONIANUS. A Critical and Historical Introduction 
to the Philological Study of the Latin Language. By the Rev. 
J. W. DONALDSON, D.D., Head-Master of Bury School, and 
formerly Fellow of Trinity College, Cambridge. Second Edition, 
considerably enlarged. 8vo. 14», 

EURIPIDIS ALCESTIS. Ad fidem Manuscriptorum 

ac veterum editionum emendavit et Annotationibus instruxlt 
J. H. MONK, S.T.P., Graecarum Literarum apud Cantabri- 
gienses olim Professor Regius. Editio Septima. 8vo. 4«. 6d» 

EURIPIDIS HIPPOLYTUS CORONIFER. Ad fidem 

Manuscriptorum ac veterum editionum emendavit et Annota- 
tionibus instruxit J. H. MONK, S.T.P. Editio quinta, recensita 
et emendata. 8vo. 6«. 

EURIPIDIS TRAGCEDI^ Priores Quatuor, ad fidem 

Manuscriptorum emendatae et brevibus Notis emendationum 
potissimum rationes reddentibus instructs. Edidit R. PORSON, 
A.M., &c., recensuit suasque notulaa sub^^t Z . ^CH.O'LEgl]E!^ 
Editio tertia. ^-^^^NM 
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FOLIORUM SILVULA: a Selection of Passages for 
Translatioii into Greek and Latin Verse, mainly from the 
Uniyersity and CoUeee Examination Papers; Edited by H. A. 
HOLDKn, M.A., Vice-Principal ofCheltenham College, Fellow 
and late Assistant Tutor of Trinity College, Cambridge. 

Post 8vo. 7». 
By the samef 

FOLIORUM CENTURye;. Selections for Translation into 
Latin and Greek Prose, chiefly from the University and College 
Examination Papers. Post 8yo. 7<. 

SCHLEIERMACHER'S INTRODUCTIONS TO THE 

DIALOGUES OF PLATO. Translated from the German by 
W. DOBSON, M.A., Fellow of Trinity CoUege, Cambridge. 

8yo. 128, 6d, 

GREEK TRAGIC SENARII, Progressive Exercises in, 
followed by a Selection from the Greek Verses of Shrewsbury 
School, and prefaced by a short Account of the Iambic Metre 
and St^e of Greek Tragedy. By the Key. B. H. KENNEDY, 
B.D., Prebendary of Lichfield, and Head-Master of Shrewsbury 
School. For the use of Schools and Private Students. Second 
Edition, altered and revised. 8yo. 8«. 

M. A. PLAUTI AULULARIA. Ad fidem Codicum qui 
in Bibliotheca Musei Britannic! ezstant aliorumque nonnul- 
lorum recensuit, Notisque et Glossario locuplete instruxit, 
J. HILDYARD, A.M., Coll. Christi apud Cantab. Socius. Editio 
altera. Svo. 7«. ^d. 

M. A. PLAUTI MENiECHMEL Ad fidem Codicum qui 
in Bibliotheca Musei Britannici exstant aliorumque nonnul- 
lorum recensuit, Notisque et Glossario locuplete instruxit, 
J. HILDYARD, A.M., etc. Editio altera. Svo. 7«. 6rf. 

PROPERTIUS. With English Notes, a Preface on the 
State of Latin Scholarship, and copious Indices. By F. A. 
PALEY, Editor of .^ischylus. Svo. 10«. 6rf. 

CORNELII TACITI OPERA. Ad Codices antiquissimos 
exacta et emendata, Commentario critico et exegetico illustrata. 
Edidit F. HITTER, Prof. Bonnensis. 4 yols. Svo. 1/. 8«. 

A few copies printed on thick Vellimi paper, imp. Svo. 4L 4«. 

THEOCRITUS. Codicum Manuseriptorum ope recensuit 
et emendavit C.WORDSWORTH, S.T.P., Scholae Harroviensis 
Master, nuper CoU. SS. Trin. Cant. Socius et Academise Orator 
PuSlicuB, Svo. 13«. 6<i. 

A few copies on UkUQ^a yxs-eb., VVa, \l.\^». 
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MATHEMATICS. 



An INTRODUCTION to QUALITATIVE CHEMICAL 

ANALYSIS, including the 'use of the Blow-Pipe. By G. D. 
LIVEING, B.A., Fellow of St. John's CoUege, Cambridge. 

Preparing, 

NEWTON'S PRINCIPIA, the First Three Sections of, 
with an Appendix; and the Ninth and Eleventh Sections. 
Edited by file Rev. J. H. EVANS, M.A., late Fellow of St. 
John's College, and Head-Master of Sedburgh Grammar School. 
Fourth Edition. 8vo. 6«. 



By W. WALTON, MJL 

IHnitjf OoUegBj (kmbridge. 

A COLLECTION of PROBLEMS in IDustration of the 
PRINCIPLES of THEORETICAL MECHANICS. 

Second Edition. Preparing, 

A COLLECTION of PROBLEMS in lUustration of the 
PRINCIPLES of THEORETICAL HYDROSTATICS and 
HYDRODYNAMICS. 8vo. 10«. 6rf. 

A TREATISE on the DIFFERENTIAL CALCULUS. 

8vo. 10s. M, 

PROBLEMS in Dlustration of the PRINCIPLES of 
PLANE COORDINATE GEOMETRY. Svo. 16«. 



MECHANICS and HYDROSTATICS, the Propositions in, 
which are required of Questionists not Candidates for Honors, 
with Illustrations and Examples, collected from various sources. 
By A. C. BARRETT, M.A. Second Edition. Prepanng. 

The PRINCIPLES of HYDROSTATICS. 

An Elementary Treatise on the Laws of Fluids and their Practical 
AppUcation. By T. WEBSTER, M. A., Trinity CoUege. Fourth 
Edition. Preparing. 

By the tame AiUhoTt 

The Theory of the Eqiulibrixun and MoUotl ^t ¥L III]C^ 
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ARITHMETIC, a Familiw Explanation of the Higher 
Parts of, compriBing Fractions, Decimals, Practice, Proportion, 
and its Applications, &c. Witib. an Appendix. Designed as an 
Introduction to Algebra. By the Rev. F. CALDER, B.A., 
Head- Master of the Grammar School, Chesterfield. Second 
Edition. 12mo. Zs. 6d, With Answers, ia, 6d, 

OPTICAL PROBLEMS. 

By A. C. CLAPIN, B.A., St John's College, Cambridge, and 
Bachelier-^s-Lettres of the University of France. 8vo. 4*. 

A MANUAL of the DIFFERENTIAL CALCULUS. 

With Simple Examples. By HOMERSHAM COX. B.A., 
Jesus College, Cambridge. Crown 8vo. 3^. Qd. 



By the Rev. S. EARNSHAW, M.A 

Of St, John^s College^ Cambridge. 

DYNAMICS ; or a TREATISE on MOTION. To which 
is added, a short Treatise on Attractions. Third Edition. 

8vo. 14«. 

A TREATISE on STATICS, containing the Theory of 
the Equilibrium of Forces ; and numerous Examples illustrative 
of the general Principles of the Science. Third Edition, en- 
larged. 8vo. lOs, 



By the Rev. T. GASKIN, M.A 

Late Fellow and Ikitor of Jesus College^ Cambridge. 

SOLUTIONS of the GEOMETRICAL PROBLEMS 

proposed at St. John's College, Cambridge, from 1830 to 1846, 
consisting chiefly of Examples in Plane Coordinate Geometry. 
With an Appendix, containing several general Properties of 
Curves of the Second Order, and the Determination of tlie Magni- 
tude and Position of the Axes of the Conic Section, represented 
by the General Equation of the Second Degree. 8vo. 12«. 

SOLUTIONS of the TRIGONOMETRICAL PROBLEMS 

proposed at St. John's College, Cambridge, &om 1829 to 1846. 

8vo. 9s. 

The GEOMETRICAL CONSTRUCTION of a CONIC 

SECTION, subject to five Conditions of passing through given 

Pointa and touching given Straight Lines, deduced from the 

Properties of Involution, and Aii\\«imOTat'SLa.\Mi\ -mth a variety 

of General Properties ot Cutvea oi ii>:ift ^^twi^ O^^^t » '^^^,'^x 
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By the Rev. W. N. GRIFnN, M,A. 

Late Fellow and Tutor of St. John*8 College, Cambridge. 

A TREATISE on the DYNAMICS of a RIGID BODY. 

8yo. 64. 6<l. 

SOLUTIONS of the EXAMPLES appended to a Treatise 
on the Motion of a Rigid Body. 8vo. 6«. 

A TREATISE on OPTICS. Second Edition. 8to. 8#. 



By the Rev. J. HIND, M.A. 

Late Fellow and Tutor of Sidney Sussex College, Cambridge, 

The Principles and Practice of ARITHMETIC, comprising 
the Nature and Use of Logarithms, with the Computations 
employed by Artificers, Gagers, and Land Surveyors. De- 
signed for the use of Students. Seven^A Edition, bds. 12mo. 4«. 6<^. 

In the present treatise the Author has endeavoured to combine 'what is 
necessary of the Philosophy of the Science of Arithmetic with the practice 
of the Art of Numbers. 

Throughout the work he has attempted to trace the source of every rule 
which is gri^en, and to investigate the reasons on which it is founded : 
and by means of particular examples comprising nothing but what is 
common to every other example of the same kind, to attain in Arithmetic 
the kind of evidence which is relied upon in Geometry, or in any other 
demonstrative science. 

A KEY to the ARITHMETIC, with an Appendix, con- 
sisting of Questions for Examination in all the Rules of Arith- 
metic. Second Edition, bds. 8vo. 5s. In the Press, 

The Principles & Practice of ARITHMETICAL ALGEBRA : 

Established upon strict methods of Mathematical Reasoning, and 
Illustrated by Select Examples proposed during the last Thirty 
Years in the University of Cambridge. Third Edition, bds. 

12mo. 5s. 

Designed as a sequel to the Arithmetic, and affording an easy transition 
from Arithmetic to Algehra — the processes heing fuUy exemplified from. 
the Cambridge Examination Papers. 

The ELEMENTS of ALGEBRA, sixth and cheaper Edition. 
8vo. Preparing, 

The ELEMENTS of PLANE and SPHERICAL TRI- 

GONOMETRY, with the Nature and Properties of Logarithms 

and the construction and use of Mathematical Tables. Fifth 

Edition. 12mo. bds. 6s. Nearly ready. 

Designed to enable the Student to become acquainted with the principles 
and applications of Trigonometry, without requiring of him anything 
more than a knowledge of the Elements of Geometry and a facility in 
the common operations of Arithmetic and Algebra. 



The Principles of the DIFFERENTl^I. CkUl 

Second Edition . bds . 
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By the Rev. J. HTMEBS, DJ). 

LaU Fellow and Tutor of St. JoMs CoUege^ Canihridge. 

ELEMENTS of the Theory of ASTRONOMY. 

Second Edition. 8to. 14<. 

A Treatise on the INTEGRAL CALCULUS. 

Third Edition. 8vo. 10«. M. 

A Treatise on the Theory of ALGEBRAICAL EQUA- 
TIONS. Second Edition. 8yo. 9«. 6d. 

A Treatise on CONIC SECTIONS. 

Third Edition. Svo. 9«. 

A Treatise on DIFFERENTIAL EQUATIONS, and on 

the CalculuB of Finite Differences. Svo. lOs. 

A Treatise on ANALYTICAL GEOMETRY of THREE 
DIMENSIONS. Third Edition. Svo. lOs, 6d. 

A Treatise on TRIGONOMETRY. 

Third Edition, corrected and improved. Svo. Ss, 6d, 

A Treatise on SPHERICAL TRIGONOMETRY. 

Svo. 2«. 6d. 



By W. H. MILLER, M,A. 

Professor of Mineralogy in the University of Cambridge, 

The Elements of HYDROSTATICS and HYDRODY- 
NAMICS. Fourth Edition. Svo. 6s. 

Elementary Treatise on the DIFFERENTIAL CALCULUS. 

Third Edition. Svo. 64. 

A Treatise on CRYSTALLOGRAPHY. Svo. 7*. ed. 



A TREATISE on the APPLICATION of ANALYSIS 
to SOLID GEOMETRY. Commenced by D. F. GREGORY, 
M.A., late Fellow and Assistant Tutor of Trinity College, Cam- 
bridge ; Concluded by W. WALTON, M.A., Trinity College, 
Cambridge. Second Edition, revised and corrected. Svo. \2s. 

EXAMPLES of the PROCESSES of the DIFFERENTIAL 

and INTEGRAL CALCULUS. CoUected by D. F. GREGORY, 

M.A. Second Edition, edited \>7 ^ . ^ KXito^ , ^.^,, Trinity 
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By the Bev. HARVEY GOODWIN, MJL 

Late Felhw and Mathematical Leeturer of QinviUe and Caiu» CoUegey Cambridge* 

An ELEMENTARY COURSE of MATHEMATICS, 

designed principally for Students of the TJniTersity of Cambridge* 
Fourth Edition. 8yo. lbs. 

*«* This Edition contains 100 pagee of additiomU matter, and the price 
has been reduced fix)m 18«. to lbs. 

ELEMENTARY STATICS, designed chiefly for the use 
of Schools. Crown 8yo. 6«. 

The desigpi of this work is to make the principles of Statics intelligible to 
boys -who have attained a fair knowledge of Algebra and Trigonometrj. 
The laws of Statics, the composition and resolution of forces, and tiie 
doctrine of the lever, are first deduced experimentally ; and the student 
having been thus rendered familiar with the ftmdamental truths of the 
subject, is subsequentiy introduced to their mathematical demonstration. 
This arrangement forms the most striking peculiarity of the book. Eadh 
chapter is accoibpanied b^ an imaginary conversation between tiie tutor 
and pupil, in which the difficulties of the subject are discussed, and col- 
lateral mformation introduced. There is also appended to each chapter 
an Examination Paper of Questions upon its contents. 

ELEMENTARY DYNAMICS, designed chiefly for the 
use of Schools. Crown Svo. 5«. 

♦»♦ The two books bound together, 10«. 6d, 

This volimie is a sequel and companion to the preceding. It is written as 
nearly as possible upon the same principle, having appended to each 
chapter an imaginary conversation and a paper cf Examination Questkms. 
The three Laws of Motion are dealt with in three separate chapters ; each 
of the earlier laws being followed out into its consequences, and illus- 
trated by practical applications, before another is introduced. It is be- 
Ueved that this arrangement will be found very much to facilitate the 
progress of beginners. There is a chapter upon the impact of balls ; and 
the treatise concludes with the doctrine of the simple cydoidal pendulum. 

A COLLECTION of PROBLEMS and EXAMPLES, 

adapted to the " Elementary Course of Mathematics." With 
an Appendix, containing the Questions proposed during the first 
Three Days of the Senate-House Examinations in me Years 
1848, 1849, 1850, and 1851. Second Edition. 8to. 6«. 

ASTRONOMY, Elementary Chapters in, from the **Astro- 
nomie Physique" of Biot. 8to. 3<. 6d, 



GEOMETRICAL OPTICS. From the German of Pro- 
fessor ScHBLLBACH. By W. B. HOPKINS, M.A., Fellow and 
Tutor of St. Catharine's Hall, and formerly Fellow and Mathe- 
matical Lecturer of Gonville and Caius College, Cambridge. 

JDemy folio, 10«. 6c?. 

ELEMENTS of the CONIC SECTIONS, with the Secti<Hra 

of the Conoids. By the Rey. J. D. HUSTLER, late FeUow 
and Tutor of Trinity College, Cambrid^. Foxu^Edi^^^ 



14 PUBLISHED BY 



By the Rev. M. O'BRIEN, MA. 

Profeuor of Natural Philosophy f Mng*s College^ London. 

MATHEMATICAL TRACTS. On La Place's Coefficients ; 
the Figure of the Earth ; the Motion of a Rigid Body about its 
Centre of Gravity ; Precession and Nutation, 8vo. 4«. 6rf. 

An Elementary TREATLSE on the DIFFERENTIAL 
CALCULUS, in which the Method of Limits is exclusively 
made use of. 8vo. 10«. ^d. 

A Treatise on PLANE COORDINATE GEOMETRY; 

or the Application of the Method of Coordinates to the Solution 
of Problems in Plane Geometry. 8vo. 9*. 



A TREATISE on ALGEBRA. 

By the Rev. GEORGE PEACOCK, D.D., Dean of Ely, 

Lowndean Professor of Astronomy, &c. Vol. I. Arithmetical 

Algebra. 8vo. \5s. 

Yol. 11. Symbolical Algebra, and its Application to the 
Geometry of Position. 8vo. 16*. %d. 

SOLUTIONS of GOODWIN'S Collection of PROBLEMS 
and EXAMPLES. By the Rev. W. W. HUTT, M.A., FeUow 
and Sadlerian Lecturer of Gonville and Caius College. 8vo. 85. 

GEOMETRICAL Illustrations of the DIFFERENTIAL 
CALCULUS. By M. B. PELL, B.A., Fellow of St. John's 
College. 8vo. 2«. U, 

TRANSACTIONS OF THE CAMBRIDGE PHILO- 
SOPHICAL SOCIETY. 9 vols. 4to. with Plates. 

SENATE-HOUSE PROBLEMS for 1844. With Solu- 
tions, by M. O'BRIEN, M. A., Caius College, and R. L. ELLIS, 
M.A., Trinity College, Moderators. 4to. sewed, 4*. 6d. 

A Treatise on the MOTION of a SINGLE PARTICLE, 
and of TWO PARTICLES acting on one another. By 
A. SANDEMAN, M.A., late Fellow and Tutor of Queens' 
College, Cambridge. 8vo. 8s. 6d. 

An Elementary TREATISE on PLANE COORDINATE 
GEOMETRY, with its ApplktiUon to Curves of the Second 
Order, By the Rev. ^V. §>COTI, l&a.^'fem'a.>Cvc,vsi. l^^turer, 
Sidney Sussex College, Cambxid^e. Cxq^tv'^n^, ^^.'oft^. 
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By W. WHEWELL, D.D. 

Master of IHnity College^ Cambridge. 

CONIC SECTIONS; their principal Properties proved 
Geometrically. 8yo. U. M, 

An Elementary TREATISE on MECHANICS, intended 
for the use of Colleges and Universities. Seventh Edition, with 
extensive corrections and additions. 8yo. 9<. 

On the FREE MOTION of POINTS, and on UNIVERSAL 
GRAVITATION. Including the principal Propositions of 
Books I. and III. of the Principia. The first Part of a Treatise 
on Dynamics. Third Edition. 8yo. 10s, M, 

On the CONSTRAINED and RESISTED MOTION of 
POINTS, and on the Motion of a Rigid Body. The second 
Part of a Treatise on Dynamics. Second Edition. Syo. 12«. 6d, 

DOCTRINE of LIMITS, with its Applications: namely, 
Conic Sections; the first Three Sections of Newton; and the 
Differential Calculus. 8yo. 9s, 

ANALYTICAL STATICS. 8vo. 7*. 6rf. 

MECHANICAL EUCLID, containing the Elements of 
Mechanics and Hydrostatics, demonstrated after the manner 
of Geometry. Fifth Edition. 12mo. 6s, 

The MECHANICS of ENGINEERING, intended for use 
in the Universities, and in Colleges of Engineers. 8yo. 95. 



A COLLECTION of Examples and Problems in PURE and 
MIXED MATHEMATICS; with Answers and occasional 
Hints. By the Rev. A. WRIGLEY, M.A., of St. John's 
College, Cambridge, Mathematical Master in the Honourable 
East India Company's Military Seminary, Addiscombe. Third 
Edition, altered, corrected, and enlarged. Svo. 8«. 6d, 
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MISCELLANEOUS WORKS. 

PICTORIAL ILLUSTRATIONS of the CATALOGUE 

of MANUSCRIPTS in GonviUe and Caius College Library. 
Selected by the Editor of that Work. Being Facsimiles of 
Illumination, Text, and Autograph, done in Lithograph, 4to. size, 
to be accompanied with two or tlu'ee sheets of Letterpress De- 
scription in 8yo., as Companion to the published Catalogue. 
Price 1/. 4«. 

A few Copies may be had, of which the colouring of the 
Plates is more highly finished. Price II, 10«. 

TWO Introductory LECTURES upon ARCHAEOLOGY. 

delivered in the University of Cambridge. By the Rev. J. H. 
MARSDEN, B.D., Disney Professor of Archaeology. 

8vo. cloth, 2a. 6d. 

CAMBRIDGE UNIVERSITY CALENDAR for 1855, 

{CorUintted Annua^y,) 12mo. doth, 6s, 6d, 

CAMBRIDGE UNIVERSITY ALMANAC for the Year 

IS65. Embellished with a Line Engraving, by Mr. E. RAD- 
CLYFFE, of a View of Trinity College Library and St. John's 
College New Buildings, from a Drawing by B. RUDGE. 
(Continued Annually,) 5«. 

GRADUATI CANTABRIGIENSES : sive Catalogus 
eorum quos ab anno 1760 usque ad 10°* Ootr. 1846, Gradu 
quocunque omavit Academia. CurS J. ROMILLY, A.M., ColL 
Trin. Socii atque Academise Registrarii. 8vo. 10<. 

LECTURES on the HISTORY of MORAL PHILO- 
SOPHY in ENGLAND. By W. WHEWELL, D.D., Master 
of Trinity College, Cambridge. 8vo. 8«. 

MR. MACAULAY'S CHARACTER of the CLERGY in 

the latter part of the Seventeenth Century ConsidCTed; with 
an Appendix on his Character of the Gentry, as given in his 
History of England. By CHURCHILL BABINGTON, B.D., 
Fellow of St. John's CoWege, GtMahivd^e, 8vo. 6m. 
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ELEMENTARY WORKS 

BY THE REV. JOHN HIND, M.A. 

LATE FELLOW AND TUTOB OF ' 
SIDNEY SUSSEX COLLEGE, CAMBRIDGE. 



THE PRINCIPLES AND PRACTICE OF ARITH- 
METICAL ALGEBRA, established upon strict methods of 
Mathoxnatiool Beaooning, and illustrated by select examples 
prepared during the last thirty years in the University of Cam- 
bridge. Third edition, lamo. 5«. bds. 

f)esigned as a sequel to the ArithmeUc, and afiEbrding an 
easy transition from Arithmetic to Algebra — the processes 
being fully exemplified from the Cambridge Examination Papers. 

4. 
THE ELEMENTS OF ALGEBRA. Sixth and cheaper 

edition, 8vo. Preparing, 

5. 
THE ELEMENTS OF PLANE AND SPHERICAL 

TRIGONOMETRY, with the Nature and Properties of Loga- 
rithms and the construction and use of Mathematical Tables. 
Fifth edition, nearly ready, lamo. bds. 68. 

Designed to enable the Student to become acquainted with 
the principles and applications of Trigonometry, without re- 
quiring of him any thing more than a knowledge of the Ele- 
ments of Geometry and a facility in the common operations of 
Arithmetic and Algebra. 

6. 
THE PRINCIPLES OF THE DIFFERENTIAL 

CALCULUS. Sectmd edition, 8vo. i6». bds. 



The Publishers desire to dram ihe aUention of Teachers to this Series 
of Elementary Books, They are largdy in use throughout the kingdom, 
and are specially suitable for Upper Forms and those who are prepar- 
ing for the Universities, Upwards of Fifty Thousand Copies of 
these Works have been Kid, and some of them have been translated 
into tk€ Languages of Portugal, Turkey and India, 
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